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༧ࢉήʔϜͱࠞࡶήʔϜͷ
ߧۉ௨ͷҰൠԽʹ͓͚Δφογϡڞ

Nash equilibria in a common generalization of budget games and congestion games

ਗ਼຤ ෩խ

Fuga KIYOSUE

һڭಋࢦ ᖒ݉ೋ࿠ߴ

๏੓େֶେֶӃཧڀݚֶ޻ՊγεςϜཧֶ޻ઐ߈म࢜՝ఔ

Budget games are a variant of congestion games. In budget games, a player chooses a

subset of resources strategically and maximizes her utility. In the general case, Nash

equilibria do not exist in budget games. But Drees et al. showed that the game has a

Nash equilibrium under an assumption that the strategy space of each player is the base

family of a matroid and each player has a fixed demand for all resources. In this thesis,

we generalize the utility functions in budget games to set functions to provide a common

generalization of budget games and congestion games. We then extend the theorem of

Drees et al. to this generalized model. We have also found a counterexample to a proof

of another theorem on the time complexity of finding a Nash equilibrium by Drees et al.

1. ͸͡Ίʹ
༧ࢉήʔϜͱ͸ϓϨΠϠʔ͕ݯࢿͷू߹Λબ୒͠ޮ༻Λ࠷

େԽͤ͞ΔઓུܗήʔϜͰ͋ΓɼࠞࡶήʔϜͷѥछͰ͋Δɽ

DreesΒ [2]͸੍໿ΛՃ͑ͨήʔϜ͕φογϡߧۉΛ࣋ͭͱ

͍͏ఆཧΛࣔͨ͠ɽຊڀݚͰ͸ɼ͜ͷఆཧΛ֦ு͢ΔͨΊʹɼ

ू߹ؔ਺Λ༻͍ͯޮ༻ؔ਺ΛҰൠԽͨ͠ɽ·ͨɼҰൠԽͨ͠

༧ࢉήʔϜ͕ॏΈ෇͖ࠞࡶήʔϜͱΦϑηοτ༧ࢉήʔϜΛ

ؚΉ͜ͱΛࣔͨ͠ɽ͞Βʹɼ੍໿ΛՃ͑ͨ༧ࢉήʔϜͷφο

γϡٻ͕ߧۉ·Δؒ࣌ࢉܭʹؔ͢Δ DreesΒ [2]ͷূ໌ͷ൓

ྫΛࣔ͠ɼ൓ྫ͕ଘ͢ࡏΔ৚݅Λࣔͨ͠ɽ

2. ༧ࢉήʔϜ
(1) Ϟσϧ

ϓϨΠϠʔͷू߹ΛN(|N | = n)Ͱද͠ɼݯࢿͷू߹ΛR

Ͱද͢ɽ·֤ͨݯࢿ r ∈ Rͷ༧ࢉΛ br Ͱද͢ɽ͞ΒʹɼϓϨ

ΠϠʔ iͷઓུΛ si ⊆ RͰද͠ɼઓུۭؒΛ Si ⊆ 2R Ͱද

͢ɽ͢΂ͯͷϓϨΠϠʔͷઓུΛࣔ͢ɼઓུϓϩϑΝΠϧΛ

s = (s1, . . . , sn)ͱද͢ɽϓϨΠϠʔ iͷݯࢿ r ʹର͢Δध

ཁΛ dr(i) > 0ͱද͢ɽઓུϓϩϑΝΠϧ sʹ͓͚Δɼݯࢿ r

ͷ૯धཁ͸ d̃r(s) =
∑

i∈Nr(s)
dr(i)Ͱ͋Δɽͨͩ͠ɼNr(s)

͸ઓུϓϩϑΝΠϧ sʹ͓͍ͯݯࢿ rΛબ୒͍ͯ͠ΔϓϨΠ

Ϡʔͷू߹ͱ͢ΔɽઓུϓϩϑΝΠϧ sʹ͓͍ͯɼϓϨΠϠʔ

i͕ݯࢿ r͔ΒಘΔޮ༻͸ ui,r(s) = dr(i) ·min
{
1, br

d̃r(s)

}
Ͱ

͋Γɼݯࢿ rͷ୯Ґधཁ౰ͨΓͷޮ༻Λ cr = min
{
1, br

d̃r(s)

}

ͱఆٛ͢ΔɽઓུϓϩϑΝΠϧ sʹ͓͚ΔϓϨΠϠʔ iͷಘ

Δޮ༻͸ɼui(s) =
∑

r∈si
ui,r(s)ͱද͢ɽ

(2) धཁҰఆϚτϩΠυ༧ࢉήʔϜ

༗ूݶ߹ R ͱͦͷ෦෼ू߹଒ I ⊆ 2R ͕ҎԼͷͭࡾͷ৚

݅Λຬͨ͢ͱ͖ɼM = (R, I)ΛϚτϩΠυͱ͍͏ [3]ɽ

(I1) ۭू߹ ∅ʹ͍ͭͯɼ∅ ∈ Iɽ

(I2) X ∈ I ͔ͭ Y ⊆ X ͳΒ͹ɼY ∈ Iɽ

(I3) X,Y ∈ I ͔ͭ |X| > |Y |ͳΒ͹ɼ͋Δ e ∈ X − Y ͕

ଘͯ͠ࡏɼY ∪ {e} ∈ Iɽ

༗ूݶ߹ R ͱͦͷ෦෼ू߹଒ I ⊆ 2R ʹରͯ͠ɼ(R, I)
͕ϚτϩΠυͰ͋Δͱ͢Δͱ͖ɼI ͷཁૉͰ͋Δू߹X ∈ I
Λ͜ͷϚτϩΠυͷಠཱू߹ͱ͍͍ɼ೚ҙͷ e ∈ R − B ʹ

ରͯ͠ɼB ∪ {e} /∈ I ΛΈͨ͢ಠཱू߹ B ∈ I ΛϚτϩΠ
υͷجͱ͍͏ɽ

༧ࢉήʔϜͰϓϨΠϠʔ iʹ͓͍ͯɼIi = {x ⊆ s | s ∈ Si}
ͱॻ͘ɽMi = (R, Ii)͕͢΂ͯͷϓϨΠϠʔ iʹ͍ͭͯϚτ

ϩΠυͰ͋Δ༧ࢉήʔϜΛɼϚτϩΠυ༧ࢉήʔϜͱ͍͏.

ఆཧ 1 (DreesΒ [2]). ֤ϓϨΠϠʔ iͷधཁ͕ݯࢿʹΑΒ

ͣҰఆʢ͢΂ͯͷݯࢿ rʹ͓͍ͯ dr(i) = d(i)ʣͰ͋ΔϚτ

ϩΠυ༧ࢉήʔϜ͸ɼ༗ݶճͷߦࢼ্޲Ͱφογϡߧۉʹ౸

ୡ͢Δɽ

(3) ఆཧ 1ͷূ໌

ઓུϓϩϑΝΠϧ sʹରͯ͠ɼϓϨΠϠʔ iʹΑΔ |si\s′i| =
1͔ͭɼui(s−i, si) < ui(s−i, s

′
i)Λຬͨ͢ si ͔Β s′i ΁ͷઓ

ུมߋΛɼϓϨΠϠʔ iͷϨΠδʔϜʔϒͱ͍͏ɽ·ͨɼϚ

τϩΠυ༧ࢉήʔϜͰ͸ɼ͢΂ͯͷߦࢼ্޲͸ϨΠδʔϜʔ

ϒʹ෼ղ͢Δ͜ͱ͕Ͱ͖Δ [1, 2, 4]ɽ

ઓུϓϩϑΝΠϧ s ͷϙςϯγϟϧؔ਺Λ φ(s) =

(cr1(s), . . . , crm(s))ͱ͢Δɽ͜͜Ͱɼcr1(s)͔Β crm(s)͸

ঢॱʹฒΜͰ͍Δͱ͢Δɽ

ఆཧ 1ͷུূ. ϓϨΠϠʔ i͕φογϡߧۉͰͳ͍ઓུϓϩϑ

ΝΠϧ sʹ͓͍ͯݯࢿ r1͔Β r2ʹม͑ΔϨΠδʔϜʔϒΛ͠ɼ



ઓུϓϩϑΝΠϧ͕ s′ ʹมΘΔͱ͢Δͱɼcr1(s) < cr2(s
′)

͕͍͑ɼcr = min
{
1, br

d̃r(s)

}
ΑΓɼ

br1
d̃r(s)

< 1 ͕͍͑Δɽ͜

ͷ͜ͱͱɼd̃r1(s
′) = d̃r1(s)− d(i)ΑΓɼcr1(s) < cr1(s

′) ͕

͍͑ΔɽҎ্ΑΓɼφ(s) <lex φ(s
′)ͱͳΔɽϨΠδʔϜʔϒ

͝ͱʹ φ͸ਅʹ૿Ճ͢ΔͷͰɼ༗ݶճͷϨΠδʔϜʔϒʹͰ

φογϡߧۉʹ౸ୡ͢Δɽ

3. ༧ࢉήʔϜͷҰൠԽͱͦΕؚ͕ΉήʔϜ
(1) ༧ࢉήʔϜͷҰൠԽ

ઓུϓϩϑΝΠϧ sʹ͓͍ͯϓϨΠϠʔ i͕ݯࢿ r͔Βಘ

Δޮ༻ΛҎԼͷΑ͏ʹҰൠԽ͢Δɽ

ui,r(s) = min{dr(i), dr(i) · fr(Nr(s))}.

͜͜Ͱɼfr : 2N → R ͸୯ௐඇ૿Ճͳू߹ؔ਺Ͱ͋Δɽ
cr(s) = min{1, fr(Nr(s))}ͱ͢Δɽ
(2) ҰൠԽͨ͠༧ࢉήʔϜʹ͓͚Δఆཧ 1ͷ֦ு

ఆཧ 2. ޮ༻ؔ਺ ui,r(s)͕ࣜ (4)Ͱఆٛ͞Εɼ֤ϓϨΠϠʔ

iͷधཁ͕ݯࢿʹΑΒͣҰఆͰ͋ΔϚτϩΠυ༧ࢉήʔϜ͸ɼ

༗ݶճͷߦࢼ্޲Ͱφογϡߧۉʹ౸ୡ͢Δɽ

ఆཧ 2 ͷུূ. ఆཧ 1 ͱಉ༷ʹ cr1(s) < cr2(s
′) ͕͍͑Δɽ

cr(s) = min{1, fr(Nr(s))}ΑΓɼcr1(s) = fr1(Nr1(s)) ! 1

Ͱ͋ΔɽNr1(s) ⊃ Nr1(s
′)Ͱ͋ΔͷͰɼcr1(s) < cr1(s

′) ͕

͍͑Δɽ

(3) ༧ࢉήʔϜͱॏΈ෇͖ࠞࡶήʔϜͷؔ܎

ॏΈ෇͖ࠞࡶήʔϜʹ͓͍ͯɼϓϨΠϠʔ i͕࣋ͭॏΈΛ

wi ͱ͠ɼlr Λݯࢿ r ͷ୯ௐඇݮগͳ஗Ԇؔ਺ͱ͢Δɽ͞Β

ʹɼઓུϓϩϑΝΠϧ sʹ͓͍ͯɼϓϨΠϠʔ i͕ಘΔ஗Ԇ

͸ ũi(s) =
∑

r∈si
lr
(∑

r∈si
wi

)
Ͱ͋Δɽ

͜͜Ͱɼ༧ࢉήʔϜʹ֤ϓϨΠϠʔͷݯࢿʹର͢Δधཁ͸

ͱʹҰఆ͝ݯࢿ (dr(i) = dr(j) = dr, ∀i, j ∈ N)ͱ͍͏੍໿

ΛՃ͑ͨɽ༧ࢉήʔϜͷ୯ௐඇ૿Ճͳू߹ؔ਺Λ

fr(Nr(s)) = − 1
dr

· lr




∑

i∈Nr(s)

wi





ͱ͢ΔͱɼҰൠԽͨ͠༧ࢉήʔϜͱॏΈ෇͖ࠞࡶήʔϜͷؔ

͸ҎԼͷΑ͏ʹͳΔɽ܎

ui(s) =
∑

r∈si

min




dr,−lr




∑

i∈Nr(s)

wi










= −ũi(s).

ΑͬͯɼҰൠԽͨ͠༧ࢉήʔϜ͕ॏΈ෇͖ࠞࡶήʔϜΛؚΉɽ
(4) ༧ࢉήʔϜͱΦϑηοτ༧ࢉήʔϜͷؔ܎

Φϑηοτ༧ࢉήʔϜͰ͸ɼઓུϓϩϑΝΠϧ sʹ͓͍ͯɼ

ϓϨΠϠʔ i͕ݯࢿ r ͔ΒಘΔޮ༻ ûi,r(s)͸,

ûi,r(s) = dr(i) ·min

{
1,

br

d̃r(s) + σr

}

Ͱ͋Δɽσr ! 0(r ∈ R)͸ݯࢿ r ͷΦϑηοτͱ͍͏ɽ

༧ࢉήʔϜͷ୯ௐඇ૿Ճͳू߹ؔ਺Λ

fr(N
′) =

br∑
j∈N′ dr(j) + σr

ͱ͢ΔɽN1 ⊆ N2 ͷͱ͖ɼ
∑

j∈N1
dr(j) ≤

∑
j∈N2

dr(j)Ͱ

͋ΔͷͰɼ

fr(N1) =
br∑

j∈N1
dr(j) + σr

≥ br∑
j∈N2

dr(j) + σr
= fr(N2)

Ͱ͋ΔɽΑͬͯɼfr(N ′)͸୯ௐඇ૿Ճͳؔ਺Ͱ͋Γɼũi(s) =

ui(s)͕͍͑ɼҰൠԽͨ͠༧ࢉήʔϜ͕Φϑηοτ༧ࢉήʔ

ϜΛؚΉ͜ͱ͕͍͑Δɽ

4. ༧ࢉήʔϜͷφογϡߧۉͷؒ࣌ࢉܭ
(1) φογϡߧۉͷؒ࣌ࢉܭʹؔ͢Δఆཧ

ϚτϩΠυ༧ࢉήʔϜͷதͰɼ͢΂ͯͷϓϨΠϠʔͷ͢

΂ͯͷઓུ͕Ұͭͷ͔ݯࢿΒͳΔήʔϜΛγϯάϧτϯ༧ࢉ

ήʔϜͱ͍͏ɽ

ఆཧ 3 (DreesΒ [2]). ֤ϓϨΠϠʔͷधཁ͕ݯࢿʹΑΒͣҰ

ఆͰ͋Δγϯάϧτϯ༧ࢉήʔϜ͸ɼؒ࣌ࢉܭ O(n)Ͱφο

γϡٻ͕ߧۉ·Δɽ

DreesΒ [2]͸ఆཧ 3Λɼ࣋ͭधཁͷখ͍͞ϓϨΠϠʔ͔

ΒॱʹҰ൪ޮ༻͕ݯࢿ͍ߴΛબ୒͢Δͱɼࣗ෼ΑΓ͋ͱͷϓ

ϨΠϠʔͷબ୒ʹΑͬͯҰ൪ޮ༻͕͕ݯࢿ͍ߴมΘΒͳ͍͜

ͱΛࣔ͢͜ͱʹΑΓূ໌͠Α͏ͱͨ͠ɽ
(2) ൓ྫͷଘ͢ࡏΔ৚݅

d(i), d(j)(d(i) ≤ d(j)), br1 , br2 ʹ͍ͭͯɼҎԼͷͭࡾͷࣜ

͕͢΂ͯ੒Γཱͭͱ͖ɼఆཧ 3 ʹର͢Δ Drees Βͷূ໌ͷ

൓ྫͱͳΔɿ

ɾmin
{
1,

br1
d(i)

}
≥ min

{
1,

br2
d(i)

}
,

ɾmin
{
1,

br1
d(i)+d(j)

}
≥ min

{
1,

br2
d(j)

}
,

ɾmin
{
1,

br1
d(i)+d(j)

}
< min

{
1,

br2
d(i)

}
.

ͷࣜΛ੔ཧ͢ΔͱҎԼͷΑ͏ʹͳΔɿͭࡾ

d(i)
d(i) + d(j)

br1 < br2 ≤ d(j)
d(i) + d(j)

br1 .

5. ͷ՝୊ޙࠓ
ຊڀݚͰ͸ɼ༧ࢉήʔϜͷޮ༻ؔ਺ΛҰൠԽ͠ɼఆཧ 1ͷ

֦ுΛͨ͠ɽಉ༷ʹɼઌڀݚߦ [2]Ͱ DreesΒ͕ࣔͨ͠ɼϚ
τϩΠυ༧ࢉήʔϜ͕ αۙࣅφογϡߧۉΛ࣋ͭͱ͍͏ఆཧ
ͳͲͷଞͷఆཧʹ͍ͭͯ΋֦ுͷ༨஍͕͋Γ͏Δɽ͜ΕΒͷ
ఆཧʹ͍ͭͯɼఆཧͷ֦ு͢ΔͨΊʹɼDreesΒ͕ͲͷΑ͏
ͳੑ࣭Λ࢖༻͠ɼূ໌͍ͯ͠Δ͔Λղੳ͢Δඞཁ͕͋Δɽ
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ers, Alexander Skopalik: Pure Nash equilibria in re-
stricted budget games, Journal of Combinatorial Op-
timization, 2019, pp. 620–638.

3) Jon Lee, A First Course in Combinatorial Optimiza-
tion, Cambridge Texts in Applied Mathematics, pp.
49–79

4) Kenjiro Takazawa: Generalizations of weighted ma-
troid congestion games: pure Nash equilibrium, sensi-
tivity analysis, and discrete convex function, Journal
of Combinatorial Optimization, 2019, pp. 1043–1065.


