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ؒ࣌ࢄNewell-WhithamϞσϧͷղੳ
Numerical Analysis for Discrete-Time Newell-Whitham Model

ӓݟ ଠ༎

Taisuke USUMI

һڭಋࢦ ౡ ৳

๏େֶେֶӃཧڀݚֶՊγεςϜཧֶઐ߈म࢜՝ఔ

The exponential Newell-Whitham (eNW) model, defined by a differential equation with

time delay, is one of the most important models for traffic flow. The discrete-time and

ultradiscrete analogues of the eNW model have already been derived by considering the

relationship between the eNWmodel and the Lotka-Volterra (LV) equation. In this paper,

we analyze the behavior of the numerical solution for the ultradiscrete eNW model using

the initial values which are derived from the exact solution of the discrete and ultradiscrete

LV equation.

Key Words : traffic flow model, delay differential equation, discretization, ultradiscretization

1. ͡Ίʹ
ަ௨ྲྀϞσϧͷ̍ͭͰ͋ΔԆඍํఔࣜ Newell-

Whitham (NW) ϞσϧͱՄੵܥͰ͋Δ Lotka-Volterra

(LV) ํఔࣜ (Kac-van Moerbeke (ܥ ͱͷରൺʹͨ͠,

NWϞσϧͷࠩؒ࣌Խ, ࢄԽ͓Αͼͦͷີݫղʹ͍ͭ

ͯطʹٞ͞Ε͍ͯΔ 1). ຊڀݚͰ, ࢄ NWϞσϧ

ͷղͷڍಈΛ, ࢄ LVํఔࣜͷີݫղ, ͓Αͼͦͷ

.ͨͬߦΛ༩͑Δ͜ͱʹΑΓղੳΛظॳͨ͠ʹߟࢀԽΛࢄ

2. શࢄ eNWϞσϧ
Ԇඍํఔࣜ

ẋn(t+ τ) = V (hn(t)) (1)

ʹΑͬͯද͞ΕΔैϞσϧ (ਤ 1)ަ௨ྲྀʹ͓͍ͯॏཁͳ

Ϟσϧͷ̍ͭͰ͋Δ 2, 3). ͜͜Ͱ xn(t) ࠁ࣌ tʹ͓͚Δ n

൪ͷंͷҐஔ, hn(t) = xn+1(t)−xn(t)ंؒڑ, τ > 0

ؒ࣌ΕΛද͢ఆ, V ࠷ద (optimal velocity, OV)

ؔͰ͋Γ, ͜͜Ͱ

V (h) = V0 [1− exp (−(α/V0)(h− L))] (2)

ͱఆٛ͢Δ (ਤ 2). ͜͜Ͱ V0 ࠷େ, L࠷খंؒڑ

Λҙຯ͠, α > 0ަ௨ঢ়گͷมԽʹରͯ͠ӡసखͷԠ

Λௐ͢ΔύϥϝʔλͰ͋Δ. ͳ͓, ैϞσϧͷ OVؔ

ͱͯ͠ (2)ࣜΛ࠾༻ͨ͠ϞσϧΛࢦؔܕ NW(eNW)Ϟ

σϧͱݺͿ͜ͱʹ͢Δ.

ਤ 1 ं͕ҰྻʹฒΜͩҰंઢަ௨

ਤ 2 V0 = 120, L = 5,α = 6ͷ eNWϞσϧͷOVؔ

eNWϞσϧͱશࢄ LVํఔࣜ 4) ͱͷରൺʹΑΓ, શ

ࢄ eNWϞσϧ

K t̃+1
n

K t̃
n

=
1 + αγK t̃−m

n+1

1 + αγK t̃−m+1
n

, (3)

K t̃
n = Sn(γ t̃), (4)

Sn(t) = exp (−(α/V0)(hn(t)− L)) (5)

Λಋग़Ͱ͖Δ. ͜͜ͰK t̃
n શࢄ eNWϞσϧͷैଐม

Ͱ͋Γ, γ ִࠩؒ࣌ؒͰ͋ͬͯ t = γ t̃, m τ = γmͰ

͋Δ.

3. શࢄ eNWϞσϧͷີݫղ
શࢄ eNWϞσϧͷղʹ͍ͭͯ, શࢄ LVํఔࣜͱ

ͷରൺʹΑΓཱݽղ

K t̃
n =

gt̃n+1g
t̃−m+1
n

gt̃−m
n+1 g

t̃+1
n

,

gt̃n = f T̃
j = 1 + e2kn−Ωt̃,

Ω = log

(
1 + αγ(1 + e−k)
1 + αγ(1 + ek)

)
,

m = − k
Ω

(6)



ΛಘΔ͜ͱ͕ग़དྷΔ. ਤ 3ཱݽղͷάϥϑͷ֓ܗͱͳͬ

͓ͯΓ, Λද͍ͯ͠Δ͜ࢠΘ͍༷ͬͯ͘ํޙ͕ڑؒं

ͱ͕͔Δ.

ਤ 3 શࢄ eNWϞσϧͷཱݽղ (α = 1, γ = 0.1,

m = 3, k ! 2.88)

·ͨ, ઌڀݚߦ 5) Ͱ༻͍ΒΕ͍ͯΔํ๏ʹै͍దͳม

มΛ͜͢ࢪͱʹΑΓিܸΛදؔ͢

K t̃
n =

F t̃
n

Gt̃
n

(F t̃
n > 0, Gt̃

n > 0),

F t̃
n = 1 + CX,

Gt̃
n = A+BX,

X = ebt̃+an

(7)

ΛٻΊΔ͜ͱ͕Ͱ͖Δ. ͜͜Ͱ, A,B,C ਖ਼ͷఆ, a, b

ఆͱԾఆ͠, ·ͨҎԼͷे݅Λຬͨ͢.

(1) B −AC "= 0,m = 1͔ͭ

A =
1
λ
− αγ (8)

B =

(
1

λea−2mb
− αγ

)
C (9)

a = b+ log

{
1 +

1
αγλ

(eb − 1)

}
(10)

(2) B −AC "= 0,m "= 1, (8), (9)͔ࣜͭ

αγλeb + ebm+b(1− αγλ)− ebm = 0 (11)

a = bm+ b (12)

ਤ 4݅ (1)Λຬͨ͢߹Ͱ͋Δ. m = 1, b = 5ͱ͢Δͱ

ଞͷύϥϝʔλ A = 9.9, B # 1.91, a # 11.6 ͱͳΔ. ͜

͜Ͱ, K ͷൃؒ࣌లΛ͢؍Δͱ, ঃʑʹ K ͷ͕େ͖ͳ

ंͷ͕ํޙʹΘͬͯ૿Ճ͍ͯ͠Δ͜ͱ͕͔Δ. ͢ͳΘ

ͪ, ͜ͷؔྲྀମͰ͍͏িܸΛද͠, ަ௨ྲྀͱͯ͠ղऍ

͢Δͱौ۠ؒͷઌ಄ͷ༷ࢠΛද͢ͱ͑ߟΒΕΔ. ਤ 5

݅ (2)Λຬͨ͢߹Ͱ͋Γ, m = 40ͱ͢Δͱ, ଞͷύϥϝʔ

λ A = 9.9, B # 1.92, a # −1.68, b # −0.041ͱͳΔ. K

ͷൃؒ࣌లΛ͢؍Δͱ, ঃʑʹ K ͷ͕େ͖ͳंͷ͕

.গ͍ͯ͠Δ͜ͱ͕Θ͔ΔݮΘͬͯʹํޙ ͭ·Γ, ͜ͷؔ

Λަ௨ྲྀͱͯ͠ղऍ͢Δͱौ۠ؒͷޙ࠷ඌͷ༷ࢠΛද͢

ͱ͑ߟΒΕΔ.

ਤ 4 ݅ (1)ͷিܸ

ਤ 5 ݅ (2)ͷিܸ

4. ࢄ eNWϞσϧ
ࠩํఔࣜͷैଐมΛࢄԽ͢Δख๏ͱͯ͠ࢄԽ๏

ͱ͍͏ख๏͕͋Γ, ҎԼͷެ͕ࣜ༻͍ΒΕΔ.

ε log

(
exp

A
ε
· exp B

ε

)
= A+B,

lim
ε→+0

ε log

(
exp

A
ε
+ exp

B
ε

)
= max{A,B}

(13)

લઅͰࣔͨ͠શࢄ eNWϞσϧ (3)ʹରͯ͠มม

K t̃
n = eX

t̃
n/ε, (14)

αγ = eζ/ε (15)

Λ͠ࢪ, ࢄԽ๏Λద༻͢Δ͜ͱʹΑΓ, ࢄ eNW Ϟ

σϧ

X t̃+1
n −X t̃

n =max{0, X t̃−m
n+1 + ζ}

−max{0, X t̃−m+1
n + ζ} (16)

ΛಘΔ. ͜͜Ͱ, (4), (5), (14)ࣜΑΓ, ަ௨ྲྀͱͯ͠ଥͳ

݁ՌΛಘΔͨΊʹ X t̃
n ≤ 0 ͱ͢Δඞཁ͕͋Δ. ͦͷͨΊ,

͜͜Ͱ ζ > 0ͱ͢Δ. ͞Βʹ, (16)ࣜʹରͯ͠߹͚Λ

,͍ߦ ҎԼͷΑ͏ʹهड़͢Δ.

X t̃+1
n −X t̃

n =






X t̃−m
n+1 −X t̃−m+1

n (A±)

X t̃−m
n+1 + ζ (B+)

−X t̃−m+1
n − ζ (B−)

0

(17)

͜͜Ͱ (A±), (B±)ਤ 6ʹ֤ࣔͨ͠ྖҬʹରԠ͢Δ. ਤ 6

 X t̃−m
n+1 , X

t̃−m+1
n ͷʹΑͬͯ X t̃

n ͕ͲͷΑ͏ʹมԽ͢Δ



͔Λ͍ࣔͯ͠Δ. ྫ͑ X t̃
n ≤ −ζ ͷ߹, X t̃+1

n −X t̃
n = 0

ͱͳΓ, ं྆ंؒڑΛҡ࣋͢ΔͱղऍͰ͖Δ.

ਤ 6 X t̃+1
n −X t̃

n ͷͷฏ໘ਤ

5. ࢄ eNWϞσϧͷີݫղ

શࢄ eNWϞσϧͷཱݽղʹରͯ͠, ࢄԽΛ͠ࢪ,

ࢄ eNWϞσϧͷཱݽղ

X t̃
n = Ĝt̃

n+1 + Ĝt̃−m+1
n − Ĝt̃−m

n+1 − Ĝt̃+1
n

Ĝt̃
n = max{0, 2κn− ψt̃}

ψ = max{0, ζ − κ}−max{0, ζ + κ}

ψ = − κ
m

(18)

ΛಘΔ͜ͱ͕Ͱ͖Δ. ਤ 7ࢄ eNWϞσϧͷཱݽղ

ͷάϥϑͰ͋Γ, શࢄͷ߹ͱಉ༷ʹ, ͷ͕ڑؒं

.Λද͍ͯ͠Δ͜ͱ͕͔ΔࢠΘΔ༷ํޙ

ਤ 7 ࢄ eNWϞσϧͷཱݽղ (m = 3, ζ = 5,

κ = 15/2)

ಉ༷ʹશࢄ eNWϞσϧͷিܸؔΛࢄԽ͢Δ͜

ͱʹΑΓ

X t̃
n = F̃ t̃

n − G̃t̃
n (19)

F̃ t̃
n = max{0, C̃ + b̃t̃+ ãn} (20)

G̃t̃
n = max{Ã, B̃ + b̃t̃+ ãn} (21)

ΛಘΔ. ·ͨ, ࢄԽͷࡍͷे݅ͱͯ͠ҎԼ͕ٻ·Δ.

(1) B̃ "= Ã+ C̃,m = 1͔ͭ

max{Ã, ζ} = −λ̃ (22)

max{B̃, C̃ + ζ} = 2b̃m− ã− λ̃+ C̃ (23)

max{ã, b̃m− ζ − λ̃} = max{b̃m, 2b̃m− ζ − λ̃} (24)

·ͨ, ύϥϝʔλͷे݅ҎԼͰ͋Δ.

b̃− ζ − λ̃ > ã, b̃ > 2b̃− ζ − λ̃, (25)

ζ = −λ̃, 0 > b̃ > ã, ζ > Ã

ã > b̃− ζ − λ̃, 2b̃− ζ − λ̃ > b̃, (26)

ã = 2b̃− ζ − λ̃, ã > b̃ > 0, C̃ + ζ ≥ B̃

(2) B̃ "= Ã+ C̃,m "= 1, (22), (23)͔ࣜͭ

max{b̃+ ζ + λ̃, b̃(m+ 1)} = (27)

max{b̃(m+ 1) + ζ + λ̃, b̃m}

ã = b̃(m+ 1) (28)

·ͨ, ύϥϝʔλͷे݅ҎԼͰ͋Δ.

b̃(m+ 1) > b̃+ ζ + λ̃, b̃(m+ 1) + ζ + λ̃ > b̃m, (29)

ζ = −λ̃, ã > 0, b̃ > 0, B̃ > C̃ + ζ, ζ > Ã

b̃+ ζ + λ̃ > b̃(m+ 1), b̃m > b̃(m+ 1) + ζ + λ̃, (30)

b̃ =
ζ + λ̃
m− 1

, 0 > ã, 0 > b̃, C̃ + ζ ≥ B̃, Ã > ζ

ਤ 8, 9ͦΕͧΕ (25), (29)ࣜͷ߹ͷࢄিܸͷά

ϥϑͰ͋Δ. (25)ࣜͷ߹, 0 > b̃ > ã, (19)-(21)ࣜΑΓ,

n → −∞ͷ࣌X t̃
n = C̃−B̃, n → ∞ͷ࣌X t̃

n = −ÃͱͳΔ.

͜͜Ͱ, −Ã > C̃ − B̃ͱ͢Δͱάϥϑͷ֓ܗਤ 8ͷΑ͏ʹ

ͳΓ, ौͷઌ಄Λද͢͜ͱ͕Θ͔Δ. ͳ͓, C̃− B̃ > −Ãͱ

͢Δͱάϥϑͷ֓ܗौͷޙ࠷ඌΛද֓͢ܗͱͳΔ. (26)

ࣜͷ߹ಉ༷ʹ −Ã, C̃ − B̃ ͷେখؔʹΑͬͯάϥϑͷ

.มΘΔ͕ܗ֓ (29) ࣜͷ߹, ã > 0, b̃ > 0 Ͱ͋ΔͷͰ,

n → −∞ͷ࣌ X t̃
n = −Ã, n → ∞ͷ࣌ X t̃

n = C̃ − B̃ ͱͳ

Δ. ͞Βʹ, −Ã > C̃ − B̃ ͕ΓཱͭͷͰ, άϥϑͷ֓ܗ

ਤ 9ͷΑ͏ͳौͷޙ࠷ඌΛද͢͜ͱ͕Θ͔Δ. (30)ࣜͷ

߹, 0 > ã, 0 > b̃, C̃ − B̃ > −ÃͰ͋ΔͷͰ, άϥϑͷ֓ܗ

 (29)ࣜͱಉ༷ͷਤ 9ͷΑ͏ͳौͷޙ࠷ඌΛද֓͢ܗͱ

ͳΔ. ݅ (2)ͷ߹ौͷઌ಄Λද֓͢ܗͷଘ͠ࡏ

ͳ͍.

ਤ 8 (25) ࣜͷ߹ͷࢄিܸ (m = 1, ζ = 2,

Ã = 1, B̃ = 7, C̃ = 2, ã = −5, b̃ = −1)



ਤ 9 (29) ࣜͷ߹ͷࢄিܸ (m = 5, ζ = 2,

Ã = 1, B̃ = 7, C̃ = 2, ã = 4.5, b̃ = 0.75)

6. ࢄ eNWϞσϧͷγϛϡϨʔγϣϯ
(16)ࣜͷࢄ eNWϞσϧͷൃؒ࣌లΛٻΊ, ͦͷڍಈ

Λͨ͠؍. ·ͣ, ιϦτϯղͷΑ͏ͳཱݽͷಋग़ΛࢼΈ

ͨ. ࢄ eNWϞσϧͷιϦτϯղX t̃
n ≥ 0ͱͳΔͨΊ,

X t̃
n ≤ 0ͷΛͱΔঢ়ͷॳظΛ༩͑, ͦͷޙͷൃؒ࣌ల

Λͨ͠؍. m = 1ͷͱ͖, X t̃
n ≥ −ζ ͷॳظΛ༩͑Δͱ,

(16)͔ࣜΒ X t̃+1
n = X t̃−1

n+1 ͕ΓཱͭͷͰਤ 10ͷΑ͏ʹ 2

पظͰৼಈͯ͠ਐ͍ͯ͘͠ߦ. ͳ͓, m ≥ 2ͱ͢Δͱ, ճࠓ

͠ࢄʹର͍ͯͣ͠ΕൃظғͰͲͷΑ͏ͳॳൣͨ͠ݧ࣮

ͯ͠·͏.

ਤ 10 2पظͰৼಈ͢Δਐߦ (m = 1, ζ = 3)

,ʹ࣍ িܸͷΑ͏ͳڍಈΛ͢Δղͷಋग़ΛࢼΈͨ. ਤ 11,

12 (25)ࣜΛຬͨ͢ॳظΛ༩͑ͨ߹Ͱ͋Γ, ݁Ռͱ͠

ͯ 3पظͰਐ͢ߦΔौͷઌ಄Λද͢ਐߦͱ 2पظͰਐߦ

͢Δौͷޙ࠷ඌΛද͢ਐߦΛಘΔ͜ͱ͕ग़དྷͨ. ਤ 13,

14  (29) ࣜΛຬͨ͢ॳظΛ༩͑ͨ߹Ͱ͋Δ. ਤ 13 ͷ

Α͏ʹ 3पظͰਐ͢ߦΔौͷޙ࠷ඌΛද͢ਐߦΛಘΔ͜

ͱ͕ग़དྷ͕ͨ, ॳظͷ༩͑ํʹΑͬͯਤ 14 ͷΑ͏ʹিܸ

ͱҧ͏ڍಈΛ͢Δղऔಘ͢Δ͜ͱ͕ग़དྷͨ. ਤ 15, 16

 (25) ࣜΛຬͨ͢ॳظʹϊΠζΛ༩͑ͨ߹Ͱ͋Δ. ਤ

15ࠁ࣌ t̃ = 0ͰϊΠζΛ༩͑ͨ. t̃ = 35Ͱিܸ͕ϊΠ

ζͱিಥޙ, ϊΠζΛٵऩͨ͠. ਤ 16ࠁ࣌ t̃ = 0Ͱ 2पظ

Ͱৼಈͯ͠ਐ͢ߦΔΛ༩͑ͨ߹Ͱ͋Δ. ࠁ࣌ t̃ = 38 Ͱ

2पظͷ͕িܸʹ͍͖ͭিಥޙ, ͦͷٵऩ͞Εͨ.

ͳ͓, m ≥ 2ͱͯ͠ϊΠζΛ༩͑Δͱ, ͍ͣΕൃ͢ࢄΔ.

ਤ 11 ौͷઌ಄Λද͢ࢄিܸ (m = 1, ζ = 2,

Ã = 1, B̃ = 5, C̃ = 2, ã = −3, b̃ = −1)

ਤ 12ौͷޙ࠷ඌΛද͢ࢄিܸ (m = 1, ζ = 4,

Ã = 3, B̃ = 5, C̃ = 4, ã = −2, b̃ = −1)

ਤ 13ौͷޙ࠷ඌΛද͢ࢄিܸ (m = 2, ζ = 2,

Ã = 1, B̃ = 5, C̃ = 2, ã = 3, b̃ = 1)



ਤ 14 ࢄিܸͱҧ͏ڍಈΛ͢Δྫ (m = 3,

ζ = 2, Ã = 1, B̃ = 5, C̃ = 2, ã = 2, b̃ = 0.5)

ਤ 15 ॳظʹϊΠζΛ༩͑ͨྫ 1 (m = 1, ζ = 2,

Ã = 1, B̃ = 5, C̃ = 2, ã = −3, b̃ = −1)

ਤ 16 ॳظʹϊΠζΛ༩͑ͨྫ 2 (m = 1, ζ = 2,

Ã = 1, B̃ = 5, C̃ = 2, ã = −3, b̃ = −1)

7. ͓ΘΓʹ
ຊߘͰઌڀݚߦͱҟͳΓ, ࢄ eNWϞσϧʹର͠
ͯ, ζ > 0ͱͨ͠ղੳΛ͜͏ߦͱʹΑΓ, X t̃

n ≤ 0ͱͳΔ, ौ
ͷઌ಄ޙ࠷ඌΛද͢ަ௨ྲྀͱͯ͠ҙຯΛͭ࣋ղΛత
ʹಋग़͢Δ͜ͱ͕ग़དྷͨ. ·ͨ, (25), (26), (29), (30) ࣜͷ
Α͏ͳަ௨ྲྀͱͯ͠ҙຯΛͭ࣋ղΛಘΔͨΊͷύϥϝʔλͷ
े݅ಋग़͢Δ͜ͱ͕ग़དྷͨ. ͞Βʹ, িܸʹϊΠζ
ΛՃ͑, γϛϡϨʔγϣϯΛ͜͏ߦͱʹΑΓ, ͦͷڍಈ
ͷ؍ͨͬߦ. ަ௨ྲྀϞσϧͷڀݚʹ͓͍ͯີͱަ௨
ྔͷؔΛࣔ͢جຊਤͱ͍͏ͷ͕ॏཁͰ͋Δ͕, ڑؒं
ͷมԽΛఆࣜԽͨ͠ eNWϞσϧͰີަ௨ྔͷࢉग़ʹ
.Λ͠ͳ͚ΕͳΒͳ͍ ͦͷͨΊ, ޙࠓ eNWϞσϧ
ʹରͯ͠, .Δඞཁ͕͋Δ͢౼ݕΛ࡞ຊਤͷج ·ͨ, OVؔ
ͱͯ͠ϩδεςΟοΫۂઢΞʔΫλϯδΣϯτͳͲͷଞ
ͷؔΛ༻͢Δ͜ͱ͕ग़དྷΔ͔Λݕ౼͢Δ͜ͱޙࠓͷ՝
Ͱ͋Δ.
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