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The structural model should be constructed with high accuracy for exactly redesigning the 
earthquake resistance ability of old buildings. For this, the procedures for identifying the basic 
characteristic of the building such as natural frequencies and damping factors are intensively 
required nowadays. This could be done by measuring the vibration of buildings caused by 
microtremors of the ground and identifying the vibrational characteristics of buildings. In this 
study it is investigated whether these dynamic characteristics could be extracted from observed 
data on small vibration by using MOESP method that is the basic method in subspace 
identification methods. 
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MOESP

 

�̈�𝑧#(𝑡𝑡)

𝑚𝑚�̈�𝑧(𝑡𝑡) + 𝑑𝑑�̇�𝑧(𝑡𝑡) + 𝑘𝑘𝑧𝑧(𝑡𝑡) = −𝑚𝑚�̈�𝑧#(𝑡𝑡) (1) 

𝑧𝑧(𝑡𝑡)
1

{�̇�𝑥(𝑡𝑡)} = [𝐴𝐴∗]{𝑥𝑥(𝑡𝑡)} + [𝐵𝐵∗]�̈�𝑧#(𝑡𝑡) (2) 
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[𝐴𝐴∗] = 6 0 1
−𝑘𝑘/𝑚𝑚 −𝑑𝑑/𝑚𝑚:	

[𝐵𝐵∗] = < 0−1=	

{𝑥𝑥(𝑡𝑡)} = >𝑧𝑧(𝑡𝑡)�̇�𝑧(𝑡𝑡)? 

(3) 

{𝑥𝑥(𝑡𝑡)}
(2)

{𝑦𝑦(𝑡𝑡)}
�̈�𝑥(𝑡𝑡) + �̈�𝑧#(𝑡𝑡)

(1)
𝑦𝑦(𝑡𝑡) = [𝐶𝐶]𝑥𝑥(𝑡𝑡)	
[𝐶𝐶] = 6−

𝑘𝑘
𝑚𝑚 −

𝑑𝑑
𝑚𝑚
: (4) 

𝑡𝑡

{𝑥𝑥(𝑘𝑘 + 1)} = [𝐴𝐴]{𝑥𝑥(𝑘𝑘)} + [𝐵𝐵]�̈�𝑧#(𝑡𝑡) (5) 
 

[𝐴𝐴] = 𝑒𝑒[C∗]∆E	

[𝐵𝐵] = F 𝑒𝑒[C∗]G𝑑𝑑𝑑𝑑 ∙ [𝐵𝐵∗]
∆E

#
 

(6) 

𝐴𝐴∗

 
[𝐵𝐵] = [𝐴𝐴∗]JKL𝑒𝑒[C∗]∆E − [𝐼𝐼]N[𝐵𝐵∗]	

= L𝑒𝑒[C∗]∆E − [𝐼𝐼]N[𝐴𝐴∗]JK[𝐵𝐵∗] 
(7) 

 
𝑦𝑦(𝑘𝑘) = [𝐶𝐶]{𝑥𝑥(𝑘𝑘)} (8) 

(5) (8)
[1]  

[𝐴𝐴∗] [𝐴𝐴∗] 𝜆𝜆∗

{𝑥𝑥∗}  
[𝐴𝐴∗]{𝑥𝑥∗} = 𝜆𝜆∗{𝑥𝑥∗} (9) 

λ
Q[𝐴𝐴∗] − 𝜆𝜆∗[𝐼𝐼]R = 0 1  

𝑚𝑚𝜆𝜆∗S + 𝑑𝑑𝜆𝜆∗ + 𝑘𝑘 = 0 (10) 
 

λK∗ = −𝜔𝜔ℎ + iW1 − ℎS𝜔𝜔	
λS∗ = −𝜔𝜔ℎ − iW1 − ℎS𝜔𝜔 

(11) 

 

𝜔𝜔 = XY
Z

  , 

 
  

ℎ = [
S√ZY

 (12) 

[𝑇𝑇]
{�̂�𝑥(𝑘𝑘)} = [𝑇𝑇]JK{𝑥𝑥(𝑘𝑘)} (13) 

{𝑥𝑥(𝑘𝑘 + 1)} = Q𝐴𝐴_R{𝑥𝑥(𝑘𝑘)} + Q�̀�𝐵R�̈�𝑧#(𝑘𝑘)	 	
𝑦𝑦(𝑘𝑘) = Q𝐶𝐶_R{𝑥𝑥(𝑘𝑘)} 

(14) 

Q𝐴𝐴_R = [𝑇𝑇]JK[𝐴𝐴][𝑇𝑇]	 	
Q�̀�𝐵R = [𝑇𝑇]JK[𝐵𝐵]	 	
Q𝐶𝐶_R = [𝐶𝐶][𝑇𝑇] 

(15) 

L[𝐴𝐴] [𝐵𝐵] [𝐶𝐶]N	
LQ𝐴𝐴_R Q�̀�𝐵R Q𝐶𝐶_RN	

Q𝐴𝐴_R	
Q𝐴𝐴_R{�̂�𝑥} = [𝑇𝑇]JK[𝐴𝐴][𝑇𝑇]{�̂�𝑥} = 𝜆𝜆_{�̂�𝑥} (16) 

(13)
[𝐴𝐴]{𝑥𝑥} = 𝜆𝜆_{𝑥𝑥} (17) 

Q𝐴𝐴_R [𝐴𝐴]
𝜆𝜆_

Q𝐴𝐴_R

 

𝜔𝜔 𝑇𝑇 ℎ
(6) [2]

[𝐴𝐴] Q𝐴𝐴_R 𝜆𝜆a
[Λ]

{𝑥𝑥a} [𝑈𝑈]

[𝐴𝐴] = [𝑈𝑈][Λ][𝑈𝑈]JK (18) 
[𝐴𝐴∗]

[𝐴𝐴∗] = [𝑈𝑈∗][Λ∗][𝑈𝑈∗]JK (19) 

𝑒𝑒[C∗]∆E = [𝑈𝑈∗]𝑒𝑒[d∗]∆E[𝑈𝑈∗]JK (20) 
(6) (18) (20)

[𝑈𝑈][Λ][𝑈𝑈]JK = [𝑈𝑈∗]𝑒𝑒[d∗]∆E[𝑈𝑈∗]JK (21) 
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[𝑈𝑈] ∝ [𝑈𝑈∗]

[Λ] = 𝑒𝑒[d∗]∆E

			↓	
6𝜆𝜆K 𝜆𝜆S

: = 6𝑒𝑒
gh∗∆E

𝑒𝑒gi∗∆E
: 

(22) 

|ln 𝜆𝜆K| = |𝜆𝜆K∗∆𝑡𝑡|	
= W𝜔𝜔ℎ + (1 − ℎ)𝜔𝜔∆𝑡𝑡	
= 𝜔𝜔∆𝑡𝑡	

								↓	
𝜔𝜔 =

|ln 𝜆𝜆K|
∆𝑡𝑡  

(23) 

|𝜆𝜆K| = m𝑒𝑒𝜆𝜆h∗∆Em = 𝑒𝑒no(𝜆𝜆h∗ )∆E = 𝑒𝑒Jpq∆E  (24) 

ln|𝜆𝜆K| = −𝜔𝜔ℎ∆𝑡𝑡	
										↓ 	

ℎ = −
ln|𝜆𝜆K|
𝜔𝜔∆𝑡𝑡 = −

ln|𝜆𝜆K|
|ln𝜆𝜆K|

 
(25) 

[𝐴𝐴]( Q𝐴𝐴_R)

 
(14)

MOESP

Q𝐴𝐴_R Q𝐶𝐶_R

(1) 𝑢𝑢(𝑘𝑘) =
�̈�𝑧#(𝑘𝑘) 𝑘𝑘 = 0 1 2 ⋯ 𝑞𝑞 − 1

	𝑦𝑦(𝑘𝑘) = �̈�𝑥(𝑘𝑘) + �̈�𝑧#(𝑘𝑘) 𝑘𝑘 = 0 1 2 ⋯ 𝑞𝑞 − 1
𝑞𝑞

		[𝑈𝑈]	

= v

𝑢𝑢(0) 					𝑢𝑢(1)
𝑢𝑢(1) 					𝑢𝑢(2)

⋯ 𝑢𝑢(𝐿𝐿 − 1)
⋯ 𝑢𝑢(𝐿𝐿)

⋮ ⋮
𝑢𝑢(𝑟𝑟 − 1) 𝑢𝑢(𝑟𝑟)

⋮
			⋯ 𝑢𝑢(𝐿𝐿 + 𝑟𝑟 − 1)

z 	 		(26)	

                         ∈ 𝑅𝑅~×Ä  
 

		[𝑌𝑌]	

=

⎣
⎢
⎢
⎡ 𝑦𝑦
(0) 					𝑦𝑦(1)
𝑦𝑦(1) 					𝑦𝑦(2)

⋯ 𝑦𝑦(𝐿𝐿 − 1)
⋯ 	𝑦𝑦(𝐿𝐿)

⋮			 ⋮
𝑦𝑦(𝑟𝑟 − 1) 𝑦𝑦(𝑟𝑟)

⋮
					⋯ 		𝑦𝑦(𝐿𝐿 + 𝑟𝑟 − 1)⎦

⎥
⎥
⎤
	(27)	

                              ∈ 𝑅𝑅~∙K×Ä 

(𝐿𝐿)
𝑟𝑟

(𝐿𝐿 − 1)∆𝑡𝑡	

𝑟𝑟L= 𝑞𝑞 − (𝑟𝑟 − 1)N

𝑟𝑟 𝐿𝐿

(2)

[𝐺𝐺] = 6
[𝑈𝑈]
[𝑌𝑌]: ∈ 𝑅𝑅(~ä~∙K)×Ä (28) 

LQ

6
[𝑈𝑈]
[𝑌𝑌]: = 6

[𝐿𝐿KK] ∙
[𝐿𝐿SK] [𝐿𝐿SS]

: 6
[𝑄𝑄K]
[𝑄𝑄S]

: (29) 

 

[𝐿𝐿KS] ∈ 𝑅𝑅~×~ [𝐿𝐿SK] ∈ 𝑅𝑅~∙K×~ 	

[𝐿𝐿SS] ∈ 𝑅𝑅~∙K×~∙K 	

[𝑄𝑄K] ∈ 𝑅𝑅~×Ä [𝑄𝑄S] ∈ 𝑅𝑅~∙K×Ä 

[𝐺𝐺]å QR
 

 
(3) [𝐿𝐿SS]

[𝐿𝐿22]	 (30) 
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= [[𝑈𝑈ç] [𝑈𝑈éç]] 6
[Σç] ∙
∙ [Σêç]

: 6
[𝑉𝑉ç]å
[𝑉𝑉êç]å

:	

= [𝑈𝑈ç][Σç][𝑉𝑉ç]å + [𝑈𝑈éç][Σêç][𝑉𝑉êç]å 
≅ [𝑈𝑈ç][Σç][𝑉𝑉ç]å 

[𝐿𝐿SS] ( ) 𝑛𝑛
[Σç] = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ó𝜎𝜎K ⋯ 𝜎𝜎çô	
[Σêç] = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑ó𝜎𝜎çäK 𝜎𝜎çäS ⋯ 𝜎𝜎~ô

L𝜎𝜎ö ≅ 0 𝑗𝑗 ≧ 𝑛𝑛 + 1N 

(31) 

𝑛𝑛 = 2
𝑛𝑛 = 2
1

(4) [𝑈𝑈ç]	 𝑟𝑟 × 𝑛𝑛 𝑑𝑑
𝑗𝑗

[ 𝑈𝑈ça:ö ]
Q𝐶𝐶_R = Q 𝑈𝑈çK:K R (32) 

(5) 𝑟𝑟 Q 𝑈𝑈çK:~JK R
Q 𝑈𝑈çS:~ R

Q 𝑈𝑈çK:~JK RQ𝐴𝐴_R = Q 𝑈𝑈çS:~ R (33) 
Q𝐴𝐴_R

Q𝐴𝐴_R
= L[ 𝑈𝑈çK:ûJK ]å [ 𝑈𝑈çK:ûJK ]N

JK
[ 𝑈𝑈çK:ûJK ]å[ 𝑈𝑈çS:~ ] 

(34) 

(6) Q𝐴𝐴_R (34)
mQ𝐴𝐴_R − 𝜆𝜆[𝐼𝐼]m 𝜆𝜆a(𝑑𝑑 = 1 ⋯ 𝑛𝑛/2)

𝜔𝜔a

𝑇𝑇a = 2π/𝜔𝜔a ℎa [1]

 

 

(1)  
[𝑀𝑀]{�̈�𝑧} + [𝐷𝐷]{�̇�𝑧} + [𝐾𝐾]{𝑧𝑧}

= −[𝑀𝑀]{1}�̈�𝑧# 
(

35) 
(3) (4)

 

[𝐴𝐴∗] = 6 𝑂𝑂§ 𝐼𝐼§
−𝑀𝑀JK𝐾𝐾 −𝑀𝑀JK𝐷𝐷

: 

[𝐵𝐵∗] = 6
{0}
−{1}: 

 

{𝑥𝑥(𝑡𝑡)} = >{𝑧𝑧(𝑡𝑡)}{�̇�𝑧(𝑡𝑡)}? (36) 

 
[𝐶𝐶] = [−[𝑀𝑀]JK[𝐾𝐾] −[𝑀𝑀]JK[𝐷𝐷]] (37) 

N 𝑛𝑛 = 2𝑁𝑁
 

ℓ 
ℓ > 1

(27)
𝑟𝑟 ∙ 1

𝑟𝑟 ∙ ℓ  
 

[𝑌𝑌]	

=

⎣
⎢
⎢
⎡
{𝑦𝑦(0)} 			{𝑦𝑦(1)}
{𝑦𝑦(1)} 			{𝑦𝑦(2)}

⋯ 					{𝑦𝑦(𝐿𝐿 − 1)}
⋯ 				{𝑦𝑦(𝐿𝐿)}

⋮			 ⋮
{𝑦𝑦(𝑟𝑟 − 1)} {𝑦𝑦(𝑟𝑟)}

⋮
⋯ 		{𝑦𝑦(𝐿𝐿 + 𝑟𝑟 − 1)}⎦

⎥
⎥
⎤
			(38)	

∈ 𝑅𝑅~∙ℓ×Ä 
 

{𝑦𝑦(𝑘𝑘)} = ™

𝑦𝑦K(𝑘𝑘)
𝑦𝑦S(𝑘𝑘)
⋮

𝑦𝑦ℓ(𝑘𝑘)

´ (39) 

 

�̈�𝑧# [3]

�̈�𝑦#(𝑡𝑡) = 𝑑𝑑(𝑡𝑡) ∙ �̈�𝑧0L𝑡𝑡𝑗𝑗N   (40) 

�̈�𝑧#L𝑡𝑡öN =¨≠2𝑆𝑆
(𝜔𝜔a)∆𝜔𝜔
𝜋𝜋

cos(𝜔𝜔a𝑡𝑡 + 𝜑𝜑a)
¥

aµK

 (41) 

𝑗𝑗 = 1,⋯ , n∑  
 

𝑆𝑆(𝜔𝜔) Kä∏qπipi pπ
i∫

LKJpi pπ
i∫ Nä∏qπipi pπ

i∫
 (42) 

𝜔𝜔ª  

∆𝜔𝜔 =
pºΩΩæøJp¿¡¬æø

¥
 (43) 

1 ≤ p
ƒ
≤ 100  

𝑁𝑁: (300 ) 

𝜔𝜔a = 𝜔𝜔Ä + ≈𝑑𝑑 − K
S
∆ ∆𝜔𝜔  (44) 

𝜑𝜑a  : 0~2𝜋𝜋  (45) 
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𝑑𝑑 𝑑𝑑(2𝜋𝜋/𝑇𝑇)S

𝑑𝑑 = 1𝜇𝜇𝑚𝑚 𝑇𝑇 0.02𝑠𝑠(= 2∆𝑡𝑡)
0.1m/𝑠𝑠S  

𝑇𝑇Ã = 2𝜋𝜋/𝜔𝜔𝑑𝑑 1  
 

 1 𝑇𝑇Ã(𝑠𝑠) 
Table 1 Type of ground and Natural Period 𝑇𝑇Ã(𝑠𝑠) 

1  
3  

0.4 

2  1 3  0.6 
3  30m

3m 30
 

0.8 

 

 

MOESP
[4] [5] [6]  

(26)(27)
.1  

 
 
 
 
 
 
 

.1  
Fig.1 Single-Degree-of-Freedom Model. 

 
2
50

3

 
 
 
 

 2  
Table 2 Comparison of the Data Matrix Aspect Ratio. 

s (t)

0.4 0.05 

10 0.1s  
𝑚𝑚 ×𝑚𝑚 0.3209295  0.06267000 

𝑚𝑚 × 2𝑚𝑚 0.3358009  0.07902643 

𝑚𝑚 × 3𝑚𝑚 0.0028194  0.99990000 

50 0.5s  
𝑚𝑚 ×𝑚𝑚 0.4007251  0.04920188 

𝑚𝑚 × 2𝑚𝑚 0.4003544  0.04943078 

𝑚𝑚 × 3𝑚𝑚 0.4000680  0.04996341 

500 5s  
𝑚𝑚 ×𝑚𝑚 0.3999954  0.05000024 

𝑚𝑚 × 2𝑚𝑚 0.3999995 0.04999714 

𝑚𝑚 × 3𝑚𝑚 0.3999941  0.04999702 

 

.2

 
�̈�𝑥(𝑡𝑡)

|�̈�𝑥(𝑡𝑡)| × α(%)  

|�̈�𝑥|ZŒœ α(%)
 

 

 
 
 
 
 
 

.2  
Fig.2 2-Degree-of-Freedom Model. 

 
 3  

Table 3 Comparison of the Noise Ratio 

(t)  (t)  

0.5 0.05 0.2 0.08 

500(5) 0.49999849 0.04999723 0.20020135 0.07998501 

1000(10) 0.50001824 0.05008015 0.20035986 0.07701294 

5 1000(10) 0.49992202 0.04998565 0.20377790 0.06104071 

10

1000(10) 0.49989092 0.05008231 0.02816362 0.00025840 

3000(30) 0.49989761 0.05029855 0.02269004 0.00121618 

6000(60) 0.49964426 0.05006224 0.52015925 0.00236592 

 
3

5 1000

𝑇𝑇K = 0.4(𝑠𝑠) 
ℎK = 0.05 

 

𝑇𝑇K = 0.5(𝑠𝑠)      ℎK = 0.05 
𝑇𝑇S = 0.2(s)     ℎS = 0.08 
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