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Analysis of Various Bifurcation Phenomena
in Simple Spiking Neuron Circuits

Abstract

We consider bifurcation phenomena and spike-train dynamics of a simple spiking neuron
and its pulse-coupled system with filtered base signal. This paper presents the base signal
that is given by applying a periodic triangle/square wave to a basic low-pass filter. As key
parameters of the filter vary, shape of the base signal varies and the systems can generate
various spike-trains. In the single neuron, the filtering can give variety of the base signal
shape and can exhibit interesting bifurcation phenomena. For example, the neuron exhibits
period-doubling bifurcation through which both the period and the number of spike-trains are
doubling. We consider pulse-coupled two neurons. We show typical phenomena: chaotic
spike-trains of two neurons are changed into periodic spike-trains by the pulse-coupling
(Chaos + Chaos = Order). Opposite phenomena is Order + Order = Chaos in the pulse-
coupled neurons. The coupled system exhibits tangent bifurcation that can induce “Chaos +
Chaos = Order”. Using the mapping procedure, the bifurcation phenomena can be analyzed

precisely. Presenting simple test circuits, typical phenomena are confirmed experimentally.
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OoboobooboboOob0ob0O0OoRCFOODODOOODODODODODOOOOOODOD

30



BNOOOOOOOOOOoOooooooooooooOooOoRCFOOODODODOO

O0b(r)D0OD0O0OD0O0O0O000O0OO

)\ul = —uy + bS(T> (36)

w OORCFOOODOOODOOODOODOOODOODODOO wwOOOODOODOO

0000000 (rnoooooo

(ug +a)e ™ —a for0 <7 <05
b _ 3.7
A(T) { —(ug+a)e” 0/ 4 g for0.5 <7 <1 G0
bbb wpodood
1 — 05X
v — A=) (3.8)

1+ e 054

AUORCFODODOOODDOODOOOOBNOODODOOOODOOOODOODODO

b(r)DDDO000 (34000000
O(n+1) = f(8(n)) = 6(n) — (br((n)) —1)/s mod 1 (3.9)

gogbobobboobooboosNODODOOO0OOoooboboobouooooog

obobbs=100000000000000000000

1 M
A= M;mmf(e(nm (3.10)

O000M=10'0000A>000BNOOODODOODOOOOOA<OOOBNOD
gobobboobbodooooooooooooboboobboooooooboboboon

oog:

d
Df(6) =1~ —-bA(6)
“0+ae—e/A

1+ for0 <6 <0.5 (3.11)

1_%ﬁ£gwwwﬂfm05§9<1

Df(e)000 39000 A0UIDODODOUODODODOOA=0510000000000

06=0,1000000000000000000 [4]0k000000 f*p) =p

000000 p0000fp) #p(0 <1<k O00000000f(p) = f(f1H0O
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{fp),-- ff(p)} D kDDDDOOO[DAp) <1, D) =1,|Df*(p)l >1000
k0D0DDD0D0DO0p000000000000000000O000

000 (W=002000000000000000000000RCFOOOOON
000 ADDOOO0OO0O00O0O000O000003100000000000A000
000000000000 00000000000000000000000000
000000000000000000000000000000000a=0.520
00031(032@OI0OBNOOIODONDD 000 10000000000000
032(M)I00BNOANDDDODOOOO 2000 ¢o,¢;00000 3.1(b), (b)O OO
BNO 20000000 {¢s, ¢35}, {¢3,0,} 0000 2000000000000000
000000000000 00000000000000000000000000
000000000000 000000000000032@-()00005<7<1

gbobboooobbbuooobbboooobbbuoooobbboooobn:

PD, = {(\,a)| [ (p) =p, Df*(p) = ~1} (3.12)

oD o<n 05 <pdbudpu2rdgooobooooooognoon
0000000000000 340 PDy, PD,ODOODODO32(c)IOO NODDOODO
O00<r<0500000000D000D000D000O0O0ODOWOODOODOODO
OoO0oOoO00ooOOoOobo aNObOO0O0DbODbOO032()00bbOobObOOoobobOoOn
gdobobooooooBND20000000D00D0ODO0ODODODODODOOO

ogooooond:
BC = {(\,a)| £(0.5) =1, f(1) = 0.5} (3.13)

gboooosb0bb0booobooboobobooabDbOobDbOoOobDo0obOooD 2
O0O00OoOoO0O0OBNODOOODOOODOOODOOODOOOOD32MDOOD?2
godtb4ddddouoooooooobobobboobobobouoduuooood
Ooboobo200000000»>10000000000BNOOOOOOOODO

O0000O00b00bboOobboobOo330de=052000000000000O
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O000O00b00O00ooO0oooboooboobD3L32(@-(hoooobo0ooo0ooD 340
0000 353900ae=08,06,0400000000000000000O0O0DO0O0OO
000000000000 35@b36(c)0d0e=08000000000000OO
O00000D00000 A=0340987T=~y000003.7000a=0800 A< al
OBNOOODOOOOOpOO200004000000000000O0000O0000ODO

goboboooobbbuoooobbboooobobogo

33 UUuuooooboboboboooooon

0000000000 (BN)OOOOOBNL,BN20000000000000 (PCBN)
00000D00000u(»n 00000 V0000000000 Yi(Y,)0O0000
v(v)) D00000 By(t)(By(1) 00 0000000000000000000000
0000200 RCFOODOOODODO0000000000O0OOBNLO BN200OO

goboboooobbbuoooobobooon:

{‘iﬂlzsla y2=0 forz, <1
n(r) = by (72), w(r) =1 ifas(r) =1 (3.14)
{ Ty = Sg, = fora; <1

1o(re) = bay(r4), W) =1 ifaa(r) =1

0000000007 (M)0 n(h+1)0000000nMR+1)0 n(r+2)00000

gdd
TQ(” + ].) = Fl(Tl(n)), Tl(n + 2) = FQ(TQ(TL + 1)) (315)

O00O0AKD /ROODOBNIOBN20D000D0O0OO0O0DOODOO0ODODODOODOOO0

godooooooooooooooooobooboobooobooo
Tl(n+2):F2(F1(7'1(n)))EFgl(Tl(n)) for odd n (316)
gooooono Qi(n):Ti(n)mOdl(i:1,2)DDDDDDDDDDDDDDDDDD

01(n +2) = fo(f1(01(n)) = for(01(n)) (3.17)

OoooooboobogogpCBNOOOOOOODOOOOOOOOOOODOODOOO

OO0 M, 00BN1OBN20O0O0O0O0OOOOODOOOOOO 810,31100000
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O00000O0BNIOBN2O0ODOOOOOODOOOOODDOOO “Chaos + Chaos =
Order” (CCO)ODDODDO 31l (c))bDOpDcCcCconippoopoOooooooonoooDog
Ooboooboooooooboooooa, 000000000 bD0ooooboono
ooobobobobobb 3200on-p 0000000000000 O00OOOO0O

gbooggbbbuoooobbooogn

B, = {()\17)\2)’ f21(p1) = D1, Df?l(pl) = 1} (3.18)

p00000000TB, 000 p,06i(n+1)=6,(n)000000TB, 0000000
315(), () 000000000 p, 0000000000000 (a,s1,s) = (0.8,1,1)
00000000000000 ,-A»0000000000000000000000

obOTB,00000o0oobooTs,dooooobobooboooobobono

f2(f1(p1)) =D

3.19

D far(p1) = Dfo(fi(p1) D fr(p1) = 1 (3.19)
D00000000000000

PD. = {(A1, A2)] far(p1) = p1, Dfar(pr) = —1} (3.20)

03.15(), () 0000000000000 0000000 p, 00000000000
20000000000000315(d000000020000 (p1 <0.5< p)00
0100000, 000000000000000PDzO000OPDRzO0 (320000
00p0p,00000000000000031200000M0 10000000
0045000000000000000000000 AM-A000000045000
fo=f2=f200000000000000000000M<a(<a)00000
O0OOOBNLIOBN200000O0000O(037)0AN-A00000TB, 00000
00000 p,0000000000PD, 00000 p, 0000000000 (O 3.15
()-(c)000000TB,PD, 000 M =X=a00000000000PCBNOO
0000000000000000000000000CcCcO0000nnNnonnnn

0000315(@), HO00O0pm(p.) 0000000000 po(p)0000000000
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000000000000000000000000000PCBNOOOOOODOO
00000000000000000000000000000000000000

gboooogo 1B, 000000

By = {()\1,)\2)’ f21(]91) :pl}afl(pl) =1 (3.21)

D000p 0 f,000000000000TB, 0000/, 06;(n+1)=06,(n)00
000315()000DfA000000000< Dfy_(p1)<1<Dfy(p)0O000
Df»n-0Df,, 00000000000 f,00000000000TB, 000000
D000000 fu(p) =prand fi(py) =10 00000PCBNDO 2000000000
000000000 (O (3.18)0smooth TBy, O (3.21)0 non-smooth TB,)O 0 3.120 0
0000000000 D000TB, 07TB, 0000000 3.16(c)00TB, 0 TB, 000
000000000000000A~00 (03120000 p, 00000000000
OO0O0Dfyu_(p1)=1<Dfy(p)000031200000000000000000
0000000007 B, 0450000000000000000000000000
OO0 M=X=+700000000000000000BNI(BN2)OOOODODODOOO
0000000000000000(@3.7)0000000000000000000
D0000000000000000000000000000000000000
00000000000000000000000000000010000000
0D0000 TB, 0 PDRO00000~, 0000000000 3.15(g),(M00 p, 000
000000000000000000 w0 p,00002000000000000
D0000DD0000PD,OPDO000000000D0D0OD0O0000 N =X=40
A500000000000000BNIY(BN2)DOOD 20000040000000
0000000000000 (@37 000000000000 31500000
D000000000000000000000e=080000000000000

000 313,314000a=0.6,040 - 000000000 0O0OO00ODOOO TBy
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O0TB, 000 «00000D0D04S0000000000BNI(BN2)ODODOOOODODO
goobobboooooooooboboobboboddddyooooobbbbobb O
BNOOOOODOOODOODDOOOOOODOOOO e< 0500 (03400 3240
OPCBNOOOOODOOOOOOOOODOOODD315(3), ()00 p, 045000000
OooooopoobobobooobooooboooobobobobooeeBNODOO
obogbobooBNOODOO0OOOOODOODODODObDObLObObDODObDOO
gobobbbouoogooobbbbtbooooooobbobooooooobobon
gobobbbooooooobobbobodooooboobobbooooooooobooon

gbobboooobbbuoooobo

34 0000

Ooo0oboobobo0oobooboobDOoRrRCFOODODODOODODOObOODOODOD
O00C0oOoOo @GN ODODooooo (PeCBN)CODODO0O0Ooooooooooood

gobobooggbobobuooogboboo

dv; { —0;V; + J; for SWltChi = off (322)

C— e
dt -G+ J; + B,(t)/rz for SWltChZ =0n

0000G; =g¢+1/r0i=1,20000000000 L;=Ji(1—exp~})000000
00 (0 (322000 (0,000 (rC,v(r,C))000)00 317000000000000
03500000BNODONONDOONOOONONDOONONONONDOONONDOOOOOOD
000000000000000000000000000000000000000
00000000000000003.1800 31000000 PCBNO “Chaos + Chaos
=Order”(CCO)00O0O000D0O00D0315() 0000000000000 PNBNOO
000031900000000000000000000000000000000
00000000000000000000000000000000000000
000000000000 20000000000000000000000000

gbooobooogn
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Ooooboooboboooboobooboobobooooobooobbo0ooDboOonO BND
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gbuogbogoobogbdubobbobboobooboobooboboobn
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“Chaos + Chaos = Order” (CCO)U U000 200000000000 ODOODOOOOO
gbooobgboboobogbuodgbuooboobooboboboboobooboagon
O0bD00o0o0ob0oo0oobooooboobo0obobooboooooDOoOonog A-A
OO0000000o0oooooOoBNODODODODODODODODODO PCBNDO
gobbbbbuoooogobbbbbuoooobbbboboooooobbon
gobobboobobboougobuoooooooboboobboouooooonobooon
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031: 0000000000 (a=0.52)
(@)0010000A=0.35(0)&(()I020000A=0.22
0000000000 {¢s,¢3} 0 {3, 2}),

()00 40000A=0.20345 () 0000\ =0.18,

() 000000000000A=0.12717, (00 40000\ =0.0129
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6’(n+ 1)

(a)

0.5+

¢,

6’(n+ 1)

05
(c)

0.5

0.54

05

O(n) 1

6’(n+1) (b)
1
(o
4 b,
0 05 o(n) 1
6’(n+1) (d)
|
05+
0 05  6(n) 1
o(n+1)  (f)
|
05
\
0 05  on) 1

032:000000000000 (e=052)(031000)

(@) A =0.35, (b) A = 0.22, (c) A = 0.20345, (d) A = 0.18, () A = 0.12717, (f) A = 0.0129
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0350000000000 (a=0.8)
(@) A=042, (D) &(b)A=0383RO000000000 {¢2, 03} 0 {3, b2},
(©)A=0.340087T =~ (000000 O00000),
(d) \ = 0.245, (€) A = 0.2021, (f) A = 0.06
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6, (n + 1) (a) 6, (’7 i 1) (b )
1 1
/ / %
)
0.5 0.5- b,
0 05 o)1 0 05 o)1
91(”"'1) (C) 91(”"'1) (d)
1 1 \
05- 05-
. A
0 05 6m1 0 05 o(n)1
‘91(”"'1) (e) 6, (n+1) (f)
1 \ 1, —
\
05- 05
A | /\
0 05 6,1 0 05 6,(n) 1
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o,(n+1) (g 6(n+1) (h)

1 1
05- ~—105-
0 05 61 0 05 6n) 1
0, (n + 1) (1) o, (n + 1) (J)
1 1

05- 054 S~

036:000000000000 (a=0.8,0.6,0.4)
a=0.8()\=0.42, (b) A = 0.38,
(©) )\ =0.340087 =~ (000000 00000),
(d) X = 0.245, (&) A = 0.2021, () A = 0.06,
(a-H o000 35000)
a=0.6(g) A = 0.2378, (h) A = 0.20851,
a=0.4()\=0.18, (j) A = 0.15,
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(000, 0000000
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X, i1
1T @) 1/ /
Taniar

(b) 1

0 3.10: 0 00000 O *Chaos + Chaos = Order” (CCO)
()& () 00000 (BNL, BN2: (A, \2) = (0.085,0.15)), (c) D O OO (PCBN)
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6,(n+1)  (a) 0,(n+1)  (b)

/'/l \ 4 :A{; /4J =
'/ \ f—7
0 05 o1 0 05  6,(n) 1
6(n+2) (c) 6,(n+2) (d )
] l l 03
05- -
/ P,
P,
il .
0 05 641 015 6,(n) 0.3

0 311: 000000000 “Chaos + Chaos = Order” (CCO)
(8) & (b) 0 O O (BN1, BN2: (A1, \2) = (0.085,0.15)),
(co0OoDOoO (PCBN), (chOODO pp000D00O0
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0 | T | A T
0 0.1 a 0.2 0.3 y) 04
|

0 3.12: PCBNODODODOO (a=0.8)
TB;: DO ODOODOOO (smooth), TBy: OO OO OO OO (non-smooth),
PD,,r: 0000000 (MO0 p,p.000),(@)-(h)DDODO 3.15()-(h)D D 0O)
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0313 PCBNO OO OO (a = 0.6)
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i, PD,

0 3.14:PCBNO OO OO (a = 0.4)
(@), ()000 3.153), ()0 00)
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0,(n+2) (b)

"

0.5 \J

0.5 \J




6,(n+2) (g) 0,(n+2) (h)

1 1
P, P,
0.5- 05-
V]

pl pl
" V1 A
0 05 6m1 0 05 61
Ql(n + 2) (1) 0, (n + 2) (])
1 ]
051 0.5-
P,
P,
0 05 61 0 05 6(n)1

03155 000000000000
00000, c00000010,

a = 0.8 (a) Before TBy (A1, A2) = (0.07,0.17), (b) After TBy (A1, A2) = (0.085,0.15),
()OO O0O0O0O0 p after PDy, (A1, A2) = (0.1273,0.16),
@OoooooooooonO (A, A2) =(0.194,0.21238),
(0000002000000 (A, \2) = (0.2,0.21238),
2000000000000 (A,A2) =(0.24,0.21238),

(9) TB2 (A1, A9) = (0.2195,0.27), (Y OO OO OO OO (Mg, Ag) = (0.25,0.28),
a=04@G0000000 (A,X\)=(0.25,0.08),( 00000 (A, A2) = (0.25,0.12)
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6(n+2) (a) 6(n+2) (b)

0.3 0.4
P,

| b |

0,(n) 0.3 03 404
6(n+2) (d)
vk
P,

0 05 61 02 © 603

0 3.16: TB, 0 TB, 0000y
(a) TBl, (b) TBQ, (C) T81 [l T82 oggo YT ()\1, )\2) == (0095,017124), (d) Ia gooodd
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10.5ms)

0317:BNOOOOO (O35000)
horizontal = ¢ [0.5ms/div.], vertical = v [0.5V/div.], C' = 0.022[uF],
J = 3.5E-2[mA], g; ' = 186.3[kS], 7, = 0.98[kQ], Vo = 1]V],
A=08[V], T = 1[ms], C; = 0.01[uF], (s = 1.06, a = 0.8).
(@) Ry = 44[kQ)(\; = 0.44). (b) & (b°) Ry = 40[kQ](A\; = 0.4). (€) Ry = 36[KQ(\; = 0.36).
(d) Ry = 26[kQ](A\; = 0.26). (e) Ry = 19[kQ](\; = 0.19). (f) Ry = 8[kQ](A\; = 0.08)
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0 3.18: PCBNO OO O0O “Chaos + Chaos = Order” (CCO) (O 3.10000)
horizontal = ¢ [0.5ms/div.], vertical = v; [0.5V/div.]. C' = 0.022[uF],
Ji = 3.5E-2[mA], J, = 3.6 E -2[mA], g; ' = 186.3[kQ], r; = 0.98[k],
g5 ' = 181.6(kQY, o = 0.63[kY, Vi, = Vi, = 1[V], A = 0.8[V],
T = 1[ms], C; = 0.01[uF], (Ry, R») = (8,15)[kSY,
(s1 =1.06, 55 = 1.08,a = 0.8, \; =8.0E -2, \, = 1.5 E -1).
(@&M)000D0DO (BNL,BN2), (c)O0000 (PCBN)
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0319 PCBNOOODODOOOOOOOOOOOO(O0315(dD00O0O)
horizontal = ¢ [0.5ms/div.], vertical = v; [0.5V/div.]. C' = 0.022[uF],
Ji = 3.5 E-2[mA], J, = 3.6 E -2[mA], g; ' = 186.3[kQ], r; = 0.98[k],
g5 ' = 181.6(kQY, o = 0.63[kY, Vi, = Vi, = 1[V], A = 0.8[V],
T = 1]ms], Cy = 0.01[uF], (Ry, Ry) = (20,22)[k€],
(s1 =1.06, 55 =1.08,a = 0.8, \; =2.0E-1, \y =22E-1).
OO0 (byODODO
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020000000000000000 RC-LowPassFilter(RCF)OOOOODOOO
OO0DO0O000000BNDO PCBENOUODOODOOOODOODODOOOBNOODOO
obooboooabObobboobuooboobboobooboobboobon
OOobooOogpCBNODO 200 BNOODOOODOOOOOOoOOoOOoOooDOoOooDoooon
gobobobbbougoogobbobobbodoooooboobouoooooobooon
OOobooboooopcBNOOOODODOODOOOOOO

03000000000 b0000bO0RrRCFODOOODODODOOOODODO
OBNOPCBNOOOOOODUODOOOOOODODODOOOOOOOOOODBNODOODO
gobobbobboogogobbobbbooooooobobobooooooboon
gobbbbbuoooogobbbbtboooooobbobboboooooobbon
OO000MN»(ODOO0OOCO0OOO-00)00000000O0O0O0OOO0OODOOOD
Ooob0oobooboooooooopcBNOO 2000000000000 0O0ODODO
gooboobobobobboboboboobobobooo - 00oooood
gobbbbbuoooooobbbbbouoooobobbbbboooooobobbo
OOOOBN,PCBNOOOODOODODOOODOODOODOODO

gbbobobbouooogobbbbbouooobobbbbooooobbbbobood

gbobboooobbobuoooobobuoooobbbooobobboooon

59



O OA O0O000oodomo
Joooboooood

Al 0O0O0O0O

000000000000 Ideal-Low Pass Filter(ILF) D OO DOOOOOO0OODODOO
opoooooboonrFoobooobooobobooobbooboboooobon
gbbogbbooobbuoobbobobobbuooobboobbuooobboon
ILFODODO0OOooboooooboooobbooobobooboboooboooboboon
(Cooooo)y:ggoooooboogbboooboooo BN ODOobDbOOoOobDLoo

O0000/000b0000000oo00oOo0oooooooooDoOoooo

A2 0JUO00OOOOOO
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Hw) = Al
() { 0 for |w| > w, (A1)
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