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Abstract In this thesis, we address mazimum-profit-rooted-subtree problem (MPRS).
In the problem, given a connected undirected graph, a root vertex, each vertex’s non-
negative income, and each edge’s non-negative cost, we aim to find a rooted tree in
which the total profit is maximized. The problem can be applied to various real-
life situations such as cable television service and supply of energy (gas, water and
electricity etc.). This important problem had been proposed by “ Kobayashis(2003)”
for the first time.

The main contributions of this research are to prove that the M PRS is NP —
hard, formulate the M PRS as a mixed integer programming problem, and propose
a heuristic algorithm.

The M PRS is classified as an optimization problem. In optimization problems,
an objective function and constraint equations are given. Under the constraints,
we find a maximum or minimum value of the objective function. Combinatorial
optimization problem is also classified as an optimization problem, and the solutions
are represented by combination or permutation. Moreover, a part of combinatorial
optimization problems can be formulated as a network. Our problem is positioned
here. Using the ideas and terminologies in graph theory, this problem is referred to
as mazimum-profit-rooted-subtree problem, and we call this M PRS for short.

Chapter 1 is an introduction, and we outline the background and organization of
this thesis. Next, in chapter 2, we definite terminologies. In chapter 3, we formulate
the M PRS as a combinatorial optimization problem. Moreover, practical usages
and previous researches are overviewed. In chapter 4, we formulate the M PRS as
a mixed integer programming problem. In chapter 5, we prove that the M PRS is
NP — hard. In chapter 6, we introduce three heuristic algorithms, one of which has
been proposed by us. Though the other algorithms are existing, we rewrite these in
detail. In chapter 7, we show the results of computational experiments and perform

considerations. Finally, in chapter 8, we conclude our research giving future works.
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4: if w(v) +w(u,v) <00000 (u,v) € A(T) then
5: TOOoOOODOOODODODOODO

6: else

7: w(u) = w(u) +wv) +w(u,v)

8: end if

9: end for

10: return T

6.2 OJOOOOO

00 [1]00000000000000000000000000O00UOoOOOOQg
0000000 weV(G)OOODODODODODODODDODODODOODDOOOD T,00000000
goboboooobobuoooobbuoooobbbooobobbooobbbooooo
gobobooooboboboo

ooooog 300oogo
1 00wveV(G)DDODODODODOOODDO T,0000

22 000000000 DOOOO

3: repeat
4 00 (u,v) € A(D)0DO0O0OO{profit(T,) — c(u,v)|(u,v) € A(D)} 0000 max
oo
if max > 0 then
forue N(Tp,) DOODOO ke V(G) do
T, =000 (u, Ty, Tk, w,p,c)
end for
end if
10:  AD) = AD) \ {(u,v)}
11: until A(D) # 0 and maz > 0
122 0000 GOOON(7T,)0OUOO0ODOO0OO0OO0OOUOOO0O ceO0O0OO0OO0OODOOOOOO
goo




004000 (u,Ty, Tk, w,p,c)
Require: u € N(Ty)
1. if w € N(T,) then
return T},
else if N(T;) N N(T,) == () then
N(Tk) = N(Tk) UN(T,)
A(Ty) = A(Ty) U A(Ty) U{(u,v)}
else
$ = N(T,) \ (N(Tk) N N(T,))
SO000 T7,000000 7T, 0000
=000 (1), w)
if profit(7}) > 0 then
N(T}) = N(Ty) U N(T})
A(Ty) = A(Ty) U A(T;) U{(u, 0)}
13:  end if

= = =
M 2@

14: end if

15: return 1}

0 (u,v)(ue N(T)0OODOD0OO0D0O000 7,000000 7,0000000000
0000000000000000000000000000000000

profit(T}) < profit(T)) + profit(T,,) — c(u,v).

0007,00+«0000000000 (v,0)0 7,0000000000000000
007,0 7,000000000000000000007,000000000000
0 (061000007, 0000000000 7,000007,00000000000
000000000004000000000000 2000000

00000000000 «000000 7,07,000 w,p,c00000000000
T, 0000

00000000 GOOON(T,) 000000000000 00000000000
00000000000000000030000STEP30110 O(m)000000 4
00000 O(n4+m)00000000STEP60800000 O(n)xO(n+m) = O(nm)
00000000000000000000000 300000 O(mm?)0000
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ol
S o O

061 O (u,0)007,07,00000007,00007,0000000N(T)0
N(T,)000D0000D0000000

6.3 DO0OOO0O0O

00 [2)000000000000000000O00DDOOO0O0UOODOO0ODOODOO
000000000 0DO00o0doooodoodooooooooo Goooooo
gobobooooobuoooobboooobobbooobbbooobbbooooonoo
goobooooboboooobboooobobboooooboooooboooooo
gooboooon

Oooboodg s000ogobd

. G=000 (G,r,p,c)

000000000 GOoooo

. T=0000 (G,r,w,75,¢)

. T=000 (T,9)

0000 GOOON,OOOODDOOODOOO ¢c0000D0O00D0OOOO
Gr = (Np, A7) 000D

gk W N

631 OO0

00000 GoO0000p; >¢; 00 pj>¢; 000000 ;0000000000
obooobooboobooboobooooboboboboobooboobbooboon 2
gobbooopoboboooobboooobbbooobbbooobbboooobo
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00 6000
Input: 00000 G=(V,E)00 r000000 p,0000 ¢,

Output: DO OO0O0OO G

1. 000 0000 k00000S, = {k}

if p;>c;; 00 p; >¢; 000000 j0000 then
3 DiDDjDDDkDDDDDDGDDD

40 Sp:=5US5;
5

6

B

GOOoOooooooooood
. end if

obooobooboobuooboobooobobobboobo 2000 2800000 3
OO0 s000000000DbO00O0DbO0bObOOobODOobOOooOobOOobDOobobOOoDOoDOO
OO000DO0bO00000O0oO0oDO0bO0b0oboooobDOooOOooDOobDOobDOoOOoO k
O000p,=p;i+p; —c; 0000000000 kO00OOO S,00¢:00 70000
D000000000 Goood

632 OO0O0OODOOOOO

G0O0000000000000 G=(N,A)0D0000G0O0000 GoooOn
0. G00000 GOOO0000000000000000000 (i,j)eAO0O0OOO
00000000000

. J-oo, j=100000C
Dj — Cij goooo

062 0000310 GO0OO00000000 GOO
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GOOOODOOw; >000 w;; >00000 (5,) 0000000000000000
000

GODOO0O0O0Ww; >000 w; >00000 (4,/) 0000000000000000
pi>c;00p;>¢; 0000GDO00000000 ;0000000000000
0000000

000GO0 (5,7)000 @; >000000000000 (4,4) 000 @wj; O —oco O
00000000000GOOOOOOOOOD 1000000

00 1. G0000000ooon

0D00L0O GODOODOOOOOODOOOON,O A, 00000 LOOODOOO0OO0O0OO
DDDDDDIB(L):Z(,&J)GALIB“D LO0000000GOODO0OOD0oONoonon
O00L0O000000000 L'oOooooooo L/ooo wy; >00000 (4,4) O
D000000000000w;; =—0c0o0000w(L)=—-0c0o000000 L/O0O0OO
gooboooooboooan

D(Ly= Y di= Y, (i—cy)= Y, pi— Y, ¢

= D pi— D, = ), i—cy)= ), @y <0
JENL (i,5)€AL (i,5)€AL (i,5)€AL

ogooo000¢;=c; 000000000000

633 0000

G=(N,A0D00000GOOOO0D0O000O0 GOOOO00000 (4,5)e@000
0 wy; =w; 00000000d(4,5)0 GOOOOOD 0000000000000
000000 UCNOODdU,j)0 G00000UOO0D j00000000000
0000d(U,j) =max;epd(i,j) 00000000000000000000 %0000

Remark 2. 00 10000 GOOOOO0OO0O00O00O00O0O0O0O0OOSTEP7OY
0000000000000000000000000 GODO00OO000000000
000070000 GOOOOOOOOOOO

Remark 3. STEPADDD000000DDODOODOOO0O00OODOOODOOODOOOO
gdoboboooobobuoooobbuoooobbbooobobbooobbbooooboo
0000000000000 00000ooooooo 40
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00 70000

Input: OO OO0 GOoOoO wd 00 p,0000 ¢y

Output: 00O T:(NT,AT)

1: 000 Np:=NOOODO Ax:=00000

2. 000 Ny :={1}0Ny:=N\{1} 000

3. while Ny # 0 do

4 D0O0jeN,0ODDOOOd(N,,7)00000

5 00jeN,0000d(N,j)0000000000000000000000N,
0 A, 0000N; := Ny UN,ONg := No \ N,

Aj =AU A

ieN;0D0jeN, 0000 (4,7)000004; =0000

i€ NyO0OjeN 000D (4,7) 00000 =—00000

ie NyOO je N ODOODO (4,/)) 0000000 wy; = —co0000000
Wi = pj — ¢i; 000

10: end while

9
Clso
O~gu©,

)

® O—O
0 Q)

L

063 0000 62000000000D00D0OODOOODODODOODOODODODOO

6.34 0O0O0O0O

OO0v7O0O0D00O0000O0bO0O0OOO0DbOO0OOOO0bOO0ObO 2000000000DO0
OoOO0000O0O000DO 10000b0o000O0 NwrooooONp,ODODOOQOOODODOO

Nr= ] S

eENwr
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635 GO0000O00O0OOO0O0OO

0000 GOOON,000000000000 ¢000000000000 Gr =
(Np,Ar)0000O0O

6.3.6 OOO

00600000 Om?) 000000 700000000000000 Moore—
Bellman — Ford 000 00000000(mm) 000 4000000000 7000
00 O(n?m)0000STEPS 00000000000 D00000000O0O0O000 [4)0
000000000000000000500000 O(?m)0000

6.4 OO

000000000000D000000000000000 300000000000
000000
000000000000000000000000000000000000000
0000000000000000000000000000000000000000
000000000000000000000000000000 7000000000
000000000000000000000000000000000000
000000000000000000000000000000000000000
0000000000000 000000000000000000000000000
000000000000000000000000000000000
000000000000000000000000000000000000000
0000000000000 000000000000000000000000000
0000000000000000000
0000000000000000000000000000 O(nm)00(nm?2)00(n2m)
0000000000000 000000000000000000000000000
00000000000000



0 70

HRERERE

(1 000000

OD60000000000000000DODOO0OOODOOODOOO COOOOOO
0000000 LEDA(Library for Efficient Data types and Algorithms)[18] OO0 OO
Ooboooooboooobooooobob 20000o0obooboOoboDOoooDOobDoOoO
0000000000000 (0 71) 0000 0000000 m=4n—6y/n+200
gobboodoobobuoooobbuoooobbboooobbboooobLbboooono
O00LEDADDOOOOO0OOODONODODODONONONOODOODODOOOOOOOoooOon
oo oobuoooooonoooooa
gobboooobobuoooobbuoooobbbooobbbooobLbbooobo
0000000000000 4,j000000 {4,j}000000000000000

OO0000000o0oo9onoob 200000 25000000 970200000000
OO00obO0o1oooobooboooooooo 400 MIPOOODODDOODOOO

071 0902000000
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0Ov1 0000

Machine: DELL Bostro 220s

CPU: Intel Core2 Duo E8400 @ 30 00GHz
OS: Windows XP Professional

Memoly: 4GB

Compiler: Visual C++ 2010

000 CPLEXOODODOODOOOOOOCPLEXOOOOOOOD 90000 2000
00490000 1600000000000 2250000 81200000000000
ooboobooboorooboooobooboooOoboooobooboboooDoboo
O0Oo00b 1010000000 102200000000000000000O000DO0O0DOO
07100000000

(2 0OO0OO0O

0000000000000000000000000000000000 = |(profit(
000)—profit(000))/profit(000) 000000000000 =000/000 0
000000000 9020000000000 000000000000000000
00000000 10000000000000000000100000000000
000000

00000000000 (0 73)0000000000 (0 7.7) 00000000 (O
78)00000000000000000000000000000000000000
0000000000000000000000000000000000000000
0000000000000000 (079 00000000000000000000
00o0oooooo

00000000 (0 74)000000000000000000000000000
0000000000000000000000000000000000000000
0000 75000000000000000 720770000000000000000
0000000000000000000000000000000000000000
00000000000000000000000000000000O0O000O0 7.20
000

000000000000 (0 76)00000000000000000000000
00000000000
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Ov2 00O0ODO

ooOd ooOd Oo0ooog Ooo0Oooooo
0 o o N
Ooo0Oooo o O O

Oov3 0000 10000D000D0O00OOO

oooo

0 0 000 ooo 0000 | CPLEX
9 20 1012.54 1033.99 1039.62 | 1049.48
25 72 3929.02 3993.44 3879.12 | 4028.51
49 156 8773.26 8840.69 8458.30 | 8964.01
225 812 | 46097.52 | 46487.03 | 44770.30 -
625 | 2,352 | 136689.75 | 137246.90 | 132734.53 -
841 | 3,192 | 183626.76 | 184626.45 | 178741.47 -
1,600 | 6,162 | 357120.71 | 359216.74 | 347859.92 -
2,500 | 9,702 | 561821.47 | 565496.90 | 547136.62 -

ooooooo
4 U gdd agoo Ooo0 | CPLEX
9 20 1063.29 1055.04 1048.29 | 1070.70
25 72 4226.87 4246.96 4198.41 | 4313.79
49 156 9503.57 9572.65 9413.36 | 9652.02
225 812 | 48566.56 | 48747.86 | 47891.54 -
625 | 2,352 | 141716.91 | 141925.72 | 139507.89 -
841 | 3,192 | 191864.01 | 192199.08 | 189240.30 -
1,600 | 6,162 | 370500.81 | 371180.69 | 364986.88 -
2,500 | 9,702 | 581778.28 | 582693.17 | 573030.05 -
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074 0O0OO0O10000D000DOOCOO

oooo

0 O ooOd 000 | 0ooo | CPLEX
9 20 0.001 0.003 0.002 0.063
25 72 0.008 0.004 0.002 0.230
49 156 0.037 0.006 0.002 1.108
225 812 0.876 0.155 0.006 -
625 | 2,352 8.584 3.100 0.018 -
841 | 3,192 | 19.329 7.650 0.031 -
1,600 | 6,162 | 92.591 | 58.171 0.111 -
2,500 | 9,702 | 296.394 | 225.976 0.265 -

ooooooo
O O oood 000 | 0000 | CPLEX
9 20 0.001 0.004 0.001 0.041
25 72 0.005 0.003 0.001 0.068
49 156 0.042 0.006 0.001 0.947
225 812 1.073 0.166 0.005 -
625 | 2,352 | 16.786 3.228 0.019 -
841 | 3,192 | 39.046 8.176 0.033 -
1,600 | 6,162 | 340.316 | 62.772 0.125 -
2,500 | 9,702 | 815.195 | 243.286 0.333 -




075 O0O0OO0O10000000DOODOO

oooo

O O ooO ooOo (0000 CPLEX
9 20 0.004873 | 0.005792 | 0.004523 | 0.107073
25 72 0.007863 | 0.006613 | 0.004717 | 0.400587
49 156 0.020943 | 0.007279 | 0.004899 | 1.780912
225 812 0.476751 | 0.010040 | 0.007279 -
625 | 2,352 4.688018 | 0.125510 | 0.006029 -
841 | 3,192 | 12.871319 | 0.276769 | 0.004534 -
1,600 | 6,162 | 61.730924 | 1.952790 | 0.007763 -
2,500 | 9,702 | 183.906669 | 5.600966 | 0.011816 -

ooooooo
O O ooo Oo0oO0 |DOoOO CPLEX
9 20 0.003846 | 0.006528 | 0.004314 | 0.088001
25 72 0.007770 | 0.005914 | 0.004090 | 0.103289
49 156 0.027401 | 0.007317 | 0.003580 | 1.917088
225 812 1.118905 | 0.010332 | 0.007032 -
625 | 2,352 22.156728 | 0.100146 | 0.006739 -
841 | 3,192 50.353502 | 0.414822 | 0.004899 -
1,600 | 6,162 | 394.996885 | 1.317980 | 0.005849 -
2,500 | 9,702 | 1234.629418 | 3.594290 | 0.010113 -
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Oo76 O0OO0O11000C000000DCOOOOO

oooo Ooooooo
0 O o0 |bo0Oo OO0 | boO0oOo
9 20 | 258.07 | ©522.387 | 945.49 | 3361.814
25 72 | 87.17 87.131 | T77.18 57.234
49 156 | 55.48 45.227 | 54.25 32.097
225 812 | 31.25 6.993 | 38.40 8.476
625 | 2,352 | 25.69 3.386 | 33.67 4.753
841 | 3,192 | 24.87 3.349 | 34.12 3.549
1,600 | 6,162 | 23.47 2.398 | 32.87 2.546
2,500 | 9,702 | 22.74 1.510 | 31.37 1.911
O7v7 ODO0OO0O 1000000000000
oooo OoOooooO
O O |000 |000 |0000 |0D00 |0Db0 |0Db0o0
91 20 92 91 93 95 95 93
25| T2 61 72 52 61 64 29
49 | 156 34 43 15 36 o8 32
078 0O0OOO1000C0000O0DCO
oooo OoOooooO
O O |000 |000 |0000 |0OD00 |0D00 |0Dbbo
91 20 1.06 1.02 1.83 1.04 1.01 1.02
25 | 72 1.04 1.01 1.06 1.03 1.03 1.03
49 | 156 1.03 1.02 1.07 1.02 1.01 1.03
Oov9 O0OOO10000DOO0O0ODOOOO
oooo ODoooooo
O O oo0 ooO0 (D000 oo0 Ooo00 (D000
9 20| 0.378716 | 0.063870 | 8.249302 | 0.280777 | 0.055486 | 0.098209
25 | 72 ] 0.114853 | 0.029109 | 0.124416 | 0.063996 | 0.070111 | 0.067920
49 | 156 | 0.053189 | 0.028534 | 0.086653 | 0.033783 | 0.018301 | 0.038910
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