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Abstract

This paper explores the conditions for local dynamics and the uniqueness of a steady state in the
money-in-utility-function, and transaction-costs models with recursive utility. When a money demand
depends only on nominal interest rates and a monetary Brock-Gale (BG) condition holds around a steady
state, the steady state is locally stable. Even in the case of the general money demand function, the local
stability is sometimes possible. Furthermore, when a money demand function exists and the BG condition
holds globally, the steady state is unique.

Keywords: Recursive utility, Money-in-utility-function model, Transaction-costs model,
Decreasing marginal impatience

JEL Classification: 042

1. Introduction

The present paper introduces conditions for local dynamics and the uniqueness of a steady state in
the money-in-utility-function (MIUF) and transaction-costs (TC) models with recursive utility in a
unified manner. Several papers have analyzed the relationship between inflation and growth in the
MIUF models (Sidrauski, 1967) and TC models (Saving, 1971). Most of these studies, such as
those of Wang and Yip (1992) and Zhang (2000), used a utility function with a constant time
preference and an endogenous labor decision and showed that higher growth rates of money lower
capital in the long run.

On the other hand, Chen et al. (2008) considered a utility function with an endogenous time
preference, or a recursive utility (Koopmans, 1960). Without labor-leisure trade-offs, they
discovered that the MIUF (resp. TC) model predicts a positive correlation between inflation and
growth (Tobin, 1965) in the case of increasing marginal impatience (IMI) with respect to real
balances (resp. consumption).' Similarly, decreasing marginal impatience (DMI) leads to a
reverse Tobin effect. Chen et al. concluded that a reverse Tobin effect was more plausible because

! Hayakawa (1995) showed that capital and money are invariant to monetary growth in the case of the MIUF model with
recursive utility and perfect complementary of consumption and money.

23



On the Uniqueness and Stability Conditions for Two Types of Monetary Models with Recursive Utility

there were empirical results supporting DMI in real balances (Becker and Mulligan, 1997, among
others).

Chen et al. (2008) established qualitative equivalence between the MIUF and TC models in
terms of ordinal and reverse Tobin effects. In order to establish such an equivalence condition,
however, they conducted only a comparative static analysis in a steady state, leaving the
transitional dynamics unexplored. The steady-state equilibrium might be unstable or might
generate multiple equilibriums. Investigating the stability properties in the neighborhood of the
steady state involves a linearized dynamic system with a Jacobian matrix. Even in the case of
comparative statics, checking the sign of the characteristic roots of the matrix is required. However,
Chen et al. simply assumed that the determinant is negative. The major reason for this assumption
may have been that the dynamics of this system was four-dimensional and, therefore, was too
complicated to analyze.

In order to avoid investigating four-dimensional dynamics directly, we use the method
proposed by Obstfeld (1990) and Chang (1994). They considered a one-sector, nonmonetary,
optimal growth model with recursive utility. Exploiting the facts that the value function is the
same as a costate variable of the dynamic system on the optimal path and that the derivative of the
value function is the other costate variable, they succeeded in reducing the dimensions of the
dynamic system from three to two. Similarly, in the present paper, we reduce the dimensions of the
two monetary models from four to three.

Fischer (1979) and Calvo (1979) investigated the sufficient conditions for the local stability
of the MIUF model with a constant time preference. The dynamic system of the monetary model
has three dimensions, with two jump variables, requiring one negative root and two positive roots
in the characteristic function. In order to establish only one negative root in the dynamic system,
the determinant (the products of the three roots) should be negative, and the trace (the sum of the
roots) should be positive. Fischer (1979) assumed that the instantaneous utility function is concave
with respect to consumption and real balances and that consumption and real balances are normal
goods. Instead of the latter conditions, Calvo (1979) proposed a sufficient but simple condition, in
which both goods are gross substitutes.

Since the study by Uzawa (1968), a great deal of literature has been devoted to analyzing
models with recursive utility. Although Uzawa is one exception, few studies have dealt with the
stability conditions of monetary models. In a different framework from the present models, he
insisted that impatience should be marginally increasing in felicity.” Another exception is Epstein
and Hynes (1983). Their MIUF model assumed that the instantaneous utility function is a negative
constant, that marginal impatience is increasing and concave in consumption and real balances,
and that both goods are normal. Under these assumptions, Epstein and Hynes claimed that the
dynamic system is locally stable.

Even in the case of non-monetary models with recursive utility, most studies have considered
only the stable case by assuming IMI in consumption or in felicity from the beginning. Das (2003)
investigated the condition for stability in the case of DML’ Her condition implies that local
stability requires a variant of the Brock—Gale (BG) condition, in which an increase in the discount
rate dominates the increase in the marginal product of capital at the steady state (Brock and Gale,
1969). Although Chen et al. (2008) assumed this BG condition, called the Correspondence
Principle, in their paper, they used this condition simply to discuss the unique existence of the

2 He also assumed that felicity takes a positive value and that the discounting rate function is convex.
3 See also Hirose and Ikeda (2008) for DML
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steady state.* Furthermore, the BG condition that Chen et al. assumed ignored the effect of money.
If a monetary variant of the BG condition is established correctly, we conjecture that this condition
will play an essential role in determining a negative determinant of the matrix as well as the unique
steady state.

The present paper introduces conditions for the local dynamics and the uniqueness of a steady
state in the money-in-utility-function and transaction-costs models with recursive utility in a
unified manner. A negative determinant of the matrix calls for a monetary variant of the BG
condition. If this condition is satisfied and the money demand function is well-defined locally
(resp. globally), this is an essential condition for local stability (resp. uniqueness). In addition to
the BG condition, an additional condition for local stability is that money demand is a decreasing
function only of the nominal interest rate, and impatience is marginally increasing in consumption
and money.

When money demand is increasing in consumption, other conditions are required for each
model. Both models require IMI in consumption. Since the money demand function is
characterized by felicity and discounting rates in the MIUF model, local stability requires the
felicity to be concave and the discounting rate to be either concave for a negative felicity or
convex for a positive felicity. In the TC model, the money demand function is characterized by a
transaction-costs function, and the transaction costs function should be convex for local stability.

This does not deny the possibility of DMI. The local stability with DMI is more plausible as:
(i) the production function becomes more concave and the money demand function becomes less
elastic in both models; (ii) the felicity taking a negative (resp. positive) value becomes more
concave, and the discounting rate becomes more concave (resp. convex) in the MIUF model; and
(iii) the transaction technology becomes more convex in the TC model.

The present paper provides the following three contributions. First, we establish conditions
for local stability and the unique steady state, which reinforce the results of Chen et al. (2008) and
are consistent with the results of other previous studies. Second, using a money demand function,
we provide such conditions in the MIUF and TC models in a unified manner. Third, we
demonstrate that a monetary version of the BG condition is essential in determining uniqueness
and local stability.

The remainder of the present paper is organized as follows. Section 2 examines the MIUF
model, and Section 3 analyzes the TC model. Each section describes the model economy and
investigates the local stability around the steady state. Section 4 discusses the conditions for the
uniqueness of the steady state for the MIUF and TC models, and Section 5 concludes the paper.

2. The MIUF Model

This section considers the local stability of the MIUF model with recursive utility, in which money
or real balances directly consider the felicity function and the subjective discount rate function.
The model structure and notations closely follow Chen et al. (2008) in order to facilitate a
comparison between their results and the results of the present study. Our assumption set is
slightly different from theirs because we allow the felicity function to take a positive or a negative
value. The first subsection describes the model economy and the definition of the steady state. The
next subsection presents the model and examines local stability. Starting with the minimal

4 To prove the uniqueness, Chen et al. (2008) considered a special case, in which the discount rate is independent of real
balances in the MIUF model. For other cases, the uniqueness is shown graphically without rigid proofs.
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assumptions, we add the assumptions needed for comparative statics and for dynamic properties.
2.1 The Model Economy

In the model economy, there exist consumers with infinitely long lives and a government. All
consumers have the same preference and are represented as a single agent. We assume no
population growth and exogenous technological progress.

The representative agent with perfect foresight solves the following problem:

[oe]
maxf e 2t u(c, mydt, s.t.
0

{ceme}
a; = f(ky) —memy + v — ¢, (D
At = p(ce,my), 2

where ay >0, Ay =0, c, is consumption, m, is the real money balance, k, is capital,
a; =k, +m; is an asset, m, is the inflation rate, v, is a lump-sum government transfer, f is
the production function, u is the felicity function, p is the subjective discount rate function, and
A is the cumulative subjective discount rate function. A higher p indicates an agent with higher
marginal impatience.® This functional form includes the case of Uzawa (1968) by setting
p = p(u(c,m)).

We assume that u, p, and f are twice continuously differentiable. We assume that u, > 0,
Up =20, uee <0, Uy, <0, 0<p<oo for all c>0 and m>0, and f >0 for all k > 0.
These are standard assumptions. Additional assumptions regarding u, p, and f are imposed after
the steady state is defined.

The level of felicity u is often assumed to be negative in the field of literature that includes
Epstein and Hynes (1983) and Obstfeld (1990). The class of felicity function taking a negative
value covers the Epstein—Hynes function (u = —1) and the famous constant relative risk aversion
(CRRA) functional form (c'~*m%)179/(1 — o) for 6 > 1 and 0 < a < 1. Such negativity is a
sufficient condition for the concavity of the Hamiltonian, defined later. On the other hand, some
authors, including Uzawa (1968), Das (2003), and, implicitly, Chen et al. (2008), assume that
u > 0. In the present paper, the level of felicity is allowed to be either positive or negative.
However, the level of felicity cannot equal zero (u # 0) for all ¢, m > 0.

We do not impose any restrictions on the first degree of derivatives of p. Whereas p. > 0
and p,, > 0 are referred to as IMI in consumption and money, respectively, p. < 0 and p,, <0
are referred to as DMI in consumption and money, respectively. Most authors, except for Das
(2003), assumed IMI in a real economy for stability purposes, although they have admitted that
IMI is not consistent with several studies in the empirical literature (Becker and Mulligan, 1997,
for example). According to Chen et al. (2008), a reverse Tobin effect, i.e., a negative relationship
between inflation and economic growth, emerges when p,, < 0 in the MIUF model, but they
assumed the steady state to be locally stable. The present study investigates the additional
conditions that are needed in the case of IMI, or whether DMI is justified from a theoretical
viewpoint, and thus begins without restrictions on p. and p,.

In order to solve the above problem, we consider the following present value Hamiltonian:

> Initial positive nominal money stock is also required for the finite growth rate of the money supply by the government at
the next continuous period.
¢ Some authors, including Chen et al. (2008), use impatience instead of marginal impatience.
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H=e2{ulc,m)+A(f(k) —mm+v—c) — pp(c,m) + P(a—m—k)}, 3)

where 1Y denotes the Lagrange multiplier for a =m + k, and A and ¢ denote the costate
variables associated with (1) and (2), respectively. Applying the Pontryagin maximum principle
yields the following first-order necessary conditions:

u.—A—¢p. =0, 4)
Uy — Afie + ) — Ppm =0, (5)
A=A~ fi), (6)
¢ =—u+¢p, (7

and the transversality conditions lim, . A, a,e”™ =0 and lim,,, ¢, Ace™ =0 . Since
a =m+ k isbinding, ¢ = Af'(k) > 0.

For a sufficient condition for the maximization problem, we should assume that the
Hamiltonian (3) is concave with respect to ¢, m, k, a, and A for any multipliers A, ¢, and Y
in a strict sense. One of the sufficient conditions is that e~®u(c,m), f(k), and p(c,m) are
concave when the costate variables in the Hamiltonian are setto ¢ = —e ¢ and 1 = e 2. The
concavity of e 2u(c,m) holds if u <0, U <0, Upm <0, Usclpyn — UL, >0, and
U(UecUimm — Um) + Ue(UmUem — UmmUc) + U (Uclom — Ueclyy) <O for all ¢ and m,
excluding the possibility that u > 0. However, even if these conditions are not satisfied, the
indirect utility function might be concave. Assuming the indirect utility or the value function to be
concave, Chang (1994) adopted a dynamic programming approach and allowed the felicity to take
positive and negative values. The present paper does not discuss the sufficient condition obtained
from the Hamiltonian concavity.

The solution to (7) with lim,_,., ¢ Ae™ = 0 is:

[oe]

o(t) = f exp {— f e mf)dr}u(cv. my)dv,

which is the lifetime utility from the period t. The value of ¢ is negative (resp. positive) when

u < (resp. >) 0. As Obstfeld (1990) and Chang (1994) have shown, ¢(t) on the optimal path is
the same as the solution to the following continuous version of the Bellman equation:

5t

V(a) = max {f e 2t u(c, my)dt + e 2otV (a + Sa)},

e W0

0sts<dt

with the budget constraint (1) and a = m + k for a small §t > 0. When 6t — 0, the Bellman
equation is:

0= r?%x{u(c, m) — p(c,m)V(a) +aV'(a)}.

subject to (1) and a = m + k. The first-order condition with respect to ¢ yields V'(a) = u, —
p:V (a). The marginal utility in consumption depends on the marginal felicity as well as the future
lifetime utility through an endogenous time preference. Clearly, 1 = u, — p.¢p =V'(a). We
assume that the lifetime utility is increasing in assets and that the shadow price of assets is
positive.

We define the money demand function used for investigating the local stability of the
dynamic system in the next subsection. Let R, = f;, + m, represent nominal interest rates, the cost
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of holding money. We implicitly define the money demand function ¢(c,k,R)’ using

_Up(e,m) —V(m+k)pn(c,m)
£ us(e,m) = V(im + k)pe(c,m)

®)

The money demand function ¢ depends on nominal interest rates, consumption, and capital. In
the case of a constant time preference or of the Uzawa-type discount rate, the right side of (8) is
simplified to u,,(c,m)/u.(c,m), and, therefore, the term of capital is not augmented in the
money demand function ¢.

Now, we return to the remaining model components; the government and equilibrium
conditions. The government prints money at a constant rate y and runs a balanced budget by
transferring seigniorage revenues to the consumers: v; = um,. In equilibrium, the money and the
goods markets are clear:

m = (u—mm, )
k = f(k) —c. (10)

We define a steady state (c*,m", k™, 1", ¢, ") when the variables satisfy (4), (5), (6), (7),
9), (10),and A=¢p =m =k = 0.

We assume that there exists a steady state such that ¢* >0, m* >0, k* >0, A" =u, —
PP =V'(m"+k*)>0, ¢*" =u(c",m")/p(c*,m)=V(m"+ k), and " = u. We assume
that both real and nominal rates of interest are positive: f, > 0 and p + f;, > 0. To establish (8)
with m* >0, 1> 0, and R > 0, we must assume the positive marginal utility in real balances:
Uy — PP > 0. The positive marginal utility in consumption and real balances is written as
u; —up:/p >0 and u,, —up,,/p >0 for a steady state. Both conditions hold automatically
when u <0, p. =0,and p,, = 0.

Furthermore, we assume that fi, < 0 and u.. —up../p < 0 in a steady state. The former
implies that the marginal productivity of capital is decreasing. The latter is used for a positive
intertemporal elasticity of substitution. Similarly, we assume that u,,,,, — upmm/p < 0.

Chen et al. (2008) assumed that u./u—p./p >0 and u../u—p./p <0 for a steady
state because they assumed implicitly that u > 0. When u < 0, the inequalities should be the
opposite. In addition, Chen et al. assumed that the curvature of felicity is larger than that of the
discount rate with respect to consumption. Note that our assumption that u.. —up../p <0
always holds when u <0, u, <0,and p. <O0.

We make an additional assumption with respect to the money demand function ¢. We
assume that the money demand function is decreasing in the nominal interest rates for a steady
state. That is, a higher cost of holding money R, reduces money demand. Let the right-hand side
of (8) be L = (uy, —Vpm)/(u,—Vp.). The total differential is dR = L,,dm + L.dc + L, dk,
where L, for x =c,m,k, is shown in (40), (41), (42) of Appendix I. The implicit function
theorem indicates that ¢, =1/L,,, ¢. = —L./L,, and ¢, = —L,/L,,. A decreasing money
demand for nominal interest rates (¢ < 0) is equivalent to L,, < 0 for a steady state. We do not
make any assumptions regarding the signs of ¢, and ¢, (L. and L) at this stage.

Before closing this subsection, we summarize the assumptions on the felicity u, the discount
rate p, the production technology f, and the money demand ¢ that we have made thus far.

1. u0, u. =20, U, =20, U <0, Upy, <0 and 0 < p < oo forall c,m>0

’ Here, a consumer behaves as a price taker and, accordingly, the money demand is a function of ¢, k, and R, even
though R is a function of k in equilibrium. In addition, the explanation of ¢(c,k,R) is more intuitive than the
explanation of @(c,k, ) = @(c, k, fi, + ).
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and f >0 forall k> 0.
2. >0, u+fi>0, fix <O, uc—up/p>0, up—upp/p>0, uc—
Upee/p <0, and Uy — UPmm/p < 0 for a steady state.
3. @r < 0 or, equivalently, L,, < 0 for a steady state.
Note that p. and p,, may take negative values. Starting with these assumptions, we add the
required conditions for the local stability of the dynamic system in the next subsection.

2.2 Local Stability Conditions

This subsection examines local stability conditions. For this purpose, we approximate the dynamic
system around the steady state using the Jacobian matrix and then reproduce the result of Chen et
al. (2008) in a three-dimensional system to confirm that the determinant of the Jacobian matrix
should be negative in order to justify the comparative statics. We then examine the local stability
of the dynamic system by considering the determinant and the trace of the matrix separately,
which provides us with two propositions. Combining the two propositions yields the main results
of this section as a single theorem. After examining the independence of money demand from
capital, we present conditions for local stability, using only preferences and technology, and a
corollary. Finally, we present two corollaries relating the present results to the results of previous
studies.
Linearizing the dynamic system around the steady state yields:

¢ c—c*
T_fl = Juwr |m —m*|,
k k—k*

where Jyur 1s the Jacobian matrix of the dynamic system, specified in (43) of Appendix 1.

Before analyzing the local stability conditions, we mention the comparative statics conducted
by Chen et al. (2008). The final part of Appendix I provides the following results:

[ (310**//?1;1] c'm* [ (f_pmfk ; )]

m jap) = ———————< | ~Ukk = PcJi) >

dk* /du 6 det (Jumur) —p

where 6 = —(u,. — pecV)c*/(u. — pV) is the intertemporal elasticity of substitution. By
assumption, 8 > 0. The correlation between capital stocks and inflation depends only on the sign

(11)

of p,,. That is, as long as det (Jy;yr) is negative, dk*/du > (resp. <) 0 if p,, > (resp. <) 0.
Our results are the same as those provided in Table 1 in Chen et al., although they assume that the
Jacobian matrix of the four-dimensional dynamic system has a negative determinant.

Next, we investigate the dynamic system. In the MIUF model, consumption, c, and real
money balances, m, are jump variables. The consumer can choose any values of ¢ and m.
Therefore, we require only one negative root in the three-dimensional system for stability in terms
of economic theory. As sufficient conditions, the determinant det (Jy;yr) should be negative and
the trace tr(Jyyr) should be positive. In what follows, we examine the conditions for
det (Jyyr) < 0 and tr(Jyyr) > 0 separately and then combine these conditions to obtain the
main results in the theorem.

First, we present conditions for det (Jy;yr) < 0. By performing a few algebraic operations
(see Appendix I), we have:

*

det Uuior) = —5— (om e = Lic = ficke) + L (Fiebe = o) (12)

where L, for x = c,m,k, is defined in the previous subsection, and each concrete expression is
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given in Appendix I. Since ¢* >0, m* >0, k* >0, 8 >0 and L,, <0, by assumption, we
can say that if

Pm (e = L = fike)/Lm + fiPe = fire > 0 13)
holds, then det (Jyur) < O.

This condition is interpreted as a monetary version of the BG condition (Brock and Gale,
1969), in which the increase in the discount rate dominates the increase in the marginal product of
capital (fi, < 0) for a steady state. Chen et al. (2008) assumed that f,p. — fix > 0° and referred
to this assumption as the CP condition. Since, in a steady state, f;, = dc/dk, the CP condition
indicates the dominance of the increase in the discount rate over the increase in the marginal
product of capital for a steady state, ignoring the effect of money on the degree of impatience. As a
monetary version of the CP condition or the BG condition, we instead propose the condition (13).

To justify this proposal, we first consider the meaning of (fix — Ly — fiL¢)/Lm in (13).
Remember that the money demand function ¢ (R, c, k) is implicitly defined as (8), and the total
differential of L = (uy, — ppV(im+k))/(u. —pV(m+k)) is dR = L,dm + L.dc + L, dk.
Then, using the implicit function theorem, we can show that:

dm dR dc 1 (dR dc frx — Lk — frL¢

a=pra+<ﬂca+<ﬂk=E{E—Lca—Lk}_—Lm -
Note that R=f,+u and dR/dk = f, at a steady state. Thus, (fir — Lk — filc)/Lm
indicates the degree to which capital increases real balances under a steady-state equilibrium.
Adding the direct effect of capital on consumption, dc/dk, we can obtain a monetary version of
the BG condition, which is p,,dm/dk + p.dc/dk — fi;c > 0. Since ¢* >0, m* >0, k* > 0,
6 >0 and @ < 0, by assumption, the BG condition is equivalent to a negative determinant of
the matrix.

The above discussion can be summarized as the following proposition:

Proposition 1. Suppose that the assumptions in the previous subsection hold. If the BG condition
(13) hOldS, then det (]MIUF) < 0

Although the BG condition is satisfied when p,, =20, p. =0, L, = 0 and L. = 0, it does
not eliminate the possibility of a negative p,, for a steady state. A sufficiently high curvature of
f and a sufficiently inelastic’ money demand function with respect to ¢, k, and R may lead to a
reverse Tobin effect. As long as the BG condition holds, the comparative static analysis by Chen et
al. (2008) is justified.

Next, we provide the conditions for tr(Jyyr) > 0. In Appendix I, tr(Jyyr) = —mLy, + fi
for a steady state if L, = 0, and

c'm* .
tr(mur) = TPch —m'Ly + fi
+m* (ucm - upcm/p)z - (ucc - upcc/p)(umm - upmm/p) (14)

(uc - upc/p)(ucc - upcc/p)
for a steady state if L, # 0.

8 As discussed in the introduction, Chen et al. (2008) used this assumption simply to prove the unique existence of the
steady state under the special case of p,, = 0.

? Specifically, (13) is written as: fix(Pm®Pr — 1) + Pm®Px + PmfiPe + fePe > 0.When p@r < 1, a larger |fi| and a
smaller |@gl, [¢.|, and |@,| make the BG condition attainable.
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As discussed earlier, ¢y = 1/L,,, ¢, = —L./L,, and ¢, = —L; /L, and we have assumed
that increasing the cost of holding money lowers money demand (¢ < 0). Therefore, when
L. =0 or ¢, = 0, the trace is always positive. Consider the case in which ¢, > 0. Then, if

p. p Pem\*
(ucc - u%) <umm - u%) - <ucm —-u ;m) >0, (15)

and ¢'m*p.L./0 —m*Ly + f;, > 0, then the trace is positive.
As a sufficient condition, we can state that c*m*p.L./0 —m*L, + f;, >0, if p. =0,
L. =0, and L, < 0. That is, when the discounting rate is non-decreasing in consumption, and
money demand is increasing in consumption and non-decreasing in capital, the trace is positive.
We can obtain the following proposition:

Proposition 2. Suppose that the assumptions in the previous subsection hold.
1. If the money demand function is independent of consumption, then tr(Jyyr) > 0.
2. If p. =20, condition (15) holds, and the money demand function is non-decreasing

in consumption and non-increasing in capital, then tr(Jyyr) > 0.

We have two comments regarding the proposition. First, condition (15) is established either
when u and p are concave with respect to ¢ and m in the case of u <0 or when u is
concave and p is convex in the case of u > 0. This is because a linear combination of concave
functions (u(c,m) — p(c,m)u(c*,m*)/p(c*,m*) for fixed c¢* and m") is also a concave
function. Thus, in the case of u < 0, the stronger the concavity of the felicity function and the
discounting function, the higher the possibility of DMI in consumption. On the other hand, in the
case of u > 0, if the concavity of the felicity function and the convexity of the discounting
function become stronger, then DMI in consumption is more plausible.

Second, since ¢p=1/L, <0, A=u.—p,V(m+k)>0, and L, is specified in
Equation (40) in Appendix I, non-increasing money demand in capital is equivalent to:

Pclm = Pmlc <0, (16)

for a steady state. Note that equality is established in a constant preference case (p, = p,, = 0), in
the Epstein—Hynes utility function case (u = —1), or in the Uzawa case (p = p(u(c, m))).

Condition (16) sheds new light on the comparative statics conducted by Chen et al. (2008).
They claimed that a reverse Tobin effect emerges in the case of p,, < 0, independent of p., when
they assumed the determinant of the Jacobian matrix to be negative. On the other hand, condition
(16) states that a negative p,, involves a negative p. in the case of a positive marginal felicity.
Furthermore, as claimed in Proposition 2, the steady state might be unstable for the case in which
pe < 0. Unlike Chen et al., we claim that a combination of p,, < 0 and p. = 0 is less plausible
from a theoretical viewpoint.

We combine the two propositions to present conditions for local stability. A sufficient
condition for local stability is both a negative determinant and a positive trace of the Jacobian
matrix.

Theorem 1. Suppose that the assumptions in the previous subsection are satisfied.

1. If conditions (13) and (15) hold, the money demand function is increasing in
consumption and non-increasing in capital (@. >0, pUy, < pmUc), and
pe = 0 for a steady state, then the steady state is locally stable.

2. If condition (15) holds, the money demand function is increasing in consumption
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and independent of capital (o, > 0, p.Uy, = pmUc), and p. = 0 for a steady
state, then the steady state is locally stable.

3. If condition (13) holds and the money demand function is independent of
consumption (. = 0), then the steady state is locally stable.

The first two statements imply that the steady state leading to a Tobin effect is locally stable.
However, this does not preclude DMI from resulting in a reverse Tobin effect. Decreasing
marginal impatience in consumption and real balances is more plausible in conditions in which the
concavity of the production function becomes stronger, the money demand function becomes less
elastic, and the curvatures of the felicity and the discount rate functions become stronger.

Condition u.p,, = u,,p. in the second statement is obtained as follows. A sufficient
condition for a negative determinant or the BG condition (13) is that p. = 0, p,, =0, ¢. = 0,
and ¢, = 0. On the other hand, Proposition 2 requires p. =0, ¢. =0 and ¢, <0 for a
positive trace of the Jacobian matrix. Thus, when considering the sufficient condition for local
stability, the money demand function should be independent of capital (¢, = 0).

Condition u.p,;, = Uype (Lx = 0) makes the representation of L,, and L. simpler, and
gives more specific sufficient conditions for local stability. As long as u., u,,, p., and p,, never
take a value of zero, then L,, <0, L, = 0 and (15) are represented as either L, = (U Umm —
UplUen)/ué <0 and  Le = (Uellon = Untic)/UE 20 o (pePmm = PmPem)/pé <0 and
(PePem — PmPec)/PE = 0. The former set of conditions corresponds to the case of Fischer (1979),
whereas the latter corresponds to the case of Epstein and Hynes (1983). A sufficient condition for
the former is u., = 0 (Calvo, 1979), whereas a sufficient condition for the latter is p., = 0.
Since we would like to obtain the detailed condition of p,. or p,, for local stability, we consider
only the former representation. Consequently, under u./p. = u,,/pm, the decreasing money
demand in nominal interest rates and the increasing money demand in consumption are equivalent
t0 UclUmm — UnUem < 0 and u Uy, — upue > 0.

Using the above representations, the BG condition (13) is satisfied when:

Pc [fkkuzum - fk (zucumucm - u12nucc - ugumm)]
_fkk(ugumm - ucumucm) <0, (17)
and the trace is positive if (as a sufficient condition):

(ucc/u - pcc/p)(umm/u - pmm/p) - (ucm/u - pcm/p)2
(uc/u - pc/p)z

D
+ u_; (ucmuc - uccum) >0 (18)
c

for a steady state. Both conditions are satisfied when p. > 0 and either u and p are concave in
the case of u < 0 or u is concave and p is convex in the case of u > 0. In condition (18), it
remains difficult to provide an explicit expression of p.. However, it is much easier to check
numerically whether there exists a negative p., such as in (17) and (18), as compared to the case
in which p.u, # pnuc.

The third statement in Theorem 1 implies that if the money demand is a function only of
nominal interest rates (U Ucy — UmUee = 0, pell, = PmUc), then condition (18) is no longer
needed, and, accordingly, condition (17) reduces to

fkk (ucumm - umucm)

¢ fkkucum + fk (ucumm - umucm),

1)
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for a steady state. That is, p. can be expressed explicitly in such a special case.
Assuming U P, = Upyp. (@ = 0) is also helpful for comparison with previous literature.
We present two corollaries.

Corollary 1. Suppose that the first two assumptions in the previous subsection are satisfied.
Furthermore, we assume that p.u,y, = ppU. and u is concave. If p, = 0, either u <0 and p
is concave or u > 0 and p is convex, and either U Upmm — UpUem < 0 and U ey — UpUee >
0 or ugy, > 0 for a steady state, then the steady state is locally stable.

This is consistent with Uzawa (1968) for the case in which u >0, p. >0, p. >0, and
Py, = PmUc, and with Fischer (1979) and Calvo (1979) for the case of a constant time
preference (p. = p,, = 0).

We can easily derive an impatience representation.

Corollary 2. Suppose that the first two assumptions in the previous subsection are satisfied. If
Pe >0, ply, = pmUc and u is concave, either u < 0 and p is concave or u> 0 and p is
convex, and either pcPmm — PmPem <0 and pcpem — PmPecc >0 or peym >0 for a steady
state, then the steady state is locally stable.

This is consistent with Epstein and Hynes (1983) assuming u = —1. Note that, in either case, p,
or p.. should be selected so that u,. —up./p >0 and u.. —up../p <O0.

3. The TC Model

This section deals with the TC model, in which purchasing consumption goods involves
transactions costs. Money is demanded because money reduces these costs. The present paper uses
the model structures and most of the notation in Chen et al. (2008). This section follows the same
order of discussion developed in the previous section. The first subsection describes the model
economy and then defines a steady state, and the second subsection examines the local dynamic
properties. Certain explanations are omitted to avoid repetition.

3.1 The Model Economy

As in the MIUF model, the economy has a constant population and no technological progress and
involves homogeneous consumers and a government. A representative agent with perfect foresight
solves the following problem:

{ceme}

max fme‘Af u(c)dt, s.t.
0
a; = f(ke) —meme + v — ¢ — T(c,,my), (19)
At = p(co), (20)
where a, > 0 is given, T is the transaction costs function, and ¢, m, k, a, w, v, u, p, f,
and A are as described in the previous section. We assume that u, p, f, and T are twice
continuously differentiable. We assume that u # 0, u, =0, u,. <0, and 0 < p < oo for all
c¢>0,and f >0 for all k> 0. The conditions of u, p, and f are the same as in the MIUF

model, except that u and p are functions of consumption only. We assume that T > 0, T, > 0,
T < 0 for ¢,m > 0. There exist positive transaction costs for positive consumption. Such costs
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are raised by consumption but reduced by real balances. Other assumptions regarding u, p, f,
and T are imposed later.
Let the present-value Hamiltonian be:

H=e2{u(c) + A(f(k) —mm+v —c — T(c,m))

—¢p(c) +¥(a—m—k)}, 21)
where 1 is the multiplier, and 4 and ¢ denote the costate variable associated with (19) and (20).
The first-order necessary conditions are:

Ue — /1(1 + Tc) —¢p. =0, (22)
AMfr+m+Ty) =0, (23)

(6), (7), lim;,o A, ace™t = 0 and lim,_, ¢, Are™t = 0. As in the previous section, ¢, the
lifetime utility from the period ¢, is equal to V(a;), and A, isequal to V'(a;).
The government acts in the manner described in the previous section. In equilibrium, the
money market condition is unaltered (9) but the goods market condition is:

k= f(k)—c—T(c,m). (24)

A steady state is defined as in the previous section, and we assume that there exists a steady state
such thatt ¢* >0, m* >0, k">0, "=, —¢"p.)/A+T.)>0, ¢*=u(c?)/p(c),
fi >0, and " + f;, > 0. As T, >0, we need u, —p.u/p >0 for A* > 0. This is satisfied
when u < 0 and p. > 0.

We assume that u.. — p..u/p <0 and T,. > 0 for a steady state. These are the sufficient
conditions for the positiveness of the intertemporal elasticity of substitution. The former condition
is established if either p,. >0 and © >0 or p,. <0 and u < 0.

As in the previous section, we define the money demand function ¢ from (23) as R +
Tn(c,m) = 0 implicitly. Unlike in the MIUF model, the money demand function is independent
of capital, and is characterized not by preferences (u and p), but by the transaction cost
technology T only. The total differential is dR + T,,,,dm + T,,,dc = 0. The implicit function
theorem implies that @ = —1/T,,,,,,. We assume that 0 < T, < 00 for —oo < @p < 0. We can
also demonstrate that ¢, = —T,,,,/Tynm- The sign of T, determines whether money demand is
increasing in consumption, but we provide a restriction on T, in the next subsection.

Next, we summarize the assumptions regarding u, p, f, T, and ¢ that we have made thus
far.

I. u#0, u.=20, u,, <0, and 0 <p <oo for all ¢c>0, and f >0 for all
k> 0.

2. fi>0, u+£f>0, frre <0, u.—up./p >0, and u, —up,/p <0 for a
steady state.

3. T>0,T.>0,T,<0 forall c and m>0,and T, >0 and 0 < Ty, < oo,
or equivalently —oo < ¢@p < 0, for a steady state.

3.2 Local Stability Conditions

In this subsection, as in the previous section, we examine the local stability conditions. We provide
a linear approximation of the dynamic system around the steady state using the Jacobian matrix
and reproduce the comparative statics of Chen et al. (2008). We then present the condition for a
negative determinant and a positive trace of the matrix as two propositions. In addition, we provide
a theorem combining the two propositions.

Appendix II gives a linearized dynamic system around the steady state:
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¢ c—c*
m| =Jrc|m—m’|,
k k—k*

where Jro is specified in (47) of Appendix II. In addition, Appendix II conducts a comparative
static analysis with respect to the rate of money growth:

de*/du - T,.f,
[dm*/dul ST o= (LA T e, (25)
die*/dul @ det Ure) —pefi

where 60 =0+ cT,./(1+T,) and 0 =—c(ue—peV)/(u.—pV) represents the
intertemporal elasticity of substitution. Note that, by assumption, 8 > 0. Assuming that
det (Jy¢) < 0, the monetary expansion effect is the same as in Table 1 in Chen et al. (2008). The
TC model also predicts a positive (resp. negative) correlation when impatience increases (resp.
decreases) with consumption.

Let us examine the dynamic system. Like the MIUF model, the TC model requires only one
negative root in the three-dimensional system from the viewpoint of economic theory. As
sufficient conditions, the determinant det () should be negative and the trace tr(J;c) should
be positive. Similarly to Section 2.2, Section 3.2 examines the conditions for det (J;¢) < 0 and
tr(Jy¢c) > 0 separately. These conditions are then combined in order to obtain the main result in
this section as a theorem in conjunction with a corollary.

First, we present conditions for det (J;-) < 0. By performing a few algebraic operations
(see Appendix II), we have:

*

c'm*
0

det (]TC) = {fkk(Tmm(l + Tc) - Tcme) - pc(Tmmfk + Tmfkk)}- (26)

Note that, by assumption, 8 > 0. Thus, if:

fkk{(l + Tc) - Tcme/Tmm}
Pe fk + fkkTm/Tmm '

@27

then det (J7¢) < 0.

As long as (1 +T,) — Ten T /Tium > 0, then p. <0 and det(Jr;) <0 for a suitable
choice of function p. This condition is required in the case of the TC model with a constant time
preference (p. = 0). To interpret (1 +T,) — TepTr/Tmm > 0, we use the money demand
function ¢@. Since ¢ is defined as R + T,,(c,¢(c,R)) =0 and ¢, = =T, /T;nm, the condition
is equivalent to 1+ T, + T,,¢. =d(c+T)/dc > 0. The differentiation indicates that, if
T.m =0, then a direct increase in consumption raises transaction costs, whereas an indirect
increase in money via the money demand function reduces transaction costs. Thus, the above
condition is satisfied either if money demand decreases with consumption or if the marginal
increase in consumption is not very large. When ¢ + T is referred to as “gross” consumption, we
can say that an increase in “net” consumption strictly raises “gross” consumption for a given
nominal rate of interest. This is more likely to hold for a smaller |T,| and a larger |Tpml,
implying that the money demand function is less elastic with respect to consumption and nominal
interest rates.

As in the MIUF model, (27) is a monetary version of the BG condition. To demonstrate this,
assume that (1 + T,.) — Ty T /T > 0. Then, (27) can be rewritten as:

35



On the Uniqueness and Stability Conditions for Two Types of Monetary Models with Recursive Utility

< fe + fix Tm®Pr _ d(c +T)/dk _ E
kS Pe 1+ T, + T pe d(c +T)/dc Pe dk’

fe

Note that R=pu+ f;, and ¢+ T = f(k) in a steady state. The effect of capital on “net”
consumption is described via “gross” consumption. Condition (27) means that the increase in the
discount rate dominates the increase in the marginal product of capital for a steady state.

We can summarize the above discussion as the following proposition:

Proposition 3. Suppose that the assumptions in the previous subsection hold. If the BG condition
(27) holds, then det (Jr¢) < 0.

Like the MIUF model, the TC model requires the dominance of the discount rate over the
marginal product of capital for det (Jr¢) < 0. The right-hand side of (27) is described only by the
technology functions f and T and is independent of the preference function u or p. A negative
value of p., leading to a reverse Tobin effect, is possible as long as an increase in “net”
consumption strictly raises “gross” consumption for a given nominal rate of interest ((1 + T,) —
TemTom/Tmm > 0) and becomes increasingly plausible as the curvature of the production function
becomes higher and the money demand function becomes less elastic with respect to consumption
and nominal interest rates. Even though a comparative static analysis is justified, we need to
investigate tr(J;¢) > 0 for local stability.

Next, we examine the conditions for tr(J;¢) > 0. Appendix II demonstrates that tr(J¢) =
m*Tpm + fi. for a steady state when T,,, = 0, and

(1 + Tc)(ucc - pccu/p)Tmm m*
(1 + Tc)(ucc - pccu/p) - (uc - pcu/p)ch

_ (uc - pcu/p)(chTmm - Tczm - chcm)
(1 + Tc)(ucc - pccu/p) - (uc - pcu/p)ch

tr(Jrc) =

m* + f, (28)

for a steady state when T, # 0.

As discussed earlier, from the implicit function theorem, ¢, = —T¢;, /Tm- When money
demand is independent of consumption (¢, = 0), the trace is always positive because @ =
—1/Tym < 0 or T, > 0, by assumption. In addition, we have assumed that T, > 0, T,. > 0,
fi >0, u.—up./p >0, and u,. —up./p <0 for a steady state in the previous subsection.
Even in the case of increasing money demand (T, < 0), the trace is positive if ToeTpm — T2y —
pcTem 2 0.

Thus, we obtain the following proposition:

Proposition 4. Assume that the assumptions in the previous subsection hold.
1. If the money demand function is independent of consumption (T, = 0), then
tr(Jzc) >0.
2. If the money demand function is increasing in consumption (T, <0) and
Pe = (TecTomm — Ton)/Tem, then tr(Jrc) >0.

In order for p, to take a negative value at the steady state, T..Tpmm — T2, > 0, which holds
when T is convex.'® As long as the transaction cost function is strongly convex and the money

' We have already assumed that T,, > 0 and T,,,, > 0.
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demand function is less elastic with respect to consumption, then there is potential for DMI in
consumption.

As discussed in Propositions 3 and 4, we require that (1 +T,) — T T /Tm > 0 and
ToeTopm — T2, > 0 for p, containing zero. Combining Propositions 3 and 4 gives the following
theorem:

Theorem 2. Assume that the assumptions in the previous subsection hold.

1. If the money demand function is increasing in consumption (T, < 0), and
fkk{(1 + Tc) - Tcme/Tmm} chTmm - Tczm
pPc = max ,
fk + fkkTm/Tmm Tcm
for a steady state, then the steady state is locally stable.
2. If T, <0, T is convex, and an increase in “net” consumption is additionally

assumed to raise “gross” consumption for given nominal interest rates, then the
steady state is locally stable for a negative p,.
3. If T,,,, = 0, then the steady state is locally stable for

p fre(1 +T0)
‘- fk + fkkTm/Tmm.

Unlike in the case of the MIUF model, we can determine the range of p. explicitly using
only the production function f and the transaction costs technology T. Once the steady state is
obtained, checking whether the comparative statics with DMI is justified and whether the steady
state is stable is much easier than in the MIUF model.

As shown, the BG condition with DMI is more likely to hold as the production function
becomes more concave and as the money demand function becomes less elastic, or if there is a
small |T,,| and a large |T,m|. As |T.,| becomes smaller and |T,,,| becomes larger, the
transaction costs function becomes more convex, making a positive trace of the Jacobian matrix
more plausible. When holding money is relatively costless and ineffectual in making consumption
easier, local stability under DMI is achievable.

4. Uniqueness of the Steady State

This section examines the conditions for the uniqueness of a steady state in the MIUF model and
the TC model. As discussed earlier, the local stability conditions for both monetary models are
treated in a united manner by using a monetary BG condition and the money demand function.
This BG condition has played an essential role in determining the determinant of the Jacobian
matrix. As conjectured in the introduction, if the BG condition is satisfied globally, then this
condition should serve as the unique steady state for both monetary models. Below we
demonstrate that this conjecture is correct.
Consider the MIUF model. The steady state (c*,m*, k™) solves as:

ple,m) = fi(k) (29)
¢ =f(k) (30)
Um — PmU/P _

w —pai/p = fi + 1. (31

Assume that the money demand function @(c,k,R) with R = f; + u is defined from (31)
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forall ¢ >0, k > 0,and R > 0. Substituting ¢ and (30) into (29) yields:

p(f(K), p(f (k) k, fic + 1)) — fie (k) = 0. (32)

If there exists a unique k* satisfying (32), then ¢* = f(k*) and m"* = @(f(k*), k™, fii + w).

We impose the standard Inada conditions on the production function: f(0) =0, f, > 0 and
fik <0 for all k, and limy_, f = o0 and lim_ f; = 0. Furthermore, we assume that the
discounting function has upper and lower bounds: p! < p < p* forall ¢ and m and p* > p! >
0."" The left-hand side of (32) is then smaller (resp. larger) than zero when k — 0 (resp. k — o).
If the left-hand side is monotonically increasing, then there exists a unique k*. For a
monotonically increasing p, the derivative of the left-hand side of (32) with respect to k should
be positive. In this case, the BG condition (13) is satisfied for all ¢, m, and k.

A similar argument applies to the TC model. The steady state (c*,m*, k™) solves as:

p(c) = fi(k) (33)
¢ =f(k) =T(c,m) (34
—Tpn = fic + 14 (35)

Assume that the money demand function ¢(c,R) with R = f, + u is defined by (35) for all
c>0, k>0,and R > 0.

Let ‘gross’ consumption be x = ¢ + T(c, ¢(c, fi + 1)). We assume that gross consumption
is increasing in net consumption for a given k or dx/dc > 0 for all ¢ and a given k. We can
then obtain an inverse function, denoted by ¢ = &(x,k), for each k. Note that 9¢/dx =
1/(0x/0c)=1/(1+ T, +T,e.) and 0&/0k = (0x/0k)/(0x/0c) = firTmer/(1 + T, +
Tm@c). It follows from (34) that ¢ = £(f (k), k). Substituting ¢ = £(f (k), k) into (33) yields:

pE(f (k) k) = fielt) = 0. (36)

Like the MIUF model, the TC model assumes the Inada condition and the bounded
discounting function. The condition for the uniqueness of the steady state is a positive derivative
of the left-hand side of (36) with respect to k:

¢
Pey ™ fik = PeCxfic + k) — frk

fe + ficTm®r

= p Lk TIkImYR S
Pl T + T, T

for all k. This is satisfied if the BG condition (27) is satisfied globally.
Thus, we can obtain the following theorem:

Theorem 3. When the money demand function is well defined globally and the Brock-Gale
condition is satisfied globally, f(0) =0, f, >0, and fi, <0 for all k, and limy_, f = o
and limy_ fr =0, then the steady state exists uniquely in the MIUF model If gross
consumption is also increasing in net consumption for any k in the TC model, then there exists a
unique steady state.

For the unique steady state, both models require the BG condition as well as the money
demand function. We present an example for each model. In the case of the MIUF model, we
consider the utility function u(c,m) = (c*"*m*)'~?/(1—0) and the discounting rate

" Even if p is not unbounded, we can prove the uniqueness in the case of a monotonically increasing p.
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p=p(ct™*m*) for 0 >1 and 0 < a@ < 1. Note that this felicity satisfies u./pe = Up/Ppm. In
this specification, the money demand function is

c «a

R) =— '
(¢, R) R1—a

Forany ¢ > 0 and R = f; + u > 0, positive money demand exists. As long as the BG condition
is satisfied for any ¢, k, m, a unique steady state exists.

In the case of the TC model, we consider the transaction function T(c,m) = To(m/c) "¢,
where T, > 0 and 7 > 0. In this specification, the money demand function is

nT, 1/(1+m)
s =2

For any ¢ >0 and R = f; + u > 0, positive money demand exists. This transaction cost
function satisfies Tpy(1 +T,) — Tep Ty >0 for all ¢ >0 and m > 0, implying that gross
consumption is increasing in net consumption for a given nominal interest rate or a given k. As
long as the BG condition is satisfied for any c, k, m, a unique steady state with this specification
exists.

5. Concluding Remarks

We have examined the uniqueness conditions for the steady state as well as the local stability
properties in the MIUF and TC models with recursive utility, i.e., utility with an internally
determined discount rate.

Assuming the existence of the steady state, we have found that a decreasing money demand
function in the nominal interest rates and a monetary version of the BG condition, in which the
increase in the discount rate dominates the increase in the marginal product in the steady-state
equilibrium, ensure a negative determinant of the Jacobian matrix of the dynamic system, and that
such conditions justify the comparative statics by Chen et al. (2008).

In the MIUF and TC models, when the money demand function is independent of
consumption, the BG condition assures the local stability of the dynamics. When the money
demand function is increasing in consumption, a sufficient condition for local stability is that
impatience is marginally increasing for consumption in both models.

The MIUF model requires the money demand function to be independent of capital, the
felicity function to be concave with respect to consumption and real balances, and the discount rate
function to be concave (resp. convex) in the case of negative (resp. positive) felicity. When the
money demand function is independent of capital, p. and p,, have the same sign. The
established conditions are consistent with Uzawa (1968), Fischer (1979), Calvo (1979), and
Epstein and Hynes (1983).

In the TC model, unlike in the MIUF model, the range over which p. is stable can be
expressed explicitly using the production and transaction technology. This is when an increase in
“net” consumption increases “gross” consumption for given nominal interest rate, and the
transaction cost function is convex. Therefore, the range includes a constant time preference.

Although marginal impatience should be increasing in consumption as a sufficient condition
for local stability, the possibility of decreasing marginal impatience exists. The analysis of the
present study has demonstrated that DMI in consumption and real balances is more plausible for
the condition in which the concavity of the production function becomes stronger, the money

L3
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demand function becomes less elastic in both models, the curvatures of the felicity and the
discount rate functions become stronger in the MIUF model, and the convexity of the transaction
costs function becomes stronger in the TC model.

Furthermore, we have examined the conditions for the uniqueness of the steady state. If the
BG condition is satisfied globally and the money demand function exists globally in both models
and an increase in “net” consumption increases the “gross” consumption globally in the TC model,
then the steady state is unique. An example providing an explicit money demand function can be
provided for each model.

The analysis carried out in the present study has suggested a possibility for DMI. Accordingly,
the dynamic systems of both models might be locally stable in the case of DMI in consumption
and real balances, which is better supported by the empirical evidence. Conducting several
quantitative exercises with a set of parameters reconciling empirical results (Becker and Mulligan,
1997, Ogaki and Atkinson, 1997, among others) may be an important future task.

Appendix

In this Appendix, we present a number of indicative mathematical manipulations. Appendix I deals
with the MIUF model, and Appendix II deals with the TC model.

I The MIUF Model

As discussed in Subsection 2.1, the dynamic system in equilibrium is described by (4), (5), (6), (9),
(10), ¢ =V(m+k), A=V'(m+k)=u,—p/V, and the boundary conditions (a, > 0,
limyo A (m +k)e™® =0 and lim,_., ¢ Ae™® = 0, where A, = — f;p (¢, my)dr).

Combining (4) and (5) by replacing A yields ©= (uy — pmV)/(Uc — pV) — fi-
Substituting this equation into (9) gives:
U = PV

. 37
U = pcV G7)

m/m=pu+fi —
Taking the time derivatives in (4), and using A = V'(m + k) = u. — p.V and (6), we obtain:
(tec = PecVIE + (Uem = PemV )1 = pe(tte = PV )k = pe(tte = pV i = (ue = pV) (P = fio)-
Finally, equilibrium c, m, k isused to solve the first-order differential equations

Uem — pcmV

m— p.k — porm, 38
= poV pck = pc (38)

bc/c=fu—p+

(10) and (37) being subject to the boundary conditions, where 0 = —(u.. — p..V)c/ (u, —
p:V) represents the intertemporal elasticity of substitution.

Linear approximation

The linear approximation around the steady state c*, m*, k™ gives:
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[0/c” pc—K(c,m") pc][¢
0 1/m* 0|[m
111k

L 0 0

=|-Le —Ln —Li+ fix||me—m"
-1 0 fo k, — k*

where K = (ucm - pcmV)/(uc - pcV) , and L, = a{(um - pmV)/(uc - pcv)}/ax for
x =k, c,m is represented as follows:
_ PcUm — PmUc

(39)

—_pc —Pm fkk [ Ce — o l

Le =" (40)
L. = (uc - pcv)(ucm - Vpcm) - (um - pmv)(ucc - Vpcc) (41)
¢ (uc - pCV)Z '
(uc - pcV)(umm - mem) - (um - pmV)(ucm - Vpcm)
Ly, = (= poV)? + L. (42)

We denote the 3 X 3 matrix on the left-hand side of (39) by Apyr and the 3 X 3 matrix on the
right-hand side of (39) by Byyr- Then,

¢ e —c¢
[m] = Jmr [mt - m*l'
e k, —k*

where Jyyr 1S given by:

Juiwr = AmivrBuivr- (43)
The determinant
The determinant is represented by:
det (Byur) 1 —Pc  —Pm Tk
det (J ) = = det |-L, -L —Li + frr |
MIUEZ™ det (Apgur) ~ det (Apur) _1C Om fe

By performing a few algebraic operations, we can obtain (12) in Section 2.2.

The trace
Since,
C* C*m*pc C*m* K C*pc
Azl = |6 7] 7] 0
MIUF 0 m* 0 ’
0 0 1

the trace is:
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tr(Juiur) = tr(AniyrBuior)

cm’ c'm’ . .

= TPCLC _TK(C ym )Lc — MLy +fk
c'm*

= Tchc —m'Ly + fi

% (ucm - pcmv)z - (ucc - pccv)(umm - pmmv)

+m
(uc - pcV) (ucc - pccV)

Using V = u/p at the steady state, we can obtain (14) in Section 2.2. Note that it follows from
the second line that tr(Jy;yr) = —m*L,, + fi, when L, = 0.

Comparative statics

Under a steady state, in which ¢ = m = k = 0, the total differentiation of (38), (37), and (10)
with respect to ¢, m, k,and p yields:

dc 0
BMIUF dm| + d‘Ll = 0.
dk 0
Therefore,
dc/du . 0 —Pmf
dm/du| = By, -1|l=—|- —
Idk//d;j MIUF [ 01] det (Buror) I (fkk_pmpcfk)]

Thus, we can obtain (11) in Section 2.2 because det (Jy;yr) = det (Byyr)/ det (Ayyr) and
det (Apyr) = 0/(c™m").
II The TC Model
As discussed in Subsection 3.1, the dynamic system in equilibrium is described by (6), (9), (22),
23), 24), p=V(m+k), A=V'(m+k) =u,—p.V, and the boundary conditions (ay > 0,
im0 A (m+k)e™® =0 and lim,_., ¢ Ae™® = 0, where A, = — f;p (¢, my)dr).
Combining (9) and (23) by replacing for m gives:

m/m=pu+ fi, + T (44)
Taking the time derivatives in (22) and using A = (u, — p.V)/(1 + T,) = V'(m + k) and (6), we

obtain:

(ucc B pccv)é uc —pcV . . 1 . _Uc— pcV
1+Tc - (1+Tc)2 {chc+Tcmm+pc(k+m)} _TTC(I)_fk)-

Finally, equilibrium ¢, m, k isused to solve the first-order differential equations:

Tem . Pe Pe

- - h— k, 45
T+7, " 1+7, " 1+T, @5)

6¢/c=fi—p

(24) and (44) being subject to the boundary conditions, where 8 = 8 + cT,./(1 + T.), and
0 = —c(uee — pecV)/(uc — pcV) represents the intertemporal elasticity of substitution.

Linear approximation

The linear approximations around the steady state c*, m*, k* yield:
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[0 PctTem _Pc

[cx 1+T. 1+T.|[¢
PRI
b, |
0 0 1 (46)
—Pc 0 frx
= Tcm mm fkk mt_m
—(1+T,) -T, k., —k*

We denote the 3 X 3 matrix on the left-hand side of (46) by A, and the 3 X 3 matrix on the
right-hand side of (46) by By¢. That is,

AR

Jrc = A7¢Bre. 47)

where Jro is given by:

The determinant

The determinant is represented by:

det (Br¢) 1 —Pc 0 fix

= det T, T, frxl.
det (Arc) det(Ard)  |_1Try 70 ]’;k"

By performing a few algebraic operations, we can obtain (26) in Section 3.2.

det (Jr¢) =

The Trace

Since,

¢ c'm (Tem + Pc) c’
JERRY 0(1+T1,.) oL+T1,)"
TC — 1]

0 m* 0
0 0 1

the trace is:
B cm* (T, + pc)T, .

tr(Jre) = tr(A7¢Bre) = — 9(61m+ T )C L M Tm + fre
c

3 (1 + T) ee = Vo) Trum -
A+ T)(ee = Voee) = (e = Vp)Tee
(e = Vp)TecTm — Tén — peTem)

A+T)(uee = Vpee) = (Ue = VP T,

Using V = u/p at the steady state, we can obtain (28) in Section 3.2. Note that it follows from
the second line that tr(Jy;yr) = M Ty + fie when T, = 0.

*

m* + f.

Comparative statics
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Under a steady state, in which ¢ = m = k = 0, the total differentiation of (45), (44), and (24)
with respectto ¢, m, k,and p yields:

dc 0
Brc |dm| + [du| = 0.
dk 0
Therefore,
[dC*/du ) Ol 1 I Tinfx
dm*/du| = Br¢ |=1| = 75— |Pcfi = (1 + T2) fra
airydul Lol At B g

Thus, we can obtain (25) in Section 3.2 because det (Jr¢) = det (Br¢)/det (Arc) and
det (ATC) = 6/(C*m*).

Acknowledgments

We would like to thank Nobusumi Sagara, Koichi Futagami, Junichi Itaya, Shinsuke Ikeda, and
Toshiyuki Okuyama for helpful comments and suggestions. All the remaining errors are our own
responsibility. The first author is supported by Grants-in-Aid for Scientific Research in Japan.

References

Becker, G.S., C.B. Mulligan (1997), The Endogenous Determination of Time Preference,
Quarterly Journal of Economics, Vol. 112, No. 3, pp.729-758.

Brock, W.A., D. Gale (1969), Optimal Growth under Factor Augmenting Progress, Journal of
Economic Theory, Vol. 1, pp.229-243.

Calvo, G.A. (1979), On Models of Money and Perfect Foresight, International Economic Review,
Vol. 20, No. 1, pp.83-103.

Chang, F.R. (1994), Optimal Growth and Recursive Utility: Phase Diagram Analysis, Journal of
Optimization Theory and Applications Vo. 80, 425-439.

Chen, B.L., M. Hsu, C.H. Lu (2008), Inflation and Growth: Impatience and a Qualitative
Equivalence, Journal of Money, Credit, and Banking, Vol. 40, No. 3, pp.1309-1323.

Das, M. (2003), Optimal Growth with Decreasing Marginal Impatience, Journal of Economic
Dynamics and Control, Vol. 27, pp.1881-1898.

Epstein, L.G., J.A. Hynes (1983), The Rate of Time Preference and Dynamic Economic Analysis,
Journal of Political Economy, Vol. 91, No. 4, pp.611-635.

Fischer, S. (1979), Capital Accumulation on the Transition Path in a Monetary Optimizing Model,
Econometrica, Vol. 47, No. 6, pp.1433-1439.

Hayakawa, H. (1995), The Complete Complementarity of Consumption and Real Balances and the
Strong Superneutrality of Money, Economics Letters, Vol. 48, pp.91-97.

Hirose, K., S. Ikeda (2008), On Decreasing Marginal Impatience, Japanese Economic Review Vol.
59, No. 3, pp.259-274

Koopmans, T.C. (1960), Stationary Ordinal Utility and Impatience, Econometrica, Vol. 28, No. 3,
pp-287-309.

Obstfeld, M. (1990), Intertemporal Dependence, Impatience, and Dynamics, Journal of Monetary
Economics, Vol. 26, No. 1, pp.45-75.

Ogaki, M., A. Atkinson (1997), Rate of Time Preference, Intertemporal Elasticity of Substitution,

44



Kenji Miyazaki and Hitoshi Utsunomiya

and Level of Wealth, Review of Economics and Statistics, Vol. 79, No. 4, pp.564-572.

Saving, T.R. (1971), Transaction Costs and the Demand for Money, American Economic Review,
Vol. 61, No. 3, pp.407—420.

Sidrauski, M. (1967), Inflation and Economic Growth, Journal of Political Economy, Vol. 75, No.
6, pp-796-810.

Tobin, J. (1965), Money and Economic Growth, Econometrica, Vol. 33, No. 4, pp.671-684.

Uzawa, H. (1968), Time Preference, Consumption, and Optimal Asset Holdings, in James, N.W.
(ed) Value, Capital, and Growth: Papers in Honor of Sir John Hicks, Edinburgh: University of
Edinburgh Press. pp.485-504.

Wang, P., CK. Yip (1992), Alternative Approaches to Money and Growth, Journal of Money,
Credit, and Banking, Vol. 24, No. 4, pp.553-562.

Zhang, J. (2000), Inflation and Growth: Pecuniary Transactions Costs and Qualitative Equivalence,
Journal of Money, Credit, and Banking, Vol. 32, No. 1, pp.1-12.

45



