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Abstract

This paper investigates whether a change in the growth rate of the
money supply enhances the rate of capital accumulation in a cash-
in-advance monetary model with recursive utility. Although money
is superneutral in the steady state, the effect of the growth rate of
money on the speed of capital accumulation depends not only on the
curvature of the felicity but also on the slope and curvature of the
discount rate function. We find that when the discount rate decreases
with consumption and the elasticity of marginal utility is greater than
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1 Introduction

Money is superneutral when a change in the growth rate of money supply
does not affect any real variable except real balances. Superneutrality has
already been discussed by many researchers. For instance, using the money-
in-the-utility function with perfect foresight, Sidrauski (1967) demonstrated
that money is superneutral at the steady state. Fishcher (1979) considered
a special family of utility functions' to state that superneutrality does not
generally hold on the transition path to the steady state and that higher
inflation enhances faster capital accumulation when the degree of relative
risk aversion is not zero. In response to the second assertion in Fishcher
(1979), Asako (1983) provided a counterexample that when consumption
and money are perfect complements, higher inflation yields a slower rate
of capital accumulation when the degree of relative risk aversion is greater
than one. The above-cited studies all assumed that the discount rate or
time preference rate is constant, although many other empirical studies, as
surveyed by Becker and Mulligan (1997), have supported a nonconstant rate
of time preference.

Several studies have developed a monetary model with recursive util-
ity; i.e., utility with an internally determined discount rate. For example,
Epstein and Hynes (1983) pointed out that superneutrality in the steady

state depends on whether the discount rate function is increasing. Likewise,

!To be specific, the utility function has constant relative risk aversion, and the elasticity
of substitution between consumption and money is unity.



Hayakawa (1995) attached recursive utility to the model in Asako (1983) and
found that money is still superneutral in the steady state, independent of the
slope of the discount rate. More recently, Chen et al. (2008) and Miyazaki
(2010) derived conditions for a qualitative equivalence in which the money-
in-the-utility, the transaction-cost, and the cash-in-advance models predict
the same negative relationship between the growth rates of the money supply
and other variables, such as consumption, real balances, capital, and welfare.
Nevertheless, none of these studies explored the effect of inflation on the
transition path to the steady state.

This paper is the first attempt to investigate whether a change in the
growth rate of the money supply enhances the rate of capital accumulation
in a monetary model with recursive utility. The main reason why the ex-
tant literature is silent on the transition path is that a monetary model with
endogenous time preferences generally has four dimensions and is generally
considered to be too complicated to be analyzed. However, Obstfeld (1990),
Chang (1994) and Miyazaki and Utsunomiya (2009) have succeeded in re-
ducing one dimension of the dynamic system by exploiting the fact that the
value function is the same as a costate variable of the dynamic system on
the optimal path and that the derivative of the value function is the other
costate variable. This paper employs their technique.

This paper employs the cash-in-advance model with endogenous time
preference in which the cash-in-advance constraint applies only to the pur-

chase of consumption goods. When the constraint is always binding, our



model is exactly the same as Hayakawa (1995). We find that the effect of
the growth rate of money on the speed of capital accumulation depends not
only on the curvature of felicity but also on the slope and curvature of the
discount rate function. Accordingly, when the discount rate decreases with
consumption and the elasticity of marginal utility is greater than unity, in-
flation worsens capital accumulation on the transition path.

The remainder of this paper is organized as follows. Section 2 describes
our model economy and discusses the uniqueness of the steady state. Section
3 conducts a dynamic analysis to demonstrate the extent to which monetary
expansion affects the transition path of capital to the steady state, as well

as providing a numerical example. Section 4 concludes.

2 Model Economy

In this section, we describe our model economy, define the monetary equilib-
rium and the steady state, and briefly discuss the uniqueness of the steady
state and the comparative statics.

Consider a monetary economy, in which ¢, k;, M;, P;, and m; = M,/ P,
respectively denote consumption, the capital stock, the money stock, the
price level and real money balances in a continuous time period ¢ > 0. Tech-
nology is characterized by an increasing, strictly concave function f(k;) with

f(0) = 0.2 Representative agents are infinitely lived with perfect foresight

2We can easily extend this to f(k) = f(k) — 6k — nk, where § and n are the constant
depreciation and population growth rates, respectively. To show the uniqueness, we set

4



and complete access to capital markets. Their preference is characterized by
a felicity function u(c;) and a discounting function p(c;). We assume that u
is increasing and strictly concave and that p is positive and concave as stan-
dard assumptions. We also assume uu,.. — uz > (0 as well as u < 0 sufficiently
to provide the optimal solution, as discussed in the appendix.

The homogeneous economic agents initially have ky > 0 and M, > 0, and

have the following lifetime utility:

/0 " exp(—A)u(e)dt. (1)

where A,, determined by A, = p(cy), represents the cumulative discount rate.
The discount rate p, a function of consumption, represents the degree of im-
patience. When p, > 0 (resp. p. < 0), the agents become more (resp. less)
impatient as they consume. When p. = 0, the degree of impatience is con-
stant.

The agents face two constraints. The first is the budget constraint:
];Zt + mt = f(kt) + UV — ¢ — T, (2)

where v; is a lump-sum transfer and 7w, = Pt/Pt is the rate of inflation. The

second is the budget constraint:

Ct S Yy, (3)




where 0 < v < 1. When v = 1, the cash-in-advance constraint applies to the
purchase of all consumption goods.

The representative agent chooses ¢; and m; to maximize (1) subject to the
budget and the cash-in-advance constraints (2) and (3), the initial conditions
being ky > 0 and My > 0. The necessary and sufficient conditions for
optimization are discussed in the appendix.

We assume that the cash-in-advance constraint (3) is always binding.

Then, the agent’s problem is equivalent to maximizing:

/000 exp(—Ay)u(minfey /v, my))dt,

subject to (2) and the initial conditions. The parameter 7 represents the
degree of complementarity between consumption and money. This is exactly
the same assumption as in the model in Hayakawa (1995).

The government behaves in a (monetary-theoretically) conventional way.
[t prints money at a constant rate y = Mt/Mt and runs a balanced budget by
transferring seigniorage revenues to the consumers in a lump-sum manner:
Vg = pmy.

In equilibrium, the money and the goods markets clear:

my = (p—m)my (4)

kt = f(kt) — G- (5)



Let Ry = fr (ki) + m be the nominal interest rate. A monetary equilibrium is
then a positive set of paths {c;, ki, my, Ri}iej0,00), in which ¢, &y, and m, are
positive; R; is nonnegative; the representative agent maximizes (1) subject to
(2) and (3) and the initial conditions, and the government behavior condition
and the market clearing conditions hold. Note that the rate of inflation is
determined by m; = R; — fi(k:). In what follows, we omit the time index to
ease the notational burden.

Employing (4) and (14) from the appendix, we obtain the following system

dynamics:?

Ro= (4 B p) = 00+ B) + ends = ks

[Ren

and (5), where § = —c{uce =V (m~+k)pec}/{ue—V(m+Ek)p.} is the elasticity
of marginal utility," and V(m + k) is the indirect lifetime utility or value

® The above dynamics describe R, ¢, and k in equilibrium. The

function.
other variable m is determined by m = ¢/~.
The elasticity of marginal utility # depends not only on the curvature of

the felicity but also on the slope and curvature of the discount rate function.

3 Asako (1983) construct a system dynamics using m, k, and a costate variable for m+k,
whereas we use ¢, k, and R. As shown in the appendix, nominal interest rates are the
ratio of the costate for money to the multiplier for the constraint (3). When p. = 0, our
dynamic system is essentially the same as Asako (1979).

4The elasticity of marginal utility differs from the elasticity of marginal felicity,
—Clce/Ue.

5The value function is introduced in the appendix.
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Given u < 0 and p > 0, V takes a negative value. The more concave both
u and p are, the greater # is. A steeper slope for a negative p. < 0 raises 6.
In contrast, a steeper slope for a positive p. > 0 and a less concave u and p
lower 6. We assume 6 > 0.5

In a steady state, R = ¢ = k = 0. The conditions in the steady state

denoted by an asterisk are 7% = p, ¢ = ym* = f(k*):

plc’) = fulk") (6)
R = fk(k*)—i-,u

V(E*+m*) = u(c)/p(c").

Combining ¢* = f(k*) and (6) leads to:

When:
fre(k) < pe(f (k) fr(k) (7)

for all k, limy_,o fr = oo, and limy_, fr = 0, then there exists a unique
k* > 0. Once k* is determined, ¢* > 0 and m* > 0 are determined by
c¢* = f(k*) and m* = ¢*/~. For R* > 0, the government, must set the growth
rate of money supply p to be equal to or greater than — fi(k*). Equation

(7) is known as the Correspondence Principle (CP),” in which an increase in

When p. > 0, then 6 is always positive because u < 0 and p > 0 are both concave.
"Chen et al. (2008) used the CP condition to prove uniqueness only in the case where



the discount rate dominates the increase in the marginal product of capital.
As we have assumed f; > 0 and f, < 0, the condition p. > 0 for all ¢ > 0
always assures (7).

It is also obvious that any change in monetary growth at the steady

state does not change the real variables: k*, c*

, and m*. That is, money is
superneutral, even when the discount rate is a function of consumption, as

discovered by Hayakawa (1995).%

3 Dynamic Analysis

In this section, we provide the main result of this note; i.e., an investigation of
how monetary expansion affects the transition path of capital to the steady
state. At the end of the section, we also provide a numerical example to
confirm our result.

Linearizing around the steady state, we obtain:

. 1—=0)(R+7)frk
R (R+7)0+cp. —pcRR (1 =6} ) R—R*
—pe(cfer + 7 fr) X
¢ = CcC—C )
—C 0 ka:k
k k—k*
0 —1 Ir

the discount rate is independent of real balances in the money-in-the-utility model. The
uniqueness in other cases is only shown graphically without rigorous proof.

8As a change in the growth rate of money supply also has no effect on real balances,
Hayakawa (1995) used the term “strong superneutral”.



where the coefficients in the matrix are evaluated at the steady state.
The characteristic equation of the coefficient matrix of (8), say A, is

written as:

v p) = =N +{(R+7)0+ fu + cp} N (9)

—{(R+7)0fi + cfur +c(fe — R)pc A + (R4 7)(frr — pefi)-

When there is a unique negative root for (9), then the dynamic system has
a saddle point and accordingly is locally stable in an economic sense. For a

saddle point, as Fishcher (1979) has shown, it is sufficient to show that:

det A = c(v+ R)(fek — pefr) <0

trA = (y+ R)0+cp.+ fr >0

at the steady state. The determinant is negative as long as the CP condition
(7) holds. The trace is positive when # > 0 and p. > 0. Even in the case
of # > 0 and p. < 0, higher rates of inflation or nominal interest rates make
the trace more likely to be positive. Given ¢ = f(k) at the steady state,
pe > —fi/f leads to trA > 0. In what follows, we assume that § > 0 and
pe > max|frr/ fe, — fi/ f] at the steady state.

Now, we investigate whether the growth rate of money supply affects the

rate of capital accumulation. When the unique negative root is denoted by
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A*, the linearized dynamics of £ is described as:

o = =\ (k" — k).

When k < k*, the sign of dk/du is the opposite sign of d\*/dp, indicating
that an increasing —\* accelerates the rate of capital accumulation.

We calculate the sign of d\*/du. As shown in Fishcher (1979) and Asako
(1983), d\*/du has the same sign as 01)/0u. Therefore, we investigate the

sign of:

0 0
% _ 8—f{9)\2 — (0fk — cpe) A+ c(fer — pefr)}

in the neighborhood of the steady state. Given:

v o= (y+R—=XO{ON = (0fr — cp )N+ c(fre — pefr)}

—(A/O)0 = Vefer + cpe{ (1 +0) fr + 07 = (1 +0)A} =0

at the steady state, we obtain:

o c)\(e —Dfe+p{(1+0)fr +07— (1+0)A\}OR
ou O(y+R)— A o

around the steady state.
As OR*/Ou = 1 and \* < 0, the sign of d\*/dyu is the opposite sign of
C=(0—1)frk +pf(1 4+ 0)fx + 0y — (1 +0)\}. Therefore, when k < k*

9This is because d\*/du = —(0v/0u)/(8¢/ON*) and 9 /ON* < 0 as A\* < 0 and
P(0,p) =det A < 0.
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and ( is greater (resp. smaller) than zero, then expanding monetary growth
raises (resp. lowers) the speed of capital accumulation. When p. = 0 and
u(c) = c'=7/(1 — o), then d\*/du > (resp. <)0asf = o > (resp. <) 1. This
case is consistent with Asako (1982).

Therefore, we summarize the following proposition.

Proposition: Assume that a steady state exists and that § > 0
and p. > max|fee/fr, —fr/f] at the steady state. When p. < 0
and 6 > 1, then monetary expansion worsens capital accumula-
tion on the transition path to the steady state. On the contrary,
when p. > 0 and # < 1, then monetary expansion enhances capi-

tal accumulation.

Intuitive explanations for the proposition are as follows. In a constant
time preference framework, the elasticity of marginal utility —cu../u. is the
inverse of the elasticity of intertemporal substitution. Similarly, in an en-
dogenous time preference framework, the agents with a larger elasticity of
marginal utility 6 prefer their flatter consumption profile. Such agents sacri-
fice their capital accumulation to achieve consumption smoothing. The con-
sumers with p. < 0 become more impatient as they consume less. Because
higher inflation (or a higher holding cost of money) distorts the intertem-
poral allocation, a combination of § > 1 and p. < 0 generates a negative

relationship between inflation and capital accumulation. With small § < 1,
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they do not care about consumption smoothing and can sacrifice their cur-
rent consumption for total welfare. With a combination of p. > 0 and 6§ < 1,
a higher growth rate of the money supply or higher inflation increases the
rate of capital accumulation.

The role of the slope of the discount function in this paper is consistent
with the results of past comparative statics. Chen et al. (2008) showed a
long-run negative (resp. positive) relationship between inflation and capital
when the degree of impatience is decreasing (resp. increasing) in money in
the money-in-the-utility approach and in consumption in the transaction cost
approach. Miyazaki (2010) considered a general cash-in-advance economy in
which the constraint is applied not only to consumption but also to some
or all investment, and discovered that although inflation always provides
a negative effect on capital at the steady state, such a negative effect is
mitigated by a positive slope p. > 0 and is aggravated by a negative slope
pe < 0. In our results, the slope of p does not change the steady state but
affects the transition path to the steady state in the same direction as the
above-cited literature.

Finally, we present a numerical example. We consider f(k) = k%, u(c) =

=7 /(1 — o), and:

act (0< e<1),

al2—c) ¢ (-l1<e<0),

13



where 0 < o <1, 0 > 1, and —1 < € < 1. Note that p is increasing in ¢
when € > 0, decreasing when ¢ < 0, and always concave.! In this setup,
the steady state establishes k* = ¢* = ym* = 1 for any rate of monetary
supply u > —fr = —a. Furthermore, p. > max[fyr/ fr, —fr/f] at the steady
state leads to € > max[(«w — 1)/a, —1]. The elasticity of marginal utility is a

continuous function of ¢ and € and is represented by:

Note that # > 0 as longas o +¢e¢—1 > 0.

Starting with zero rates of money growth (uz = 0), we quantitatively
investigate whether a marginal increase in the growth rate of money supply
enhances capital accumulation with various combinations of o and . We
set « = 0.3 and v = 1. In this specification, the steady state is locally
stable.!! The result is summarized in Figure 1. When p, = 0 or the discount
rate is constant, higher growth rates of money supply always have a negative
effect on transition as long as o > 1. This is consistent with Asako (1983).
When the elasticity of marginal utility # is not so large and the discount rate
increases with consumption, the monetary expansion enhances the rate of

capital accumulation. When the discount rate decreases with consumption,

0This functional form is p < 0 for ¢ > 2. We focus our attention on the steady state.
Generally, there exists no function globally satisfying p > 0, p. < 0, and p.. < 0.
"This is because € > max[—0.7/0.3, —1] = —1.
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it always worsens the rate of capital accumulation as long as a positive 6

exists.

4 Conclusion

This paper has investigated the extent to which a change in the growth rate
of monetary supply enhances the rate of capital accumulation in a cash-in-
advance monetary model with recursive utility, in which money is required
to purchase consumption goods and the discount rate is a function of con-
sumption. In such an economy, this paper has discovered that money is
superneutral at the steady state but it is not superneutral on the transition
path to the steady state. We show that the effect of the growth rate of money
on the speed of capital accumulation depends not only on the curvature of fe-
licity but also on the slope and curvature of the discount rate function. When
the discount rate decreases with consumption and the elasticity of marginal
utility is greater than unity, then inflation worsens capital accumulation on
the transition path.

This paper is the first attempt to investigate whether a change in the
growth rate of monetary supply enhances the rate of capital accumulation in
a monetary model with recursive utility. A natural future task must be to
examine the properties of the transition path in other monetary models, such
as the money-in-the-utility, the transaction cost, and the generalized cash-

in-advance models in which the constraint applies not only to consumption
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but also some or all investment.

Appendix

This appendix provides the necessary and sufficient conditions for optimiza-
tion in which the economic agent maximizes (1) subject to (2) and (3) and
the initial conditions.!?

Let a = m + k. We denote investment by z = k.'® The present-value

Hamiltonian is:
H = exp(=A)[u(e) +q(f (k) +v—c—mm) +£ (ym—c) +nla—k—m) — dp(c)];

where ¢ and 7 are the Lagrange multipliers for ¢ = ym and ¢« = m + k, and
q and ¢ are the costate variables for a and A, respectively. As shown in the

next paragraph, ¢ is negative when u < 0.

12Tn this appendix, the time index is omitted to ease the burden of notation.

13Capital depreciation is assumed to be zero in order to compare our results with those
in Wang and Yip (1992) and Chen et al. (2008). Introducing capital depreciation still
produces the same comparative statics results.
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The first-order conditions yield:

uc_¢pc - Q‘i_f

n = &y —mq

n = Jfrq

¢ = pqg+n

6 = —u+op, (10)

and the initial conditions and the transversality conditions: lim; ., qa; exp(—4A,;) =
0 and limy_,o ¢ Arexp(—A;) = 0. Note that the last differential equation

(10) with the last transversality condition has the solution (1), leading to

¢ < 0 when u < 0.

For a sufficient condition for the maximization problem, we should assume
that the Hamiltonian H is concave with respect to ¢, m, k, a, and A for any
§£>0,7>0,G>0and ¢ <0, where £ = exp(—A)¢, 7 = exp(—A)n,
i = exp(—A)g, and ¢ = exp(—A)p. A sufficient condition for concavity is
that exp(—A)u(c) is concave with respect to ¢ and A. Such concavity holds
if u< 0, ue <0, and uu, — u? > 0 for all ¢, excluding the possibility of
u > 0. An example satisfying the conditions is u(c) =7 /(1 — o), o > 1.

We define the nominal interest rates as R = fx + m. Then, the first

17



order-conditions are equivalent to (10), n = frq, £ = Rq/7 and:

ue—¢pe = q(1+R/7) (11)

i/a = p— [ (12)

The time differential of (11) demonstrates (te — Pepec)é— ped = (1+R/7v)q+
qR/~. Using (11) and (12), we obtain:'
_ Ue— Ppe q.spc R

¢ = + —fit+t——=]|-
Uee —bpee | gL+ R/y) T YFR

(13)

For a simpler dynamic analysis, we introduce the value function V'(a),
the maximized value of lifetime utility expressed as a function of the starting
asset a = m+k. As Obstfeld (1990) discusses, if no parameters are expected
to change, the dynamic system no longer requires (10) by imposing ¢ = V'(a)
on the optimal path. Given ¢ = V'(a)(r + k), V'(a) = ¢, and ¢ = ym,

equation (13) is:

, (14)

where 0 = —c(tuee — V(M + k) pee) [ (ue — V (m + k) p.) represents the elasticity

of the marginal utility.

4Because of (10) and (11), the first and second terms in the square bracket in (13)

become
¢p—u _ Uep —UPe

Ue — ¢pcpc B Ue — Ppe ’
This is called the rate of time preference (Epstein, 1987, and Obstfeld, 1990).

p+
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Figure 1: The effect of monetary expansion on capital accumulation with
several combinations of € and o

1

0.8

0.6

0.4

0.2

-0.2

-0.4

€ (the slope of discounting rate)

-0.6

-0.8

1 ! !
1 1.2 14 1.6 18 2 2.2 2.4 2.6 2.8 3

o (the degree of relative risk aversion)

Note: The lightly shaded area depicts the case of a negative effect, whereas
the heavily shaded area represents the case of a positive effect. The unshaded
area represents the case where the elasticity of utility is negative (6 < 0).
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