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Thispaperproposesanaxiomaticapproachinacontinuous-time 

frameworkfbrrepresentingpreferenceorderingswithaninfinitehori-

zonintermsoftime-additiveseparable(TAS)utility・Todealwith
divergentpathsthatemergeinendogenousgrowthmodels，wein-

troduceseveralnewaxiomsfbｒｐreferenceorderingsandexploitan 

integralrepresentationofnonlinearfUnctionalsonLp-spacestoob-

tainTASutilityfUnctionswithconstantdiscountrates・Moreover,it

isdemonstratedthatpreferenceorderingsgivenbyrecursiveutility 

fUnctionalsarerepresentablebｙｍｅａｎｓｏｆＴＡＳｕｔｉｌｉtyfimctions． 
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ｌＸｎｔｒｏｄｕｃｔｉｏｎ 

lntheanalysisofintertemporalresourceallocationsinvolvingdynamicop-

timization,time-additiveseparable(TAS)utilityfimctionshavebeenwidely 
usedbecauseoftheirsimplicityandtractabilityltwasKoopmans[18]who 
firstaxiomatized,inadiscretetimeframework,preferenceorderingswithan 

infinitehorizonthatarerepresentablebyTASutilityfimctions、TheKoop-

mansfOrmulationisintuitivelytransparentandgeneralenoughand,thus,it 

hasservedasafbundationfbrmanyapplicationsinintertelnporaldecision 

making 

TheapproachKoopmansdevelopedisasfOllows，Ｐｒeferenceorderings 

withaninfinitehorizonaretruncatedtothosewithafinitehorizontorepre-

sentthoseintermsoffinitelyadditiveseparableutilityfimctions,employing 

theaxiomatizationofDebreu[51,Gorman[12]andKoopmans[17]onthesep‐ 
arabilityofutilityfimctions；thenthefinitesumoftheinstantaneousutility 

fimctionsisextendedtothecountablyinfinitesumofthosebyacertainkind 

oflimitingargument・Theadvantageofthistruncationmethodliesinthe

factthatconstantdiscountratesarederivableintheexistenceargumentof 

TASutilityfimctions・

ThechoicespaceKoopmansadoptedisasubsetofJ｡。（thespaceof
boundedsequences)withthesupnormItprecludesdivergentpathsthat 
emergeinendogenousgrowthmodels、Toovercomethisdifliculty，Ｄｏｌｍａｓ

[6]generalizedKoopmans'sresulttoencompassdivergentpathsthat"grow 
nofasterthanafixedreferencepath'',andBleichrodtetaL[2]ａｎｄＨａｒ‐ 
vey[15]obtainedaTASrepresentationadmittingmoregeneralunbounded 
pathsunderthefinite-dimensionalcontinuityofpreferenceorderings,which 

isaweakerrequirementthanthesupnormcontinuity、Theseworksexploit

thesametruncationmethodasthatofKoopmans[18]、
ＩｔｉｓｑｕｉｔｅｎａｔｕｒａｌｔｏｐｕｒｓｕｅｔｈｅＴＡＳrepresentabilityincontinuoustime 

underthesameaxiomsposedbyKoopmans[18]indiscretetilnelnthe 
literature,however,ｔｈｅｒｅｉｓｎｏ“exact1，counterpartincontinuoustime・One

ofthereasonsisadifIicultyinapplyingthetruncationmethodofKoopmans 

andothersbecausethechoicespaceL｡。(thespaceofessentiallybounded
fimctions)incontinuoustimeisinfinitedimensional,eveniftilnehorizons 
arefixedtobefinite，anditlackstopologicalseparabilｉｔｙｕｎｄｅｒｔｈｅｓｕｐ 

ｎｏｒｍ,whichpreventsonefromemployingtheutilityrepresentationtheorem 

ofDebreu[5]andGorman[12].’ 
Ｔｈｅｐｕｒｐｏｓｅｏｆｔｈｉｓｐａｐｅｒｉｓｔｏｐｒｅｓｅntanaxiomaticapproachina 

’NotethatKoopmans(andDebreu)alreadyrecognizedthispoint・SeeKoopmans[16,
ｐ291,Fbotnote5]andKoopmans[17,ｐ84,Fbotnote7]． 
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continuous-timeframeworkfOrrepresentingpreferenceorderingswithanin-

finitehorizonintermsofintegralfunctionals、Someaxiomsimposedhereare

similartothoseofKoopmans[181,butsomearecompletelydif][erentWhile 
weemploythevariantsofaxiomsthatareakintocontinuity,nontriviality 

andindepelidenceindecisiontheoryunderuncertaintyalongthelinesof 

Savage[23]andothers,whicharealsoimposedbyKoopmansandadherents 
[2,6,15,18]inintertemporalpreferenceswithoutuncertainty,thetechnique 
presentedinthispaperismuchdifIerentfromthatinthepreviousworks、

Todealwithdivergentpathsthatemergeinendogenousgrowthmod-

elsandnonconvexgrowthproblemswithincreasingreturns，incorporating 

discountfactorsexplicitly，weexploitintegralrepresentationsofnonlinear 

fimctionalson〃-spacesinvestigatedbyButtazzoandDalMaso[3]ａｎdap-
pliedtononconvexvariationalproblemsbySagara[221Thechoicespace 
underconsideratiｏｎｉｓａｎａｄｍｉｓｓｉｂｌｅｓｕｂｓｅｔｏｆａｎ〃-space，Thereasonfbr

adoptinganLp-spaceliesinitstopologicalseparabiliｔｙｕｎｄｅｒｔｈｅＬｐ－ｎｏｒｍ 

ｆＯｒｔｈｅｓａｋｅｏｆｔheexistenceofutilityfilnctions、ByemployingtheRiesz

representationtheorem,Weibull[27]obtainedincontinuoustimeaTASrep-
resentationoflinearpreferenｃｅｓｏｎａｎＬ１－ｓｐａｃｅｉｎｔｅｒｍｓｏｆａｌｉｎearfilnc-
tionaLOurtechniqueisbasedonageneralized‘`nonlinearversion，，ofthe 

Rieszrepresentationtheorem2 

BecausewepermitafreedomfOrthechoiceofmeasures(includingthe 
Lebesguemeasure)onthetimeinterval,divergentpathscanbetreatedina 
simplemanner,and,hence,ｔｈｅＬｏｏ－ｓｐａｃｅｗｉｔｈｒｅｓｐｅｃｔｔｏｔｈｅLebesguemea-

surecanbenaturallｙｉｎｃｌｕｄｅｄｉｎａｎ〃-spacewithrespecttoagivenmea

sure・Thespaceunderinvestigationiscaｌｌｅｄａｕﾉejghted〃-space・Thespace
ofthistypewasintroducedfirsttoeconolnicgrowththeorybyChichilnisky 

[4],whoemployedMﾉej9htedSoMeuspace,todealwithunboundedpaths 
andnonconvexitiesinaninfinitehorizon 

AnalternativeapproachtotheTASrepresentationincontinUoustimewas 

exploredbyEpstein[7],whollypothesizedaflexiblerateoftimepreference 
toobtainarepresentationintermsofTASandrecursiveutilityfimctions 

byspecifyingthepropertiesofa``generatingfimction，，,bywhichTASand 
recursiveutilityfimctionsareobtainedasasolutionofanordinarydiflerential 

equation(ODE）Thetechniqueisbasedonacontinuoustimeanalogofan 
``aggregatorfunction，，introducedbyKoopmans[16]andthenelaboratedby 
LucasandStokey[20]indiscretetimetofOrmulateintertemporalutilitywith 
aninfinitehorizonEpstein[7]requires,however,thestrongassumptionthat 
preferenceorderingsarerepresentablebycontinuouslydifferentiableutility 

２FbnescaandLeoni[11]isausefilltextbookonintegralrepresentationsofnonlinear 
filnctionalsonLp-spaces． 
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filnctions,whichisabsentinKoopmans[181 
Thepaperproceedsasfollows・WeshowinSection2thatifapreference

orderingonanadmissiblesubsetofanLp-spacesatisfiesst7℃7z9co7ztj7uu伽,
｡旬omtjMepe7zdence,ｌｏｃｑｌｓｅＭ加吻,locqls2u6st伽ｔｑＭ伽anddjs1jomtqd-
dj加吻,thenthereexistsacontinuousTASrepresentationfOrthepreference

orderingsuchthatitisanintegralfimctionalwithacontinuousintegrand(in-
stantaneousutilityfimctio､)satisfyingacertainkindofboundedness(The‐ 
orem21)Consequently,acontinuousTASutilityfimctionwithaconstant 
discountratecanbeobtainedMoreover,ifthepreferenceorderingsatisfies 
thecontinuitywithrespecttotheweaktopologyoftheLp-space，ｔｈｅｎthe 

integrandbecomesaconcaveintegrandevenwithoutassumingtheconvexity 

ofthepreferenceordering(Theorem23)． 
ＩｔｉｓｗｅｌｌｋｎｏｗｎｔｈａｔｔｈｅｕｓｅｏｆＴＡＳｕｔilityhasbeencriticizedbyvarious 

authorsForexample,LucasandStokey[20,pl69]manifestedtheiropin‐ 
ionthat“time-additivityisneitheradesirablenorananalyticallynecessary 
propertytoimposeonpreferences"、ＩｎＳｅｃｔｉｏｎ３，itisdemonstratedthab

preferenceorderingsgivenbyrecursiveutilityfUnctionalsalongthelinesof 

Epstein[7,8],EpsteinandHynes[9]ａｎｄＵｚａｗａ[25]areIepresentableby 
meansofTASutilityfUnctions(Theorem31),whichisavariantofthere-
sultbySagara[22｝Thisimpliesthatourresultservestoadvocatetheuse 
ofTASutility． 

２TASRepresentationonLp-Spaces 

２.lPreliminaries 

Let(R+,JZ)beaLebesguemeasurablespace,inwhichR＋＝[０，。｡)isthe
timeintervalwithaninfinitehorizonandJZistheワーfieldofLebesguemeasur-

ablesubsetsofR+・AmeasurMoftheLebesguemeasurablespace(R+’２）
isaBwwelmeqswweif“(Ｋ)＜oofOreverycompactsubsetKofR+Itissaid 
tobecom此teifanarbitrarysubsetofa/L-nullsetbelongstoJZ・Weassume

inthesequelthat〃isacompleteBorelmeasurethatisabsolutelycontinuous

withrespecttotheLebesguemeasure・Ｗｅｕｓｅｔｈｅｐｈｒａｓｅ‘`a.e・ｔｅＲ+，，to

meanthattheunderlyingmeasureistheLebesguemeasureiotherwisｅｗｅ 

ｅｍｐｌｏｙ‘`/L-ae・ｔｅＲ+，，、

Let(Ｗ,〃)beaBorelmeasurablespacewitMZmthe◎‐fieldofBorel
subsetsofR"・Foreveryrealnumberl≦ｐ＜○・,let〃(R+,似;Ｗ)betheset

ofLebesguemeasurablefimctionszfromR+toWsuchthaMirolz(t)|M似(t)〈
｡｡,endowedwiththeLp-norm,wherel･listheEuclideannormofRn・Since
Ziscountablygenerated,〃(R+,/u;Ｒ宛)isaseparableBanachspace(see
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FonescaandLeoni[11,Theorem216DWeuseH(R+,似)when、＝land
simplydenoteLp(R+;Ｒｎ)ｗｈｅｎ/uistheLebesguemeasureof(R+,JZ)By 
Lloc(R+,/u),wedenotethespaceoflocallyintegrablefimctionsonR＋with 
respecttothemeasureノリ、

LetMbethecharacteristicfimctionofAeZithatis,ＸＡ(t)＝ｌｉｆ 
ｔｅＡａｎｄ)(A(t)＝Ootherwiselfzisa”ectoMnLp(R+,/u;Ｒｎ),then 
〃)(AdenotesatrajectoryinLp(R+,似;Ｗ)takingitsvaluesz(t)fbrtEA
andzeroonR+ＩＡＴｈｕｓ,ifzandZ/aretrajectoriesinLp(R+,/u;Ｒｎ)ａｎｄ 
ＡｎＢ＝0,themＭ＋ｼXBisa``patched''trajectoryin〃(R+,似;Ｒｎ)taking
itsvaluesz(t)fbrteAandZ/(t)fOrteBandvanishingonR+（(ＡＵＢ)． 

2２ＡｘｉｏｍｓｆｂｒＰｒｅ化renceOrderings

lntheseqUel,achoicespace〃isasubsetof〃(R+,似;Ｒ")endowedwiththe
relative(normorweak)topologyfrom〃(R+,似;Ｒｎ).Therangeofachoice
space〃isasubsetofRngivenbyX＝{z(R+)｜ｍｅ〃},whichistheset
ofpossiblevaluesfｏｒ〃・ＧｉｖｅＭｅＸａｎｄＡｅＺｗｉｔｈＯ＜/u(A)＜○○,we
saythatatrajectoryuXAinLp(R+,似;Ｒ")islocqllZ/comst肌

Definition２.LAsubset〃ｏｆ〃(R+,/u;Ｒｎ)iMdmjssZ肱ifthefOllowing
conditionsaresatisfied：（i)Ｏｅ〃;（ii)Ｍｅ〃ａｎｄＡｎＢ＝Oimply
ZXA＋ソＸＢｅ〃.

Whenever〃isanadmissibleset，ｍｅ〃ｉｆａｎｄｏｎｌｙｉｆｚＸＡｆＯｒｅｖｅｒｙ

ＡｅＪＺＨｅｎｃe,鉛＝｛ｚＭｌｚｅ〃｝iscontainedin〃・Anexemplary
instanceofanadmissiblesetisapositivecolieofLp(R+,似;Ｗ)givenby：

〃＝{ｚｅＬｐ(R+,似;Ｒｎ)｜ｚ三0}． (２１） 

Apreferenceordering元isacompletetransitivebinaryrelationdefined

ontheadmissibleset〃・AutilitZﾉﾉi`MMlfOrapair(〃,元)isareal-
valuedfimctionIon〃suchthatz元Z/ifandonlyifI(〃)三Ｉ(ﾂ).Wesay
that(〃,党)admitsamSrepγwe川tqtjonifithasautilityfilnctionIofthe

integralfimctionalfOrm:Ｉ(z)＝JIF･パオ,z(t))αtfbrze〃withanjZ×〃‐
measurablefunctionf：Ｒ＋×Ｒｎ→Ｒ;IiscalledamSutjlitZ/九Ｍ００〃

Weintroducethefbnowingaxiomson(〃に)．

Axiom2､１(Strongcontinuity).Foreveryze〃,theuppercontourset
{ツｅ〃Ｍこ＄}andthelowercontourset{Z/ｅ〃｜ｚ元ｇ}areLp-norm
closedin〃．

Axiom22(Ｄｉﾐjointindependence).ForeveryA,ＢＥＪＺｗｉｔＭｎＢ＝０， 
ZXA元ZﾉMimplieMXA＋zXB>WXA＋zXBfOreveryze〃．

４ 



Axiom2､３（Localsensitivity)．ForeveryAE2with〃(A)＞０，there
existzandZ/ｉｎ〃ｓｕｃｈｔｈａｔｃｒＸＡ＞Z/ＸＡ．

Axiom2､４(Localsubstitutability).Foreveryze〃ａｎｄＡｅ２ｗｉｔｈ
ノリ(A)＞０，thereexistssomeZ/Ｅ〃suchthatz～Z/M

Axiom2､５(Disjointadditivity).ForeverW,Z/ｅｌａｎｄＡ,Ｂ,Ｅ,FeJZ 
satisfj/ｉｎｇＡｎＢ＝ＯａｎｄＥｎＦ＝０，ＺＸＡ～シＸＥａｎｄｚＸＢ～Z/XFimplythat
cUXA＋ＺＸＢ～Z/ＸＥ＋Z/ＸＦ． 

ＲｅｍａｒｋｓｏｎｔｈｅＡｘｉｏｍｓ 

Strictlyspeaking，itisimpossibletocomparedirectlytheaxiolnsimposed 

abovewiththoseofKoopmans[18]becausetherelevantspacesaremath‐ 
ematicallydifferent（loowiththesupnormversus〃-spacewiththe〃‐
norm)However,itmightbeinfOrmativetoseethesimilarityintheaxioms 
andwherewedepartfromtheKoopmansaxioms・

Strongcontinuity(Axiom2､1)isastandardaxiomfbrutilitytheoryand 
itisimposedbyKoopmans・

Disjointindependence(Axiom22)impliesthatfbreveryAeJZ,the 
preferenceorderingon〃inducesapreferenceorderingonZ4byrestrict-

ing元ｔｏ鋤十zXmRMfbranarbitrarilyfixedtrajectoryzE〃、Itisa
counterpartoftheKoopmansaxlomcalledco7叩letejMepe〃denceandobvi-

ouslyaweakeraxiomthan： 

Axiom2､2*(Independence).Forevery`Ｍ/,ｚＥ〃,勿乞Z/impliesz＋ｚ完
〃＋zwheneverm＋ｚ,Z/＋ｚｅ〃．

Axiom22*(independence)isimposedbyWeibull[27]incontinuoustime 
Localsensitivity(Axiom23)rulesoutthesituationwheretheinduced 

preferenceorderingon必ｗｉｔｈ抑(A）＞０ｉｓ“degenerate''inthatevery
trajectoryinZ4isindifTerentltcorrespondstotheKoopmansaxiomof 

se7DSjt〃ty・

Localsubstitutability(Axiom24）mightseemasomewhatstrongre-
quirementwhenmaximalelementsin〃withrespectto元exist,becauseit
necessarilyimpliestheexistenceofmultiplemaximalelements・Inparticu-

lar,if〃isconvex,ｔｈｅｎitexcludesthestrictconvexityof(〃,元),which
guaranteesauniquemaxilnalelement，Ｎｏｔｅthat，togetherwithstrongcon-

tinuity(Axiom21),thereexistsamaximalelementin〃providedthat〃
ｉｓcompact、Inmosteconomicapplications，however，itisacolnmonsitu-

ationthatachoicespaceinitselfisnotcompact，butitsfeasiblesubsetis 

colnpact・Becauseｗｅｄｏｎｏｔａｓｓｕｍｅｔｈｅｃｏｍｐａｃｔｎｅｓｓｏｆ〃，localsubsti-

tutability(Axiom24)isnotastrongrestrictionwhenevermaximalelements 

５ 



arenonexistentin〃,ｂｕｔ``optimal，，elementsareexistentinthefeasiblesub-

setofl・Forinstance,linearpreferenceorderingsinsubsection23satisfy

localsubstitutability(Axiom24)ThisisnotimposedbyKoopmans 
DiSjointadditivity(Axiom25),whichKoopmansdidnotpostulate,es-

sentiallyimpliesdiSjointindependence(Axiom22)ルIoreprecisely)disjoint
additivity(Axiom25)impliesthefOllowingweakerfbrmofdiSjointindepen-
dence： 

Ａｘｉｏｍ２､2**・ＦｏｒｅｖｅｒｙＡ,ＢｅＪＺｗｉｔｈＡｎＢ＝０，ＣＥＭ～Z/ＸＡｉｍｐｌｉｅｓ
ｚＸＡ＋ｚＸＢ～Z/Ｍ＋ｚＸＢｆｂｒｅｖｅｒｙｚｅ〃・

Todemonstratethisclaim,ｌｅｔ、,Z/,ｚＥ〃ａｎｄＡｎＢ＝0．Suppose
thatZM～ｇＭ、Defineu＝ＺＸＡ＋ｚＸＢａｎｄｗ＝Ｚ/Ｍ＋ｚＸＢ，Since

TﾉＭ＝ＺＸＡ，ｕﾉＭ＝Ｚ/ＭａｎｄＴﾉＸＢ＝ｕﾉＸＢ＝ｚＸＢ，byconstruction，we 

haveuXA～ｗＭａｎｄｕＸＢ～u）)(BDiSjointadditivity(Axiom25)implies 
uXA＋ｕＸＢ～ｕﾉＸＡ＋ｕﾉＸＢ，ｗｈｉｃｈｉｓｅｑｕｉｖａｌｅｎｔｔｏｚＸＡ＋ｚＸＢ～Z/ＸＡ＋ｚＸＢ， 
fromwhichAxiom22*＊fOllows． 

Ａstrengthenedversionofdisjointadditivity(Axiom25)is： 

Axio、2.5*、ForeveryclM/Ｅ〃ａｎｄＡ,Ｂ,Ｅ,FeZsatisfj/ｉｎｇＡｎＢ＝Ｏ

ａｎｄＥｎＦ＝０，ＺＸＡ元Z/XEandZXB元Z/XFimplyzM＋zXB元Z/XE＋ソXF．

IfAxiom25＊isimposedinsteadofdiSjointadditivity(Axiom25),it 
implieseachvariantoftheindependenceaxiom：Ａｘｉｏｍ２､２，Ａｘｉｏｍｓ２２＊ 
and2.2**． 

Koopmansassumedtheexistenceofmaximalandminimalelementsin〃

underthenameofezt7w7zepmo9mms，asuperfluousaxiomfOrourpurpose・

OtheraxiomsthatKoopmansrequireｄｂｕｔａｒｅａｂｓｅｎｔｆｒｏｍｔｈｉｓｐａｐｅｒａｒｅ 
ｍonotomc〃andstcztjo伽rjtZ/､

BecausethemonotonicityaxiomKoopmansintroducedisquitediHfer‐ 
entfromthestandardmonotonicityaxiomindecisiontheory,ｗｅｃａｌｌｉｔＸ 

ｍｏｎｏｔｏｍｃｊｔＺ/asinDolmas[6I 

Axiom26(K-monotonicity).ｚ)([０，t)＋"X[t,｡｡にz)([0,s)＋1ノル｡｡)fbrevery
s,ｔｅＲ＋ｗｉｔｈＯ＜ｓ≦timplieM元9

Tointroducethestationarityaxioｍｉｎｏｕｒｆｒａｍｅｗｏｒｋ，ｗｅｎｅｅｄｔｈｅｆＯｌ‐ 

lowingconditionforanadmissiblｅｓｅｔ，Ｆｏｒｅｖｅｒｙｚｅ〃ａｎｄｓＥＲ+,define
thetrajectoryzobyzs(t)＝ｚ(s＋t)ｆＯｒｔｅＲ+・Anadmissibleset〃ｉｓ
ｔｊｍｅｍＴﾉqrjcDntifzE〃ｉｍｐｌｉｅｓｚｓｅ〃ｆＯｒｅｖｅｒｙｓｅＲ+・

Axioｍ２７（Stationarity)．Ｌｅｔ〃beatime-invariantadmissibleset
ThereexistssomMe〃suchthatfOreveryseR+Ｍｚ・元yoifand
onlyifzX[o,s)＋勿耶｡｡)元zX[0,s)＋Zノル｡｡)．

６ 



Itisclearthatunderdisjointindependence（Axiom22),stationarity 
(Axiom27)canbestrengthenedto： 

Ａｘｉｏｍ２､7*・ForeveryseR+,ｚ・元ｙ`ifandonlyifzX[０，s)＋ｚＸ[s,｡｡)元
ｚＸ[０，s)＋ｙＸ[s,｡｡）ｆＯｒｅｖｅｒｙｚＥ〃・

InsteadofK-monotonicity(Axiom26)andstationarity(Axiom27),we 
requireanalternativeaxiominsubsection24,locqllZ/constqntmd航7WIce

(Axiom28)toderiveatime-independentintegrandintheTASrepresenta‐ 
tion． 

２３TASRepresentationl 

Theorem2､１．ｓ叩poset/Ｌｑｔｔ/ueqd77zjssj61eset〃jsclosedq7zdco7znected27z

t/leLp-normtopolW〃(〃に)sqtjq/iesAzjoms2川０２５，the7Mtadmits

acont伽ous川mepmese伽iom叩)＝ﾉFo八t,z(t)炉(t)｡t/bｍｅ〃肌th
t/ze/ｂｌｌｏ肌叩pmpertZes：

（i）八t,.）ISC川Ｍｏ１ＬｓｏｎＲ"/U-(n.ＭＥＲ＋(Ｍ几,U)jsLcbes肌ｅｍｅｑ－
ｓｕｍ肌ｏ７ｚＲ＋ノbreuerZ/ｕｅＲｎ３

（ii）Ｔ此meezjstsomeaeL1(R+,似)andβ三ＯｓｕｃＭＺａｔ

ｌｆ(t,u)'二α(t)＋β'１ﾉ|ｐ阯仏ＭＥＲ＋/ｂｒＥ１ＷｕｅＷ､４

Heme,八t,O)＝０ﾉﾘｰα､ｅｔｅＲ＋αＭ/ojswDj9ueJg(letermmed`MZMePendent
Q/t/Ｚｅ仰陀SentqtjOnq/IMO7weoUer,がｇｊＳｑｎＯｔ/Zermt印ｍＣＭＭｔｈＩ＝

ﾉifo9pdttmtsq姉MZecMtjon(ijﾉＭｔ/Zg(t’0)＝０〃ｑｅｔｅＲ+,ｔｈｅｎ
′(t,.）＝９(t,.）/U-(,ＬＭＥＲ+Jimrt/lermWic,１Ｗ』,Ｍ/TMcmcqsw℃,ｔｈｅｎ/o
iSLe6eS9TLej7Jte97n61eqM 

(22） liminfp(t)＝０ 
ｔ→○○ 

Thetheoremalsorevealsthatthefimctionpplaystheroleofadiscount 

factorandthefinitenessof／Limplicitlyentailseventuallydiscountingthe 

fUturelnparticular,thecondition(22)ofthetheoremimpliesthatif脚
hasacontinuousRadon-Nikodymderivativep,thenlimt一｡｡/0(t)＝OFor

example,thisisthecasefOrthefinite,complete,Borelmeasure此givenｂｙ

此(AMp(…MeZ（23）
３Afunctionノ：Ｒ＋ｘＷ→Rsatisfyingthecondition(i)iscalledaCQmth6odorZノ

mtc9m7Ld、

４Thecondition(ii)iscalledthe9moujthcondjtion． 

７ 



withapositive，Continuous,Lebesgueintegrablefmctionp・

Takingintoaccountofthefactthatutilityfimctionsareuniqueupto 

astrictlyincreasingtransfOrmation，thetheoremassertsthatifJisan-

otherTASutilityfilnctionfbr(〃に)withanintegrand9satisfyingJ(z)＝

ﾉFo9(t,z(t)ﾙ(t)αtfＯｒｚｅ〃with9(い＝０浬‐aＭＥＲ+(notethatthe
uniqueweightfimctionpisindependentoftheparticularTASrepresentations 

IandJ),thereexistsastrictlyincreasingcontinuousfUnction1Il：Ｒ－→R 
suchthaM＝'ＬｏＩａｎｄⅥ(0)＝０ 

t/uａｔ〃ｃｏｎｔｑｍｓｅｗＺ/locqllZ/co7zst肌ttwectorZ／

Ｔ/Len〃sqposjtjTﾉｅｑｊ６ｍｅ伽､５１/brmqtjonoL/Ｔが

qj67ne伽ns(/ｍｗＭｏｎｑｆｆｏｎＲ＋×Ｘ、

Corollary2､１．SUppose 

(Ｍ/ｕｊｓｑｊｍｊｔｅｍｅｑｓⅢ、

ＣＭｏｎＪｙＷｊｓｑＰｏｓ伽uｅ

Thecorollarystatesthattheintegrand9isnotapositiveafIinetransfbr-

mationofハfandonlyif1LisnotpositivelyafIineTherefbre,intheTAS

representationunderAxiｏｍｓ２１ｔｏ２５,theintegrandハsnotnecessarily

uniqueuptoapositiveafIinetransfOrmation． 

FinitelyAdditiveRepresentation 

Let{Q,,…,ｎm｝beapartitionofR＋ｗｉｔｈ、＞３suchthateachQ庵hasa
positivemeasure・Define鰯＝鈴kfOreachh＝1,...,77,．Sinceeachtra-
jectoryze〃isidentifiedwithatrajectory(zXQ1,…,z)､､)intheproduct

spaceⅡ膣,職andeachelement(z,,…,zm)ＥⅡ廷,典isidentifiedwith
itsalgebraicsuｍＺ陛仰Ｅ〃,itfOllowsthat〃＝Ⅲ二,鋭＝乙隆,典，
whereE廷,典isthealgebraicsumoMa,…,』3;か

Ｌｅｍｍａ２,１．５６Ｓｕｐｐｏｓｅｔｈｑｔｔ/Zeqd77zjssibleset〃jsco7Dnectedj7zt/DeLp-
noﾂwDtopoJoリリ〃(〃に）ｓｑＩｔ,ＭｅｓＡｃｊｏｍｓ２Ｉｔｏ２３,ｔｈｅ'MAe'恒ｅ"stsoI
COntj肌OUSﾉﾘU7LCtjO7DIAO7Z典/bγ/O＝１，…,77DＳＵＣＭｔｑｔ

77Ｌ ７７Z 

z)ｗ㈲ZIA(z偽)三ZIk(ソ小
ｋ＝１ ｈ＝１ 

５Sincethefinitelyadditiverepresentationon(〃,元)dependsonthechoiceofaparti‐
ｔｉｏｎｏｆＲ＋，ｉｔｍｉｇｈｔｎｏｔｂｅｕｎｉｑｕｅｕｐｔｏａｐｏｓｉｔｉｖeafIinetransfbrmation、However，this

doesnotcauseaprobleminobtainingtheuniquenessofノａｎｄｐｉｎＴｈｅｏｒｅｍ２､１．
６Therequirementm＞３isnotremovablefbrafinitelyadditiveseparablerepresenta-

tionKoopmans[17]gaveacounterexamplesuchthatfbrm＝2,thereexistsapreference 
orderingonaconnectedseparabletopologicalspacesatisfying(inourterminology)strong 
continuity(Axiom21),diSjointindependence(Axiom22)andlocalsensitivity(Axiom 
23)suchthatitcannotberepresentedbyanadditiveseparableutilityfUnction． 

８ 



Proq/LetＫ＝｛1,…,、}andLbeanarbitrarysubsetofKSmce(〃,元）
satisfiesdisjointindependence(Axiom22),itmducesontheproductspace 

nkEL必apreferenceordering元LsuchthatfOranarbitrarilyfixedtrajectory
ze〃：

(ZkﾙEL元L(Z/胸ﾙEL<竺>[(ZkﾙEL,(Z庵ﾙＥＷ]元[(ZﾙﾙEK)(ZkﾙEK1L］

Wedenote元{府}by元kThus,fOreverysubsetLofK,thepreferenceordering
元ＬｏｎｍＥＬ典isindependentofany(zﾙﾙEKlLelLeK(L典．Bylocal
sensitivity(Axiom2､3),thereexistzkandZ/胸ｉｎ典suchthaM,＞Wkfbr
eachAEK 

Letprhbetheprojectionfrom〃ｏｎｔｏ典.Ｔｈｅｎ既isaconnectedset
astheimageoftheconnectedset〃bythecontinuousmappingprk．Since

ametricspaceisseparableifandonlyifithasacountablebaseofopensets， 

〃ａｎｄ典areseparablemetricspacesasasubsetoftheseparableBanach

spaceLp(R+,ノリ;Ｒｎ).Sinceeach典isconnected,wecanapplytheclassical
theoremofDebreu-Gorman(seeDebreu[５１andGorman[12])toobtainan 
additiveseparableutilityfUnctionfbr(〃,元)．□

ＢｙｖｉｒｔｕｅｏｆＬｅｍｍａ２､１，thereexistsacontinuousutilityfimctionIfOr 

(〃に)withthefOrmI(〃)＝ＥｋＥＫＩＡ(ｚｈ).Withoutlossofgenerality,one
mayassumethatIh(O)＝ＯｆｂｒｅａｃＭＥＫ 

Ｌｅｍｍａ２､２．STLpposet/ｍｔｔ/zeqd77zissj6化ｓｅｔ〃ｊｓｃｏ７ｍｅｃｔｅｄｊ７Ｌｔ/ｊｅＬｐ‐

normtopo/o〃〃(〃,元）sqtjs(ﾉﾌﾞesAzioms2Ito25,ｔ/ｌｅＭｊｓｄ旬oM1/
add伽ｅｏｎ〃，ｔ/､t08,ｍ,Z/ｅ〃ａｎ(ＭｎＢ＝OimPlZ/Ｉ(〃Ｍ＋Z/XB）＝
I(ＺＸＡ)＋I(z/xB)． 

P7voq/:Ｔａｋｅａｎｙｃｕｅ〃ａｎｄＡ,ＢｅＺｗｉｔｈＡｎＢ＝ＯＬｅｔＥ,Fe-Zbe

ofpositivemeasuresuchtｈａｔＥＣＵ府EKルandFCUkEK2Qkfbrsome
partition{Ｋ,,Ｋ２}ofKThenEandFarediSjointBylocalsubstitutability 
(Axiom24),thereexistuanduin〃suchthatmM～uXEandzXB～uXF・
Definey＝ｕＸＥ＋ｕＸＦ、Sincezisadmissible,ｗｅｈａｖｅＺ/ｅ〃、Ｎｏｔｅｔｈａｔ

ｙＸＥ＝ｕＸＥａｎｄＺノルーｕＸＦ・Thus,ｗｅｈａｖｅｚＸＡ～Z/ＸＥａｎｄｚＸＢ～Z/ＸＦ、By

diSjointadditivity(Axiom25),wehavez)(Ａ＋z)(Ｂ～Z/)(Ｅ＋yXFDefine 
Ek＝ＥｎＱｋａｎｄＦｈ＝ＦｎＱｋｆＯｒｅａｃｈＡｅＫＴｈｅｎＥａｎｄＦａｒｅ 

ｄｅｃomposedinto汁tuplesofpairwisedisjointssets｛Ek雌ＥＫａｎｄ｛瓜}kEK，
respectively,ｗｉｔｈＥｋ＝ＯｆＯｒＡｅＫ２ａｎｄ丹＝OfOrjeKlThus,we
haveyXE＝(ソXE1,…,Z/XEm)ｅｍＥＫ既ｗｉｔｈZ/XE胸＝OfbrloeK2and
Z/ＸＦ＝(yXFi,…,Z/X脇）ｅｎＭ必andyXF】j＝OfbrjeK1TherefOre，
I(ｚＭ)＝Ｉ(Z/XE)＝EjEK』巧(Z/)(Ej),Ｉ(zXB）＝Ｉ(Z/XF)＝乙施EK2Ik(Z/川）
andＩ(z)(A＋Z/)(B)＝Ｉ(Z/)(Ｅ＋Z/XF)＝EjEK内(ﾂ)(Ej)＋EjcEK2L(Z/)(凡)，
and,hence,Ｉ(ZXA＋zXB)＝Ｉ(z)(A)＋I(z)(B)． 

９ 



FTomthisobservation，wecanderivethedisjointadditiviｔｙｏｆＩ・To

demonstratethis,letＣＭ/Ｅ〃ａｎｄＡｎＢ＝０．Definez＝ｚＭ＋Z/XB・We
thenhavezelbytheadmissibilitｙｏｆ〃，ａｎｄｚＸＡ＋ｚＸＢ＝ccXA＋ひXB1

byconstructionThus,Ｉ(ZXA＋Z/XB)＝Ｉ(z)(A＋zXB)＝Ｉ(ｚＭ)＋I(zXB)＝ 
I(⑰)(A)＋I(yxB)．□ 

ProofofTheorem21 

DefinethefUnctionalの：Ｌｐ(R+,/ｕｉＷ)×ＪＺ→ＲＵ{-ＣＯ}ｂｙ

①Ｍ一{１１:ｗｉ鮒
ＢｙＬｅｍｌｎａｓ２１ａｎｄ２､２，のsatisfiesthefOllowingproperties：

．①Ｃ,Ｒ+)isuppersemicontinuousonLp(R+,似;Ｗ)withrespecttothe
Lp-normtopology； 

・のis/iMtelWddhitMoLZ,ｔｈａｔis,Ａ,Ｂｅ－ＺａｎｄＡｎＢ＝Ｏｉｍｐｌｙ

の(z,ＡＵＢ)＝①(z,Ａ)＋の(z,Ｂ)fbreveryqleLp(R+,似;Ｗ)；

･のislocq/ｏｎＪＺ,thatis,`Ｍ/ｅＬｐ(R+,似;Ｒｎ)ａｎｄｚＭ＝Z/XAimply
の(z,Ａ)＝の(",Ａ)；

・の(0,Ａ)＝OfOreveryAeJZ

Here，ｗｅｓｈｏｗｏｎｌｙｔｈｅｆｉｍｔｅａｄｄｉｔｉｖｉｔｙｏｆ①becausetheotherproperties 

areevident、SupposethatAandBarediSjoint、ＩｆｃｕＭｕＢｅ〃,thenthe

resultfOllowsimmediatelｙｆｒｏｍＬｅｍｍａ２２ＩｆＺＸＡｕＢ二〃,theMXAand

zXBbytheadmissibilityｏｆ〃,and,ｈｅｎｃｅｚＸＡ崔勿ｏｒｚＸＢＥ〃ifOr

otherwise,ｚＭＥ〃ａｎｄｃｕＸＢｅ〃yieldzXAuB＝ＺＸＡ＋ｚＸＢｅ〃bythe

admissibilityof〃,whichisacontradictionTherefOre,の(z,Ａ)＋の(Ｚ,Ｂ)＝
-.｡＝の(z,ＡＵＢ)．

NotealsothatノリisnonatomicbecauseofthenonatomicityoftheLebesgue

measurewithrespecttowhich/LisabsolutecontinuousandthattheBorel 

measurMis◎-finite(seeHalmos[13,Section52(1)DThus,(R+,２，/u)ｉｓ 
ａワーfinitecompletenonatomicmeasurespace、Then，bytherepresentation

theoremofButtazzoandDalMaso[3],thereexistsanormalintegrand7 
(-f)：Ｒ＋×Ｗ→ＲＵ{+CO}withthefOllowingproperties： 

/－７Any×〃"-measurablefUnction(－/):Ｒ＋ｘＷ→ＲＵ{+ＣＯ}isamo7wDqlmte9mM
ifノ(t,.）isuppersemicontinuousonR”似-a､ＭＥＲ＋ａｎｄノ(.,u)ismeasurableonR＋
fbreveryueW・TherefOre,ノisaCarath6doryfUnctionifandonlｙｉｆｂｏｔｈｆａｎｄ－/are

normalintegrands(seeFonescaandLeoni[11,Theorem634])． 

1０ 



(a）ThereexistsomeaeL1(R+,/u)andβ=Osuchthatf(t,u)二α(t)＋βｌｕｌｐ
／Ｌ－ａｅ・ｔＥＲ＋ｆＯｒｅｖｅｒｙｕｅＲｎ．

(b)の(Ｍ)＝ﾊﾌﾞ(t,z(t))叩(t)fOreveryzeLp(R+,ｌｕｉＷ)andAEJZ

Itisevidentfrom(a)thatfsatisfiesthecondition(ii)JTomthecon-

structionofの,wehaveI(z)＝ｒ･八t,z(t))β(t)dtfbrze〃,wheEepis
theRadon-Nikodymderivativeof/LwithrespecttotheLebesguemeasure 

Becauseハブ(t’0炉(t)｡t＝OfbreveryＡｅｌｂｙ(b),wehavef(t’0)＝Ｏｌｕ－
ＭｔＥＲ+Let9beanintegrandofIthatsatisfiesthecondition(ii)ｗｉｔｈ 
9(t’0)＝０/ｕ－ＭｔｅＲ+・Wethenhave

ｒ
〃ﾉ(1ＭM`)ル①(２，，Ａ)＝ f(t,⑳Ｍ(t)ル(t)dt

g(t,z)(A(t))β(t)dt＝ 

ｔ
 

ｄ
 

ｌ
ｊ
 

ｔ
 

７
Ｉ
 

ｐ
 

１
ｊ
 

ｌ
１
 

ｔ
 

ｆ
Ｉ
 

ｚ
 

ｔ
 

７
Ｉ
 

ｇ
 

１
，
１
山

fbreveryze〃(R+,似;Ｗ)ａｎｄＡＥｊＺ・ThuMisanotherintegrandthat
satisfies(b).Theequality八t,.）＝９(t,､ルーＭｔｅＲ＋readilyfbllowsfrom
thetheoremofButtazzoandDalMaso[３１ 

TodemonstratethatハsaCarath6doryintegrand,itsufIicestoshow

thatfisareal-valuednormalintegrandTothisend,define 

ぼM'蔑鯆①(z,Ａ） 

Sinceのsatisfiesthesameconditionsasの，fromtheprecedingargumentit

fOllowsthatthereexistsanormalintegrand(-力：Ｒ＋×Ｗ→ＲＵ{+ＣＯ｝
witM(t’0）＝０/ｕ－ＭｔｅＲ＋ｓｕｃｈthat(a)ａｎｄ(b)ａｒｅｔｒｕｅｆｂｒ(①,〃
BytheuniquenessoftheintegrandoｆＩｉｎｔｈｅａｂｏｖｅａｒｇｕｍｅｎｔ１ｗｅｈａｖｅ 

′(t,.)＝一八t,､ルーａＭｅＲ+,and,hence,′isanormalintegrandthatdoes
nottake{±ＣＯ}Thus,thecondition(i)isestablished 

Toprove(22),supposetothecontrarythatliminff→｡｡β(t）＝ｅ＞Ｏ 
Then,thereexistssometoER＋suchthatinffどTβ(t)三efOreveryT三ｔｏ，

and,hencM(t)三sfOreveryt=んThus,wehavM([to,｡｡))＝L:，β(t)｡t＝
ＣＯ，contradictingthefactthat似isafinitemeasure．□

ProofofCorollary2､１ 

Supposethat1L(z）＝ｑｚ＋ｂｆＯＭｅＲｗｉｔｈｑ＞Ｏａｎｄ６ｅＲＳｉｎｃｅ 
Ｊ＝qI＋bandI(O)＝Ｊ(O)＝０，wehave6＝OByvirtueofuMe〃ａｎｄ

J(uXA)＝αI(uXA)fOreveryuEXanMeZ,wehaveL9(t,u)β(t)｡t＝ 

1１ 



ルブ(t,u)β(t)αtfOreveryAe2,fromwhichitfOllowsthat9(t,u)＝α′(t,u）
a.e､ｔｅＲ＋fOreveryueX 

Conversely,ｌｅｔｇ＝α′＋ｂｗｉｔｈｑ＞Ｏａｎｄ６ＥＲＴｈｅｎ１ｐｏＩ＝ 

αI＋MFp(t)ａｔanⅢ(0)＝MFp(t)dt＝６，u(R+),fromwhichitfOllows 
thaⅡ(z)＝〃＋b/j(R+)fOreveryzeI(〃)DefineU(z)＝ｑｚ＋6/u(R+）
ｆＯｒｚＥＲ・ＷｅｔｈｅｎｏｂｔａｉｎＪ＝⑩ｏ１．□

２．４ＬｏｃａｌｌｙＣｏｎｓｔａｎｔｌｎｄｉｆＴｂｒｅｎｃｅｏ缶PrefcrenceOrder-

lngs 

Axiom2､８(Locallyconstantindifhence).ForeveryueXandA,Ｂｅ 
ＺｗｉｔｈＯ＜ノリ(A)＝〃(Ｂ)＜CO,ｕ)(Ａ～u)(BwheneveruM,ｕＸＢＥ〃．

LocallyconstantindifTerence(Axiom28)isnaturallysatisfiedfbrprefL 
erenceorderingsdefinedbyintegralfimctionalswithtime-independentinte-

grandsConsider,forsimplicity,thepreferenceordering元ｏｎＬｐ(R+,ノリ;Ｗ）
definedby 

如幾ｒ ﾉrﾊﾞﾂ(`)剛八z(t))α/LU(t)三

where′：Ｒｎ→RisaBorelmeasurablefunctionsatisfying′(0）＝O 

SinceﾉiroJ/(１Ｍ(t))α,u(t)＝（u加(A)fOreveryueWandAEywith
O＜似(A)＜ＣＯ,locallyconstantindifTerenceisvalidfOr(〃(R+,/uiW)に)．

ＷｈｉｌｅｔｈｉｓａｘｉｏｍｉｓｎｏｔｕｓｅｄｂｙＫｏｏｐｍans1hisaxiomsofK-monotonicity 

(Axiom26)andstationarity(Axiom27)playanaltemativeroleinderiving 
theindependenceoftimeindicesfbrinstantaneousutilityfimctiOnswith 
constantdiscountrates． 

Theorem22．Ｓ叩poset/Ｚｑｔｔ/Zeqdmjssj61eset〃ｊｓｃＪｏｓｅｄ肌dcomDected

j7MheLp-7uo7wMopoJo〃qMco7utqi7uscTﾉeryJ0cqllZ/conML"ｔｔ７〃ccto7v．〃

(〃,元)sqtis肱sAzims21to25(Ｍ２8,t/ZeMZemte9r(Ｍハnm/Deomem
2・Zisautono川ｕｓｏｎＸ,ｔＭｊｓ,ハsmdepeMentq/ｔｅＲ＋ｏｎＸ．

Proq/Lets,ｔｅＲ+({O}withs≠tbearbitraryWithoutlossofgeneralityi 
wemayassumethats＜ｔＣｈｏｏｓｅＥ＞OsuHicientlysmallsuchthatthe 

openintervalU言(8)＝(s-E,s＋E)iscontainedinR＋since〃isnonatomic，
thereexistssomep(E）＞Owithlimご→ｏｐ(E）＝OsuchthaM(Ｌ(s)）＝
/u(UIP(ご)(t))withUip(こ)(t)＝(ｔ－ｐ(E),ｔ＋ｐ(E)）ＣＲ＋Bylocallyconstant

indiflerence(Axiom28),wehaveD)(u底(3)～uXu<,(`)(&)fOreveryueXand，

hence,川バア,U)α,U(γ)＝I(１Ｍい))＝I(UXL(`))＝ﾉｉＷ)f(γ,U)α,u(ｱ）
fbreveryueXNotealsothat/Luisaregularmeasurebecauseofitsabsolute 
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continuitywithrespecttotheLebesguemeasure(seeHalmos[13,Section 
52(9)DThus,bytheLebesgue-BesicovitchdifIerentiationtheorem（see 
FonescaandLeoni[11,Theoremll58]),ｗｅhave： 

ﾉLいか)帆
ｌ 

=I聖Iu(Ｕｂ(８八Ｍ）
)） 

判i而扇tmL釧腋此仙伝HM
Therefore,八t,u)isconstantMteR＋fOranarbitrarilyfixedueX□

ＲｅｌａｔｉｏｎｓｔｏｔｈｅＳａｖａｇｅＴｈｅｏｒｙ 

ＴｈｅｉｎtegralrepresentationinTheorems２．１ａｎｄ２．２baressimilaritiesto 

theSavagefOrmulationfbradditiveseparablerepresentations、ＬｅｔＪｚ′ｂｅａｎ

ａｌｇｅｂｒａｏｆｓｕｂｓｅｔｓｏｆＲ＋、Thesetofmeasurablefimctionsz：Ｒ＋→ＸＣＲｎ

ｗｉｔｈｒｅｓｐｅｃｔｔｏⅣisdenotedby〃、InSavage，sterminology,Ｒ＋ｉｓａｓｅｔｏｆ

ｓ伽ｃｓｑ/theｕﾉorld,XiMsetofconse9uencesand〃isasetofqcts・

TheSavageaxiomsfOr（〃,元）guaranteethatthereexistsaunique
nonatomicfinitelyadditiveprobabilitymeasureノリonZandaboundedftlnc-

tion′：Ｘ→Rsuchthat 

囚か‐‐，，咋刈 川艸ルノ「 f(Z/(t))｡〃(t)．勿乞〃＜＝＞

Here,theintegrandハsuniqueuptoapositiveaHinetransformation(see

Fishbum[10,Chapterl4])Since〃contains〃‐spaces,theSaﾊﾞﾉagefOrmu-
lationfitsfOrourframeworkbytherestrictionofthepreferenceorderingto 

therelevantchoicespace、

IgnoringtherestrictionthatノリｉｓｓｕｐｐｏｓｅｄｔｏｂｅｆinitelyadditiveandX

islimitedtoafinitesetintheSavagefbrmulation，themaindifferencesof 

therepresentationbetweenSavageandthispaperarethefOllowing：（i)ノリ
isendogenouslydeterminedbyaxiomatizationandrepresentsa9TLqlitqtjue 

p71o6qMitZ/onZintheSavagemodel，whileitisexogenouslygiveninour 

model;(ii)ノリdoesnotinvolveadiscountfactorintheSavagemodelbecause
itlackstheabsolutecontinuitywithrespecttotheLebesguemeasure,while 

given/u,adiscountfactorisuniquelydeterminedinourmodeli（iii)the 
continuityofthepreferenceorderingisnotguaranteedundertheSavage 

axloms;(iv)thegrowthconditionontheintegrandisderivedinourmodel， 
whichplaysacrucialroleespeciallyfOrprovingtheexistenceofoptimalpaths 

ingrowthmodelswithoutconvexityassumptions(seeChichilnisky[4]and 
Sagara[21,22]);(v)theintegrandハsuniqueintheSavagemodeL
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Itshouldbementionedthattheintegralrepresentationofthistypeare 

investigatedinmoregeneralsettingsbyVind[26,Chaptersllandl2by 
GrodallUnliketoSavage(23],GrodalandVindtreatthecasewherM'ｉｓ 
ａ◎-algebraandXisametricspace，butthemeasureノリisarbitrarilygiven、

Undercontinuity,independenceandtranslationinvariance，theyappearto 

succeedinobtainingaTASrepresentationfOr(〃,廷)withexponentialdis‐
counting 

OneofthesignificantdifTerenceswiththispaperisatopologicalsetting 

forthechoicespaceTheyendow〃witMheordertopologywithrespectｔｏ

月Whenrestricting〃toasubsetofLp(､,’Mu),theircontinuityrequire‐
mentfbr(〃,元)ismorestringentthanoursmthattheyassumethatthe
ordertopologyon〃iscoarserthantheLp-normtopology､Theuniqueness

oftheintegrandandconstantdiscountrateseemsunclearintheirframework 
aswell． 

２.ＥｉＣｏｎｖｅｘｉｔｙｏ丘PrefbrenceOrderings

lnthissubsection,weassumethattheadmissibleset〃isendowedwitMhe

weaMopologyofLp(R+,〃ｉＷ)．

Axiom2.ｒ(WCakcontinuity).Foreveryze〃,theuppercontourset
{ソｅｌｌソ乞皿｝andthelowercontourset｛Z/ｅ〃｜ｚ)Ｗ｝areweakly
closedin〃．

Weakcontinuity(Axiom21*)isastricterrequirementonpreferenceor-
deringsthanstrongcontinuity(Axiom21)． 

Axiom2g（Convexity).Foreveryze〃,theuppercontourset｛Z/ｅ
ｚＭごｚ}isconvex

Notethatif〃isconvex,thenitisconnectedbothinthenormtopology

andintheweaktopologyof〃(Q,’,ノリ)．

Theorem2､３．ｓ叩ｐｏｓｅｔｈｑｔｔ/Deqd77zjssj肌ｓｅｔ〃ｊｓｃｏｎＴﾉalML7zdcIosedj7z

t/zeuﾉｅｑﾉttopolWqfLp.〃(〃に)sqtjq/ieMzjoms2Z*ｑＭＭｔｏ25,t/Den
jtsqtjsiﾉﾌﾞｅｓＡｚｊｏｍ２９ａＭｔ/Zemte９，W〔Ｍ八t,．）、Ｔ/Zeoγ肌２１isconcaue〃
α・ｅｔｅＲ＋・

Proq/:Weakcontinuity(Axiom21傘)impliesthattheutilityfilnctionＩｆｂｒ
(〃,元)constructedinLemma21isweaklycontinuousThus,thefUnctional
のdefinedintheproofofTheorem2・lisweaklyuppersemicontinuouson

Lp(R+,/u;Ｗ)．TherepresentationtheoremofButtazzoandDalMaso[3］ 
guaranteestheconca('ityoftheintegrand八t,.)onW,fromwhichconvexity
(Axiom29)fOllowS □ 
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Theorem23iscuriousinthatevenifconvexity(Axiom29)isnotas‐ 
sumedexplicitly,weakcontinuity(Axiom21*)necessarilyimpliesconvexity 

(Axiom29),whichisaconsequenceofstrengtheningthecontmuityrequire-
mentforthepreferenceorderingConvexity(Axiom29),ageometricprop‐ 
erty,isobtainablefromatopologicalproperty,weakcontinuity(Axiom2r)． 

TjinearPrefbrence 

Supposethattheadmissibleset〃isgivenby(２１)Let勿議beacontinuous
linearfimctionaloｎＬｐ(R+,似;Ｗ）ｗｉｔｈ<`Ｍ,*）三OfOreveryzE〃ａｎｄ
ＣＭ率〉＝Oifandonlyifz＝０，where〈Ｙ〉denotesthedualitybetween
Lp(R+,ノリ;Ｗ)anditsdualspace(〃(R+Mu;Ｗ))*・

Supposethat元isexpressedbytherestrictionofz*ｔｏ〃,thatis，

勿乞〃く竺今<`Ｍ*)=<z/,鋤

Itisevidentthat（〃,元）satisfiesweakcontinuity(Axiom21*),disioint
independence(Axiom22)anddiSjointadditivity(Axiom25)． 

Sincez≠Oimplies<`Ｍ*>＞０，fOreveryAeZwithpositivemeasure， 
itfOllowsthat<ｚＭ,z*〉＞ObychoosingzE〃satisfyingz(t)＞OonA
wit皿(A)＞OThus,(〃,元)satisfieslocalsensitivity(Axiom23)because
ofzXA汁０Ｍ．

Toshowlocalsubstitutability(Axiom24),takeanyze〃andAE2
withpositivemeasureLetZ/ｅ〃besuchthaty(t)＞OonAWethenhave
<ZﾉﾙＭ*)＞OConsiderthecontinuousincreasingfimctionon[０，。｡)defined
by入一〈入Z/Ｍ,z*>Then,thereexistssome入＞Osuchthat<入Z/Ｍｚ*>＝
<“率).since〃isapositiveconeandZ/ＭＥ〃,ｗｅhave入ｼＭＥ〃This
demonstrateslocalsubstitutability(Axiom24)B 

TherefOre,byTheorem21(moreprecisely,Ｉ(z)＝<`Ｍ*>worksfOrthe 
constructionintheproofofTheorem21),thereexistsaCarath6odoryin-

tegrandf:Ｒ+×Ｗ→Rsuchthat<z,が)＝ﾉFof(t,Ｚ(t))血(t)fbrevery
ze〃・

Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，theRieszrepresentationtheoremimpliesthatthere 

existMuniquepeL．(R+,,u;R”)with；＋；＝１suchthat<`叩諜>＝
ﾉｉｆ｡(z(t),p(t)>〔ｌｕ(t)fbreveryze〃,where<z(オル(t)>istheinnerprod-
uctofMThus,wehaveﾉi4f(t,鰯(t))p(t)ａｔ＝ﾉiA<z(オル(t)>P(t)αtfbrevery
AeZ,wherepistheRadon-Nikodymderivaｔｉｖｅｏｆ/uwithrespecttothe 

Lebesguemeasure,and,hence,八t,z(t))＝<z(オル(t)>ａｅｔｅＲ＋fOrevery
ze〃BytheuniquenessoMweobtain八t,u)＝(u,Ｐ(t))ＭｔｅＲ＋

8FortheaxiomatizationoflinearpreferencesonaconvexconeinL1,seeWeibull[27｝ 
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ｆｏｒｅｖｅｒｙｕｅＲ年,and,hence,′(t,O）＝０ａ・ＭＥＲ+,ｗｈｅｒｅＲ竿isthe
nonnegativeorthantofRn． 

２．６Selectiono丘aRelevantnmctionSpace

Theorems2､１ｔｏ２３ａｒｅｔｒｕｅｆＯｒａｎｙｃｈｏｉｃｅｏｆａｃｏｍｐleteBorelmeasureof 

theLebesguemeasurablespace,(R+’２),thatisabsolutelycontinuouswith 
respecttotheLebesguemeasure、Inparticular，ｔｈｅmeasure，川，defined
by（23),hasthestatedpropertiesnajectoriesinLp(R+仰;Ｒｎ）admit
unboundednessunderthenormｏｆＬｐ(R+;Ｒｎ),butthegrowthrateofthe 
pathsisboundedbyafimction/0．Ｔｈｅｓｐａｃｅｏｆｔｈｉｓｔｙｐｅｉｓｃａｌｌｅｄａ７"ClリノZtedI

Lp-spqcewithaweightfimction,/0．Becausethereisafreedomfbrthechoice 

ofp,onecanobtainaTASutilityfunctionwithanexponentialdiscountrate 

inTheorems21to23bychoosingp(t)＝exp(-ｒｔ)ｗｉｔｈγ＞Ｏ 
Ａｓｓｈｏｗｎｉｎｔｈｅｅｘａｍｐｌｅｂｅｌｏｗ，inpracticethechoiceofweightfUnc-

tionsdependsontheparticularapplicationsunderinvestigation、Ｉｆｏｎｅ

ｗｉｓｈｅｓｔｏｔｒｅａｔａｎＬｐ－ｓｐａｃｅａｓbroadlyasposSible1itisdesirabletochoose 

aweightfunctionassmallaspossiblebecauseO三β，ニノo2impliesthat

Lp(R+,此2;Ｗ)Ｃ〃(R+仰,;Ｗ)．
ＷｅｄｅｎｏｔｅｂｙＬ｡｡(R+;Ｗ）thesetofessentiallyboundedfUnctionson 

R＋ｔｏＲｎｗｉｔｈｒｅｓｐｅｃｔｔｏｔｈｅＬｅｂｅｓｇｕｅmeasure．’ｆ/nsafinitemeasure 

thatisabsolutelyContinuouswithrespecttotheLebesguemeasure,thenthe 
followinginclusion 

L゜。(R+;Ｗ)ＣＬ｡｡(R+,/u;Ｗ)ＣＬｐ(R+,/u;Ｗ)ＣＬ９(R+,/u;Ｗ）

istruefbreveryl≦９≦ｐ＜○○．Insteadoftheess､supnormtopologyof 

L｡。(R+;Ｒｎ),itis,thus,legitimatetoendowL｡｡(R+;Ｒｎ)withtherelative
Lp-normtopologyfromLp(R+,/ｕｉＲｎ)Itistherebypossibletodealwitha 
subsetofL｡｡(R+;Ｗ)asanadmissiblesetin〃(R+,ﾉu;Ｗ)．

AlthoughL｡｡(R+,/u;Ｗ)withtheesssupnormisnonseparable,byequip-
pingLoo(R+iＲｎ)ｗｉｔｈthe〃-normtopology,itfOllowsfromtheseparability
ofＬｐ(R+,";Ｗ)thatL｡｡(R+;Ｗ)becomesaseparableBanachspaceThis 
isthereasonwhyTheorems21to23aretrueinL｡｡(R+;Ｗ)．Notethat 
therestrictionl≦ｐ＜ooisrequiredherefbrLp(R+,/u;Ｒｎ)toapplythe 
Debreu-GormantheoremandtherepresentationtheoremofButtazzoand 

DalMaso[3） 

OneSectorOptimalGrowthwithNonconvex1℃chnologies 

Wespecifj/arelevantfmctionspacefOrstandardone-sectoroptimalgrowth 

modelsLe”:Ｒ+×Ｒ＋→Ｒ＋beaproductionfunctionand5(t)Ｅ[0,1]ｂｅ 
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arateofdepreciationofcapitalstｏｃｋａｔｔｅＲ＋、Apathofconsumptionisa

Lebesguemeasurablefimctioncu：Ｒ＋→ＲｇｅｎｅｒａｔｅｄｂｙｔｈｅＯＤＥｇｉｖｅｎｂｙ 

⑰(t)＝リノ(t,l1c(t))－J(t)ﾉＩＣ(t)－１１６(t）ａｅｔＥＲ＋ａｎｄＡ(0)＝z/，（24）

ｗｈｅｒｅＡ：Ｒ＋→Ｒ＋，alocallyabsolutelycontinuousfunction，isapathof 

thecapitalstockDefinetheset-valuedmappingr：Ｒ＋×Ｒ＋→２Ｒｂｙ 

r(t,'u)＝{ＵｅＲｌ－Ｊ(t)Lu≦Ｕ≦妙(t,Uﾉ)－J(t)u)}．

Givencapitalstockuﾉ＞ＯａｔｔｉｍｅｔＥＲ＋，thesetoffbasibleconsumptionis 

denotedbyr(t,uﾉ)Thus,everysolutionto(24)correspondstoasolution 
tothedifferentialinclusion 

Ａ(t)Ｅｒ(Ｍ(t)）ａ・ｅｔｅＲ＋ａｎＣＭ(0)＝J

Supposethatthefbllowingconditionsaresatisfied． 

(25） 

(i）山scontinuousonR＋×Ｒ+,Ｗｔ,.）isincreasingandUj(t’0)＝ＯｆＯｒ
ｅｖｅｒｙｔｅＲ＋、

(ii）Thereexistsacontinuousfimctio川:Ｒ＋→Ｒ＋ａｎｄα＞Osuchthatタ

リノ(t,u)二丁(t)＋qupfbrevery(t,u)ｅＲ＋×Ｒ＋

and 

ﾉ(雲抑(-ﾉ(‘

１
 

８
 

ａ
 
１
 

８
 
１
 

７
 ａｔ＜○○． 

ThePeanoexistencetheorem(Hartman(14,TheoremII21])showsthat 
anySolutiontoA(t)＝Ｗｔ,ＩＣ(t))ｗｉｔＭ(O)＝Z/ｏｎ[０，Ｔ)canbeextendedto 
[０，｡｡),whichwedenotebWIc(tlZ/)Ｉntheterminologyofcapitaltheory,Ａ(tl 
Z/)isａ``pureaccumulationpath，'・SinceUj(t,．）isincreasing,thissolutionis
unique(Hartman[14,Corollarym63])ItfOllowsthatM(t)二妙(t,AC(t)）
witM(0)＝Z/,theＭ(t)≦１１６(tly)(seeHartman[14,Theoremm41])Ｌｅｔ 
α(t)＝max{ん(tlZ/)、'(t)＋α/c(tlZ/)p}ItfOllowsthaM(t)ｅｒ(Ｍ(t))ａｅ
ｔｅＲ＋impliesmax{'ん(t)|,'ん(t)|｝≦α(t)ａＭＥＲ＋

Definetheweightfimction,β，ｂｙ 

exp(-ル,(3)｡s）
/Q(t)＝ 

1＋α(t)ｐ 

Notethatpisdeterminedexclusivelybytheproductiontechnology・since
/oispositive1continuousandLebesgueintegrableonR＋，ｔｈｅmeasure〃ｐ
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definedby(23)isacomplete,nonatomic,finite,regularBorelmeasureBy 
thecondition(ii),ｗｅｈａｖｅ 

岬(-ﾉ(‘ 7仁皿鬮）ﾉ(~α("p(Mニノ(￣ ｡ｔ＜○○ 

and,hence,ａＥＬｐ(R+ル）ＣＬ１(R+仰)．Notealsothat7belongsto
L1(R+仲)inviewof7≦qTherefOre,everylocallyabsolutelycontinuous
functioM:Ｒ＋-→Ｒ＋thatisasolutionto(25)issuchthaMandAcarein 
Lp(R+,此)Foreverysolution(z,A)ｔｏ(24),ｗｅｈａｖｅ

|z(t)'二(7(t)＋Ｍ(t)p)＋6(t)ん(t)＋|ﾉ１０(t)'二３α(t）ＭｔｅＲ+，

and,hence,ｚｅＬ１(R+仰).Thissuggeststhatthesuitableselectionforthe
admissiblesetisasubsetofL1(R+ル）

sTASRepresentationo丘RecursiveUtility

３ユRecursivePre化renceOrderings

lnthissectionwei､vestigatetheTASrepresentabilityofageneralfbrmof 

recursiveutilityfimctionalsthatpermitsnonexponentialvariablediscount 

factorsAnessentialfeatureofrecursivｅｕｔｉｌｉｔｙｉｓｔｈａｔｔｈｅｒａｔｅｏｆｔｉｍｅ 
ｐｒｅferenceisendogenizedinitsstructure，RecursiveutilitywasfOrmulatedby 

Koopmans[16]inadiscretetimeframeworkltwasUzawa[25]whoextended 
theKoopmansdiscretetimeconceptofrecursiveutilitytocontinuoustime 

Epstein[7]axiomatizeda"generatingfUnction，',bywhichrecursiveutility 
fimctionalsareobtainedasasｏｌｕｔｉｏｎｏｆａｎＯＤＥ､Theexistenceofoptimal 

pathsinconvexgrowthmodelswithrecursiveutilitywasinvestigatedby 

BeckeretaL[1]andtheexistenceofthoseinnonconvexgrowthmodelswith 
recursiveutilitybySagara[211 

LetpbeaLebesgueintegrablecontinuousfimctiononR＋withpositive 

valuesanddefinethemeasure此ｂｙ(23)．Supposethatthechoicespace
〃isasubsetoM,(R+仰;Ｗ)ｗｉｔｈ’三ｐ＜ＣＯ,buttheadmissibilityof
〃isnolongerrequiredinthesequeLAnintegralfimctionalIisgivenbya
recursiveutilityfimctionalofthefOrm： 

r(z１－〃M川F(#心M(鐵)肱)］ （３１） ｆＯｒＺｅ〃．clt 

Here，ＬａｎｄｇａｒｅＪＺ×〃n-measurablefimctionsonR＋×RnandFisa

LebesguemeasurablefimctiononR+×RArecursivepreferenceordering元
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ｏｎ〃isdefinedby：

勿乞Z/＜望>Ｉ(z)三Ｉ(")．（32）

TheintegralfimctionalfOrmofrecursiveutility(31)isverygeneraLA 
typicalcaseineconomicapplicationsappearswhenLandgareautonomous 

andF(t,z)＝exp(-z),whichisthecasestudiedbyEpstein[7,8｝If,more-
over,Ｌ＝-1,ｔｈｅcaseisreducedtoEpsteinandHynes[９１Uzawa[25］ 
investigatedthecaseforF(t,z）＝exp(-z)ａｎｄ９(t,u)＝０(L(u))withan 
increasingfimctionO・Becausedynamicinconsistencystemsfromnonexpo-

nentialdiscountingasemphasizedbyStrotz[241,therecursiveutility(３１） 
caneasilyincorporatedynamicallyinconsistentbehaviorsofdecisionmakers． 

3.2TASRepresentationll 

Assumption3Ｌ（i）Ｌ(t,．）iscontinuousonWandL(.,u)isLebesgue 
measurableonR＋ｆｂｒｅｖｅｒｙｕｅＲ”． 

(ii）ThereexistsomeaeL1(R+,此)ａｎｄα＞Osuchthat

lL(t,u)'二α(t)＋αlulpfOrevery(t,u)ＥＲ＋×Ⅳ．

(iii）Ｆ(t,．）iscontinuousonRMteR＋andFhz)isLebesguemeasur-
ableonR＋ｆＯｒｅｖｅｒｙｚｅＲ． 

(iv)９(t,.）iscontinuousonR洞ａＭＥＲ＋and,(.,u)isLebesguemeasur-
ableonR＋ｆＯｒｅｖｅｒｙｕｅＲｎ． 

(v)ThereexistssomeOELMR+A)suchthat 

lg(t,u)'二０(t）ａＭｅＲ＋fbreveryueW

and 

|FＭ ,伽)’ 三ｐ(t）ａ・ＭＥＲ+、

(vi）Ｌ(t,u)Ｆ(t,z)≦０Ｍ.ｔｅＲ＋fbrevery(Ｍ)ｅＲｎ×Ｒ 

ＡｓｐｒｏｖｅｄｉｎＬｅｍｍａ３､１，therecursiveutilityfUnctionalIisuppersemi-
continuousonzintheLp-normtopologyunderAssumption31・Moreover，

(〃,元)definedby(32)satisfiesdiSjointindependence(Axiom22)anddis-
jointadditivity(Axiom25)whenever〃isadmissible

AssumptionM．（i）Ｌ(t,u)二ＯａＭＥＲ＋fbreverWEW．
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(ii）Ｆ(t,z)=ＯＭｔｅＲ＋fOreveryzeRandF(t,．）isdecreasingonR 
a・ｅｔｅＲ＋、

(iii）Ｌ(t,.)Ｆ(t,.）isconcaveonW×Ｒａｅ､ｔｅＲ+・

(iv）９(t,．）isconcaveonWaMER十

AsdemonstratedinTheorem32,Ｉｉｓｃｏｎｃａｖｅｏｎ〃underAssumption

32whenever〃isconvexThus,(〃,元)satisfiesconvexity(Axiom28)．

Theorem3・ＬＬｅｔＩ：〃→R6eq7wecuMueutjlitZ/九MjonCLJdc(/ｍｅｄｂ１／

(３１)〃〃jsclosedmt/,eLp-normtopolo9Z/(MAssumPtjoM1Zssqtjs(/ied，
t/ｌｅｎｔ/ZemeezjstsqnZ×’一meqsumルノｉＭｊｏｎｆＲ＋×Ｒｎ一ＲＵ{-｡｡｝

ｓＱｔＷ叩I(z)＝｣F゜八t,z(t)γ(t)`ＭＭＥ〃肌t川e/MCM叩properties：

（i）′(t,．）ｉｓ叩PersemjcwLt伽ｏｕｓｏｎＲ”α・ＭＥＲ＋〔Ｍ（,U）jS
Le6esgue77zeqsum肱ｏ７ＤＲ＋/breue7VueRD．

（ii）Ｔ/Ze花ezjstsomcaeL1(R+,此)〔Ｍβ三Osuchthqt

八t,u)≦α(t)＋ｃｌｕｌｐｑＭｅＲ＋/breuerZ/ＤＥＮ

M…UeT,Ｗｉ…otheri"te川`ＭｈＩ＝ﾉFogpdt伽tsq耐est/Zeco〃
(巾jtiio〃(ihi血"jオハ９(t’0)＝Ｏ仏ＭＥＲ+，ｔｈｅγ↓′(t,.）＝,(t,.）ｏＬＧｔｅＲ＋
凡rthe7wDo7℃，が〃ｊｓｃｌｏｓｅｄｊ７Ｍ/ｕｅｕﾉeqAtopoJo〃ｑｆ〃ｑ７ＤｄｃｏｍﾉalMM

AsswzPtionMjssqtMed,t/､e〃′(t,.)jMconcqUe〃ｅ９ｍｎｄｑｃｔｅＲ十

ContrarytoTheorem21,localsensitivity(Axiom23)andlocalsub-
stitutability(Axiom24)neednotbefUlfilledfbrtherecursivepreference 
ordering（32）ｔｏobtainaTASrepresentationbymeansofTheorem3L 
Thisobservationsuggeststhatonlystrongcontinuity(Axiom21),diSjoint 
independence(Axiom22)anddiSjointadditivity(Axiom25)arepossibly 
suHicientfOrobtaini､gaTASrepresentationinTheorem21・

Theorem3､ldemonstratesthatrecursiveutilityrepresentationscanbe 

reducedtoTASutilityrepresentationsanditleadstothesignificantimpli-

cationfromthepointofviewofapplicationsthatindynamicoptimization 

problems，simpleeconometrictestscannotdistinguishtheshapeofthedis-

countfUnctionFWiig(Ｍ(8))｡s)ofadecisionmaker,thatis,whetherthe 
decisionmaker，sdiscountfimctiondependsonthewholehistoryoftrajec-

toriesornotltiswellknownfromStrotz[24]thattime-varyingdiscount 
factorsmayleadtotime-inconsistentoptilnaldecisions，Thus，ｉｔｉｓｉｍｐｏｓ－ 

ｓｉｂｌｅｔｏｄｅｔｅｒｍｉｎｅｉｆｔｈedecisionmakerisadynamicallyconsistentora 

dynamicallyinconsistentoptimizer． 
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ContinuityoftheRecursiveUtilitｙ 

Ｌｅｍｍａ３､１．〃Assumptionalissqtia/Ｍ,ｔ/uenns叩persemdcont伽ous

on〃伽ｔ/leLp-no7wztopolo〃、

月CQ/:TheargumentisbasedonSagara[22]Itiseasytoverifythatbythe
growthconditions(ii)ａｎｄ(v)ofAssumption31,ｗｅhave： 

(ﾑﾉ1,Ｍ鰯'１曲)’L(t,ｚに))Ｆ 三(α(t)＋α|z(t)|pγ(t）（33）

ｆＯｒｅｖｅｒｙｚＥ〃ａ・ｅｔｅＲ＋andtheright-handsideoftheinequality

(33）isLebesgueintegrableoverR＋ｆＯｒｅｖｅｒｙｚｅ〃・Thus,Iiswell

definedDefinetheNemytskiioperatorT：〃(R+Ⅲ;Ｗ）－→Ｌ１(R+ル）
ｂｙ(、)(t)＝Ｌ(t,〃(t))Bythecondition(ii)ofAssumption31,thereexist
someaeL1(R+仇)andα＞Osuchthatl(Tz)(t)'三α(t)＋αに(t)|pfbrevery
zeLp(R+仰;Ｒｎ)ａｎｄｔＥＲ+・Thus,ＴｚｅＬ１(R+ル)iswelldefinedfor
everyze〃(R+ル;Ｒｎ).since此isnonatomicbecauseofthenonatomicity
oftheLebesguemeasureandLisaCarath6odoryfimction,itfOllowsthatT 

isboundedandContinuous(seeKrasnoserskii[19,Theorem21])． 
DefinethefimctionRonR＋×Ｌｐ(R+仰;Ｗ)ｂｙ

Ⅱ ,(M⑥)巾）R(t,z)＝Ｆ 

WeshowthatRisaCarath6odoryfUnction,thatis,Ｒ(t,．）iscontinuous 

onLp(R+仰;Ｒｎ)ＭｔｅＲ＋andＲ(.,z)isLebesguemeasurableonR＋for
everyzE〃(R+仰;Ｒｎ)NotefirstthatFisaCarath6odoryfUnctionbythe
condition(iii)ofAssumption31and,hence,itisjointlymeasurableonR+× 
Ｒ(seeFonescaandLeoni[11,Theorem634DThus,themeasurabilityof 
R(.,z)fOreveryze〃(R+仲;Ｗ)isimmediateLet{虹し}beaconvergent
sequenceinD(R+仰;Ｗ)tosomMThen,{ｴﾚ}hasasubsequence(which
wedonotrelabel)suchthatz〃(t)→ｚ(t)〃ａＭｅＲ＋SincetheLebesgue
measureisabsolutelycontinuouswithrespectto/uｐｂｙｔｈｅｐositivityofp， 
wehavemし(t)→ｚ(t)ａｅｔｅＲ＋Sincel9(Ｍ'(t))'二０(t)ＭｔｅＲ＋fOr
eacMandg(t,z"(t))→ｇ(t,z(t))ａＭｅＲ＋bytheconditions(iv)ａｎｄ(v） 
ofAssumption3,１，ｗｅhave： 

隅ﾉ｢，Ｍ,ルノ(`,(Mい))`MMmy#eR＋
bytheLebesguedominatedconvergencetheorem，TherefOre,ｗｅhave： 

ＦＭ,剛鬮１１曲)-ＦＭ,(M(櫛)池） a・ｅｔＥＲ＋、lim 
〃一○○
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TherefOre,Ｒ(t,.）iscontinuousaeteR+、
Definetheoperator,Ｕ〃→Ｌ１(R+),ｂｙ

（叱胖LM`)'ＦＭ,(M(獄'１曲）
Ｂｙ(33),mcisintegrableoverR＋fOreveryrE〃andbythecondition
(vi)ofAssumption31,Ｕｕ三OfOreverWe〃Let{〃し｝beaconvergent
sequencein〃tosomeZe〃・Sincenr"→TzinL1(R+仲),thesequence
{Tz"｝hasasubsequence(whichwedonotrelabel)suchthat(Ｔｍし)(t)→
(Tm)(t)ルーＭｔｅＲ+,and,hence,(Ｔ２’し)(t)→(Ｔｚ)(t)ＭｔｅＲ+Since
(Ｗ')(t)＝(T〃し)(t)Ｒ(t,z")fbreachDand(Ｗ')(t)→(⑩z)(t)ａｅｔｅＲ+，
Fatou，ｓｌｅｍｍａｉｍｐｌｉｅｓ： 

１ＷI(f'ニノｒｗ(w川臺ﾉr(ｈ１Ｉ城ｺﾞ(迦〕
Therefbre,Iisuppersemicontinuousｏｎ〃． □ 

ConcavityoftheRecursiveUtility 

Ｌｅｍｍａａ２．Ｓ叩poset/Lａｔ〃ｉｓco7wezIMssumptjo7z32ZssqtjS/Ｍ,t/Ben
IjSCOnCD7ﾉｅＯ７Ｕ〃．

P’Ｄｑ/:Letzo,z1e〃ａｎｄ入Ｅ[0,1]bearbitraryDefinethefimctionsoｎ

Ｒ+byzo(t)＝ﾉii9(Ｍｏ(s))αsandz,(t)＝ﾉiig(Ｍ１(s))daltfOllowsfrom 
Assumption32that： 

い,に)+(1-入'露ⅢＦＭ,(‘ん,仁)+(1-入'鰯化)沖）
二Ｌ(t,Ｍｏ(t)＋(１－入)Ｚ,(t))Ｆ(軌Zo(t)＋(１－小,(t)）

三Ｍ(t,､o(t))Ｆ(t,zo(t))＋(１－入)L(t,z,(t))Ｆ(t,z,(t))，

ａＭｅＲ+,wherethesecondlineusestheconditions(i),（ii)ａｎｄ(iv)of 
Assumption32andthethirdlineemploysthecondition(iii)ofAssumption 
32TherefOre,integratingthisinequalityyieldsI(Ｍｏ＋(１－入)z,)二Ｍ(zo)＋
(１－入)I(z,)． □ 

ProofofTheoremal 

Defineの:Ｌｐ(R+ル;Ｗ)×｣Ｚ→ＲＵ{-｡｡}by：

①'z腓(Ltl:M勝''FM，'M⑤肱川…otherwise． 
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Sinceの(.,Ｒ+)isuppersemicontinuousontheclosedset〃intheLp-norm

topologybyLemma31,itfOllowsthat①(.,Ｒ+）isuppersemicontinuous 
onLp(R+仰;Ｒ")byconstructionNotethatのiscountablyadditiveand
local,andsatisfies①(０，Ａ）＝OfOreveryAe-Z・Thus,①satisfiesthe

conditionsoftherepIesentationtheorembyButtazzoandDalMaso[3](see 
alsotheproofofTheorem21)．TherefOre,thereexistsanormalintegrand 
(-ハＲ＋×Ｗ→ＲＵ{+ＣＯ}withthefbllowingproperties：

(a)ThereexistsomeaeL1(R+ル)ａｎｄβ三Osuchthat

八t,u)≦α(t)＋ＢｌＵｌｐ此-Ｍ.ｔＥＲ＋fOreveryueM

(b)の(z,A)＝ムブ(t,z(t))コル(t)fOreveryzeLp(R+仰iR")andAeZ・

Thus,theconditions(i)and(ii)ofthetheoremareestablishedThecondition 

(b)impliesthatI(z)＝ﾉｉｆ｡'(t,z(t)ﾙ(t)dtfbreveryze〃Theargument
fbrtheuniquenessoftheinteｇｒａｎｄｉｓｓａｍｅａｓｔｈｅｐｒｏｏｆｏｆＴｈｅｏｒｅｍ2.1． 

sinceの(.,Ｒ+)isconcaveanduppersemicontinuousontheBanachspace
Lp(R+ル;Ｒｎ)byLemmas31and32,itisalsoweaklyuppersemicontinuous
onLp(R+仰;Ｒｎ)(seeFonescaandLeoni[11,Proposition426])JTomthe
representationtheorembyButtazzoandDalMaso[31,itfOllowsthat八t,.）
isconcaveonRvza.e，ｔＥＲ＋・ □ 

４ＣｏｎｃｌｕｄｉｎｇＲｅｍａｒｋｓ 

lnthispaper，aTASrepresentationofpreferenceorderingswithaninfinite 

horizonincontinuoustimehasbeenformulatedunderadifIerentsystem 

ofaxiomswiththatofKoopmans[l8IInparticular,thispaperhasnot 
imposedthecontinuoustimeanalogueofhisaxioms,K-monotonicity(Axiom 
26)ａｎｄstationarity(Axiom27),whichjointlyimplythetime-invariance 
ofpreferenceorderingsandplayanimportantrolefbrdeterminingdiscount 
ratesendogenouslyintheKoopmansargument， 

Theuniquediscountfimctionderivedinthispaperisnotdetermined 

axiomatically,butjustaconsequenceoftheabsolutecontinuityoftheun-

derlyingmeasure・Thus，itisdesirabletoobtainacorrespondingTASrep-

resentationincontinuoustime,hopefilllyunderthesametopologicalsetting 

onachoicespace(L･゜withtheesMupnorm),whichmightmakeadirect
comparisonpossiblebetweentheaxiomsincontinuoustimeandthosein 
discreteｔｉｍｅ． 
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