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NEGATIVE INCOME TAX, THE LABOR
SUPPLY EFFECT, AND A DEPARTURE
FROM MARGINAL COST PRICING

By Koichi Miyazaki*’

We analyze social optimality of marginal cost pricing equilib-
ria under simplifying assumptions of two goods and two
classes, workers and capitalists. The possible loss of the pub-
lic sector is financed by taxation on profits. The negative in-
come tax scheme is superimposed on this. Leisure, as well as
the two goods, are assumed to enter in the workers’ utility
function. In such a model, if a change in the level of produc-
tion of the public sector has a non-negligible effect on the total
supply of labor, a departure from the Bonnisseau-Cornet

marginal cost pricing equilibrium can bhe socially optimal.

Recently, Bonnisseau and Cornet (1990) proved the existence

of marginal cost pricing equilibria in a general framework. The

marginal cost pricing equilibria in their paper are those which are

optimal only in the sense of Pareto.

In this paper, we will construct a simplified two-good, two-

class model of the Bonnisscau-Cornet many-good, many-con-

sumer model, and consider social optimality of the marginal cost

*)  The author is indebted to Professor T. [noue of Hosei University for
stimulation and to Professor W. Baumol of New York University for
encouragement. lle is also grateful to Professors K. Iwata and N.
Yoshino for very valuable comments on an carlier paper at a work-
shop at the 1. C. 5. R, Any remaining errors are the responsibility of
the author.
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pricing equilibrium. Our model in this paper assumes redistribu-
tion of income between the two classes, the capitalists and the
workers, as well as the taxation on the profits for the subsidy for
the possible loss of the public sector.

It 1s assumed that the product of the public sector is of differ-
ent nature from that of the so-called pure and impure public
goods. This means that any indivisual consumer can be excluded
from the consumption of the product of the public sector when he
(or she) does not pay the cost of the quantity of the product he
consumes. We will call the product of the public sector simply
“Good 1.”

In such a model, we will show that the marginal cost pricing
equilibrium can be non-optimal, and that social optimality is at-
tained by a different “quasi-" marginal cost pricing equilibrium.
The crucial assumptions for the social non-optimality of the Bon-
nisscau-Cornet cquilibrium and the optimality of the other
quasi-marginal cost pricing equilibrium are (i) that there is the
income-redistribution scheme, and (ii) that the public sector oc-
cupies a non-negligible share in the total demand for labor so that
a change in the level of production of the public good has a
non-negligible effect on the total labor supply determined at the
labor market.

We will show that social optimality in our model with the in-
come-redistribution requires Good 1 to be priced a little lower
than its marginal cost when a change in the level of production of
the Good 1 has a non-negligible positive effect on the total supply
of labor through its effect on the market real wage-rate.

The quasi-marginal cost in our model will be defined as the
sum of the Bonnisseau-Cornet marginal cost? and a term which
depends on, and is of the opposite sign to that of, the change in
the total supply of labor caused by a change in the level of pro-
duction of Good 1 in consideration through its effect on the market

wage-rate.
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Bonnisseau-Cornet (1990)? are concerned with the existence of
marginal cost pricing equilibria which follow the marginal cost
pricing ‘rule’ -a rule which requires that the prices of commodi-
ties are to be set equal to the marginal costs.

A case of the model considered in this paper will provide an
explicit account of social optimality of the marginal cost pricing
which Wiseman (1957)” pointed out to have been missed.?

In Section 1, we will make basie assumptions. In Section 2, we
will analyze subjective optimizations (or constrained utility-
maximization) of the workers and the capitalists, and the ‘repre-
sentative consumer’ will be defined for the analysis of social opti-
mality of marginal cost pricing. In Section 3, we will clarify the
general market-equilibrium conditions of the economy as a whole,
and formulate the market adjustment process in which the general
market equilibrium is attained.

The ‘quasi-' marginal cost pricing will be defined in Section
5. There will be defined the ‘consumption possibility frontier,’
which illustrates the trade-off relationship between the technologi-
cally feasible quantities consumed of Good 1 and Good 2.

In Section 6, the market equilibrium demand function for
Good 1 will be defined, and its monotonely decreasing property
will be proved.

I"inally in Section 7, the necessary condition for the socially
optimal level of the price of Good 1 will be clarified, and the social

optimality of the quasi-marginal cost pricing will be proved.
1. Assumptions

In our model, uncertainty is neglected. Commodities and fac-
tors of production are assumed to be perfectly divisible. We will
assume that aggregation of all consumers is possible. Our analy-
sis will use the Gorman condition concerning marginal propensi-
ties to consume. (See Gorman (1953).)
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We assume that there are two commodities, Good 1 and Good
2 which are produced respeetively by the public and the private
seclors.

Along with Goods 1 and 2, leisure is also taken in considera-
tion of the utility functions.

Two primary factors are assumed to exist, capital and labor,
the capital being held constant in both the sectors since we con-
sider only statical equilibria.

Good 1 1s produced by the public sector which is supervised by
the government, its production function being described as x,=
F,(l.,, m), where 1., denotes labor employed in the sector and m
the input of Good 2 used in the public sector.® The production
function for Good 2 is described as x,= I',(1L,), and Good 2 is pro-
duced by the private sector which operates perfectly competitively
(in the sense that it is a price-taker at each market, as assumed in
the neoclassical two-sector growth model in Uzawa (1961)).9

Good 1 is assumed to be a consumption good, but it does not
of course comprise all consumption goods. The remaining con-
sumption goods are included in Good 2 which is regarded as an
aggregative concept which comprises all produets produced in the
private sector under perfect competition.

A part of Good 2 is assumed to be used as an input in the pro-
duction of Good 1.7

I'or simplicity, Good 1 is assumed to be a pure consumption
good. Correspondingly, Good 1 is assumed not to be demanded as
an input by the private sector.

We assume that decreasing returns (or inercasing cost) pre-
vail in the private scctor, so that we assume Fy(L,) > 0 and I}
(Lz)< 0for all L, > 0. Meanwhile, the publie sector may be under
increasing returns all over, or over some parts of, the domain of
its production function.

We assume that the capitalists absorb all profits or losses,

and that the workers earn the total wage.? The capitalists absorb
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a loss of the public sector in the sense that they transfer a part of
their profit income which is earned at the private scctor to the
public sector when it incurred a loss. The transfer is assumed to
be implemented by the taxation by the government on the capital-
ists’ profits, with which the government subsidizes the public
sector.”

The workers’ utility function is denoted by U, (%, X, L),
where x,., vi., and [, denote the workers' consumption of Good 1,
Good 2, and their demand for leisure.

Similarly, the capitalists’ utility function is denoted by U.(x,.
x5, L) where x%, x5, I denote the consumption of Good 1 and
Good 2, and their leisure.

The utility functions are assumed to be quasi-concave,
twice-differentiable, and to fulfil other ordinary assumptions.

We assume that the workers and the capitalists maximize
their respective utility subject to their income and the market
prices p, and p, (p, is written simply as p and p, is lixed to equal
unity as the price of the numeraire) and the market wage-rate w.

The markets of labor and Good 2 are assumed to be perfectly
competitive in the sense that both the demanders and suppliers at
these markets are price takers. Walrasian auctioneers are as-
sumed to function at the markets.

Finally, the production function of the first sector I,(L,, m)
is assumed to be quasi-concave, and the production set of the first
sector A (CR?) is assumed to be closed and to have the property
of free disposal with respect to the input vector (L,, m). The pro-
duction functions, I*,(L,, m) and I,(/.,) are assumed twice con-
tinuously differentiable.

tiven cach level of output x,, the first sector is assumed to
minimize cost of producing it, subject to the input price vector (w,
po)=(w, 1), where w denotes the market wage-rate in terms of
Good 2 and p,= 1 the fixed unitary price of Good 2 as another in-
put for the production of Good 1.
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We denote by L (x,; w) and m(x,;; w) the elements of the
cost-minimizing input vectors (1, m) at the given (x; w). It is
assumed that these are uniquely determined for any (x,; w) > 0,
that the functions L., and m are differentiable with respect both to
x; and w and that

(1-1) oL (x; w)/dx,Z20and dm(x,; w)/0x,20

for all (x,; w) > 0.

We assume that the adjustment for the equilibrium wage-rate
is instantancously completed. The auctioneer at the labor market
cquilibrates by the tatonnement wage-rate adjustment process at
infinite speed, so that we assume that the labor market is always
in equilibrium for any given level of production of Good 1. The
market equilibrium level of production of Good 2 is determined
consequently by the market wage-rate.

Provided that the labor market is always in equilibrium, the
Walras law implies that the market of Good 1 is equilibrated si-
multaneously with that of Good 2.

The demand and supply of Good 1 is assumed to be equili-
brated in one of the following two alternative market adjustment
processes. (1) The Walrasian price adjustment: At each level of
production and each level of the price of Good 1, if the demand ex-
ceeds (falls short of) the supply of Good 1, the price is raised
(lowered) by the auctioneer at the market of Good 1;(2) The Key-
nesian quantity adjustment: At each level of production and at
each level of the price of Good 1, if the demand exceeds (falls
short of ) the supply of Good 1, the quantity produced of Good 1 is
increased (decreased).

We assume that both of these alternative market adjustment
processes are tatonnement processes, or market adjustment pro-
cesses before actual transactions are made (Arrow and Hahn
(1971)).1m

The workers as a whole and the capitalists as a whole are as-
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sumed to own fixed initial endowments of available time, H;, j =
w, c¢. It is assumed that the workers may sell a part, say L, of 11,
as labor at the labor market. For simplicity, the capitalists are
assumed not to sell any part of ..

We also assume that the capitalists do not supply any part of
their available time at the labor market, and that they do not di-
rectly demand leisure for their own consumption (services such as
barbers are classified into the private good or Good 2)."?

We denote by /| and 1/, the profits from the two sectors. It is
assumed that the profits from the two secctors, or I/, and //,,
entirely accrue to the capitalists.

11, may be negative, and if it is so, the absolute value of /7,
equals the tax on the profit from the second sector levied by the
government which subsidizes the first sector with the same
amount (in short, the transfer from the capitalists to the first
sector). If I, is zero or positive, it signifies the ordinary profit
distributed from the first sector to the capitalists.

[t is convenient for our analysis below to define the income
before the payment of I7, hetween the first sector and the capital-

ists, which we will call the capitalists’ basic income, denoted by
I

(1-2) I.=11,

It is assumed that /. is always as large as sufficient to cover
the loss of the first sector.

Now, we assume that the utility functions of the two classes
arc of the forms such that aggregation is possible in the Gorman
sense: or such that there can be a representative consumer of the
goods (excluding leisure) which is consistent with the utility

functions of the two classes. 'This means that we assume
— b , b,y b
(1-3) U = xy; ()™

for j = w, ¢, where b, > 0 are constants, j =w, ¢, k=1, 2, 3, b, +



30
bp~bs=1, and
(1-4) Dun/buz2= 0o /b

The income-redistribution we formulate is based on the idea
of the positive and negative income taxes. We consider income-
redistribution between the aggregate capitalists and the aggregate
workers, so that we do not consider any income-redistribution
among intra-class groups of different income levels.

The income-redistribution is based on the idea of social wel-
fare concerning the utility level of the aggregate workers, U, so
that the positive and negative income tax scheme is formulated on
the welfare consideration that the tax on the wage-income has to
be such that it stabilizes the level of the workers’ real income Y,
which is a cardinal indicator of their level of utility,

If there were not for the income-redistribution, the workers’

utility-maximization problem can be written

(1-5) Max. U, = a7 (a0 12

sub.to  pautrxntwl . 2Y, =wll,.

so that the maximum aitainable level of utility of the workers cor-
responds to the level of their income Y.

As w changes, the workers’ utility U, also changes in the
same direction. I'or the welfare purpose, the government tries to
stabilize the change in U, by the negative income tax.

Though we do not consider a spectrum of various groups of
workers with various levels of income, we here adopt the idea of
negative income tax as follows. If the workers’ total wage Y, is
greater (smaller) than a certain aggregate ‘break-even’ level, BB
(a constant), then the government taxes the workers (the capital-
ists) and transfers thus levied tax revenue entirely to the capital-
ists (the workers).

In the case where the capitalists transfer income to the

workers (or Y, < I3), the workers are regarded to be poor enough
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to be provided welfare benefit of various forms from the capitalists
through the government’s institutions of income transfer.

The aggregate break-even wage-bill BB is assumed to be deter-
mined exogenously from welfare consideration, and so to be a
constant.

We assume that the aggregate break-even wage-income is so
high that the income transfer is ordinarily made from the capital-
ists to the workers. The transfer is made in the opposite direction
only in the case of an exceptionally high real wage-rate.”

We formulate the positive and negative wage-income tax
scheme as follows.

(1-6) T=g(B-Y,)= T(w),
(1-7) n=Y_ +T()=n(w) >0 and n" (w) =20 forallw > 0,

where g is a constant, g > 0, T denotes the transfer from the

’

capitalists 1o the workers, and n the workers’ income after the
transfer.
By (1-6) and (1-7), it follows that 0 < g £ 1, and n(w) is of

the form
(1-8) n(w) = n®+vY,

where n’=gB, v =1-gand 0 sv < 1.¥
Correspondingly, the capitalists’ income after this income
transfer equals

(1-9) y.=Y. - Tw)

The workers’ utility-maximization problem in the presence of

the income-redistribution scheme is writien

(1-10) [Problem 1] Max. U,

sub. to  px.. -+ xa. +wl. Sn(w)
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2, Subjective Optimizations and the Representative
Consumer

The necessary conditions for the solution of Problem 1 are

written
(2-1) boxy () I —gp=0
(2-2) bua X (X5 1L =q =0
(2-3) Do (x5 I ' —qu=0

where g denotes the Lagrange multiplier for the budget con-
straint. Multiplying (2-1), (2-2), and (2-3) respectively by x,.,

1., and [, we have

(2—4) b X (x5 10 = gpxi. =0
(2-5) BuaXe (x5 L = qx3, =0
(2-6) by (30" 0 = qul. =0

Summing (2-4), (2-5), and (2—6) through, we have
(2-7) (sl = gn(w) =0

owing to the linear homogeniety of U.,.

ltence,

(2-8) q =0 () 1 in(w)
By (2—4), (2-5), (2-6), and (2-8), we have

(2--9) xtho=ban(w)/p

(2~10) oo =boan(w)

(2-11) 12 =b.,n(w)/w
where xt., X35, and {3 denote the workers’ demand for Goods 1 and
2 and that for leisure. The sufficient condition for maximization is

ensured if we assume that p and w are positive.
By (1--7) and (2-11) we have
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(2-12) 3= bun(w)/w
=ha(n®+vY., )/ w

=0 ((n0/w)+ull,)

It follows that the workers’ optimal total supply of labor, L =
H.— 3= (1 = vb.,) 1.~ (b.yn®/w), so that we have

(2-13) L' (w)>0
Now we define the following ‘sub’ problem for the workers.

(2-14) [Problem 2] Max. xf (vt )"

sub. o pXiet X LY.
where d,= b, /(be +bas), 1 =1, 2, and
(2—15) o= wWLQw) + T(w)

where y,, denotes the workers’ real disposable income after buying
back leisure in terms of Good 1.

The necessary conditions for the solution of Problem 2 are

(2-16) dxi T (a ) —rp=0
(2-17) dxt (X)) '=r=0

where » is the Lagrange multiplier for the budget constraint for
the goods.

By the similar calculation used in deriving the three demand
functions, (2-9), (2-10), and (2—11) from the three conditions
(2--4), (2-5), and (2-6), we have

(2—-18) el =dyo/p
(2-19) 0= dyy,
where xt} and x5t* denote the quantitics demanded by the workers
of Good 1 and Good 2 when the workers are confronted with
Problem 2 in (2—14).
By the definitions of n(w) and y, in (1-7) and (2-15), we have
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(2--20) ¥.= n(w)-wl.!

By the workers’ demand function of leisure in (2-12), (2-10)
implies
(2-21) o= (nC-vwll,) = b, (n°+ wwll,)

= (b, + b)) (ntuwll,)
so that, by d, = b./(be: +ba), =1, 2, we have
(2—-22) dy.=b.nw), i=1,2

It follows that the workers’ demands for Goods 1 and 2 in (2-18)
and (2—-19) when confronted with Problem 2 are verified to equal
the workers’ demand for the goods in (2-9) and (2—10) when they
are confronted with the imtial Problem 1 1in (1-10). That is,

(2-23) ot =a, = b n(w)p

(2-24) Xt = = bnw)

The capitalists’ utility-maximization problem is writien'®
(2--25) [Problem 3] Max. U, =(x\)(x3. Y112
sub. to PXie b X S Y.

where

(2-26) Y= (1 +1) - T(w)
By (1—-4) and (2—14), we have

(2-27) di/dy=b../bas

it is easy 1o verify that the marginal propensities to consume Good
1 and Good 2 from y, and y., are constants and the same between
the workers (as confronted with Problem 2) and the capitalists (as
confronted with Problem 3). By Gorman (1953), the utility func-
tions of the workers for the subproblem (or Problem 2) and the

capitalists for Problem 3 can be aggregated into one ‘community’
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utility function for the goods, and the total of the workers’ and the
capitalists’ demand for Goods 1 and 2 (which are respectively de-
rived from the classwise utility maximizations in Problems 2 and
3) can be regarded as the representative consumer’s demand
functions for the goods which are generated from the maximiza-
tion of the aggregated utility function subject to the price vector
(p, 1) and the total income which equals the sum of the classwise

incomes, y, and y., which is written by (2-15) and (2-26),
(2—28) Yoty .= whw) + (I + 1)

We will denote the utility function of the representative con-
sumer for the goods by U(x,, x3§), where a,=x, +x,. and
X = X+ X

Then, U has all the regular properties for the well-behaved
utility function.

We denote by y the total income of the representative con-
sumer. Then, by y = y,.+ y. and (2-28), we have

(2-29) y = wh(w) + (H,+ 11,)

Suppose the workers and the capitalists respectively are con-
fronted with Problem 1 in (1--10) and Problem 3 in (2-25). Then,
by (2-23) and (2-24), the resulting demand functions of the work-
ers for the goods always coincide with those generated when con-
fronted with Problem 2 in (2—-14).

Of course, it follows that the demand functions for the goods
of the workers and the capitalists confronted with Problems 1 and
3 equal those generated when confronted with Problems 2 and 3.

It is convenient for our analysis below to define the income of
the representative consumer for the goods before the payment of
11, between the first seclor and the representative consumer,

which we will eall the basic income, denoted by 1.

(2—30) I =wl(w) + 1, =wlL+ (wL,+ 11,y =y - 1],
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In the case where the first sector incurs a loss, / denotes the
income before tax of the representative consumer, since we can
then write I =y + /1,1, where 11/,] represents the amount of the
tax which the consumer pays to the government. In this deficit
case, therefore, y denotes the disposable income all of which the
represeniataive consumer can spend for consumption. This is also

the case when the first sector earns non-negative profit.
3. The General Market Equilibrium Conditions

We denote by C* the total cost of production at the first sector.

(See footnote 5 for further detail.)
(3-1) C=wl,+m

where m is the sum of the material cost, (7, the fixed and variable
deprecation, D, D, (footnote 5).

Hence, we have
(3-2) 1= px,— C'=px,— (wlL,+ m)

The total cost of production of the second sector is defined to
equal wl,, since x, is defined to represent the net output of the
second scctor after subtracting the depreciation from the gross
total production of Good 2. (See footnote 6.)

lHence, we have
(3-3) 1,= x,—wl,.
By (2-29), (3-2), and (3-3), we have

(3-4) y = (wlh, +1) + (wh, + H,)
= (px, —m)r x,

=pxyt (X, - m) =pxtoxg

where x5 denotes the quantity consumed of Good 2.

By (2—-30) and (3—2), we also have
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(3-5)  y=1+(x,-CY)
The equilibrium condition for the labor market is written
(3--6) Li(x,; w) + Iy Y(w) = L(w)

where L,(x,; w) is the demand function for labor of the first sec-
tor, and F; ' (+) denotes the inverse function of the marginal
product function of labor at the second sector, I5(L,). So
F, ' (w) is the demand function for labor of the second sector. L
denotes the total supply of labor.'®

Given each level of x|, the markel equilibrium wage-rate is
uniquely determined as a function of the parameter x,, which we
denote by w(x,).

Since L,(x,; w)/dx, > 0 by assumption, the decreasing
property of both the functions L, and [ ' with respect to w im-
plies

(3-7) w=w(x,)
(3-8) w (x,)>0
The total cost of the first sector can be written

(3-9) C*=wlL,+m

= wh(x;; w) + m(x,; w)

Substituting (3—7) into (3-9), C* is scen to be a function of the

level of production of Good 1, or x,. We denote this function by
C*(x,)).

By (2—30) and (3—3), the basic income can be written

(3_10) l = UJ]_11+ Xy
=wh (x,; w) + I'y(L,)

Noting that L,=1% ! (w), we can further write

(3-11) I=whi(x; w)+ 15 7 (w))
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Substituting w = w(x ), we can regard / as a function of x,, which
we denote by I(xy).

By (3-5), we have
(3-12) y=HKaxy) + (pxy= C(xy))= y(xy, p)

Given the level of production of Good 1 (x,) and the price of
Good 1 (p), the consumer’s demand for Good 1 is equal to h,(p,
y) = h(p, y(x(, p)). The supply of Good 1 equals x,. Hence, the
market equilibrium condition for Good 1 is written

(3-13) hp, y(xy, p)) = x,.

4. The Market Adjustment Process

There can be two alternative formulations for the market ad-
justment process for Good 1. One is the adjustment by the price
and the other by the level of production. In this section, the former
will be considered.

The latter market adjustiment process will be considered in the
Appendix.

In the former type of market adjustment, we have to assume
that the government specifies an appropriate level of x, within the
range of all levels x, such that there is a market equilibrium so-
lution for p corresponding to each level of x,. IFor various levels of
x,, the market equilibrium price is determined as the function of
1y, which we denote by p(x,).

In this case we consider a stability in the sense that any
displacement of the price from the market cquilibrium level is
reduced to zero by the market forces of the excess demand and
supply.

Indeed, under the assumption that x| is fixed at any level such
that there is some p fulfilling (3—13), it may not be unnatural for

us to consider the following Walrasian price adjustment process.
} )
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(1-1) p=0h(p, y(x\, p)) —x,)

where b is a positive constant. The stability of this adjustment
process depends on the sign of the total derivative of h, with re-

spect to p, which is written

(1-2) (81 OP)evewss = (O M1t Py F (8 Iy 8 Y)pccon.
By the Slutsky equation

(1-3) (6 71/ 0P)sconn =N/ O PYoican. ¥ (B M1/ B Y)pecon Xa
we have

(1-4) (B h1/ OP)s cors. = (D h1/ 8 Ple-conn

where the right-hand side represents the slope of the compensated
demand function for Good 1.

15q. (4—=4) can be explained as follows: As p changes by dp,
the disposable income of the consumer changes by (dp)x, be-
cause, 1n the case of deficit, if p rises, the deficit of the first sector
i1s alleviated by (dp)x,, so that the tax which the consumer is
levied by the government to subsidize the sector is reduced by
(dp)x,. This increases the disposable income y by this amount. In
the case of non-negative profit, the profit increases by (dp)x,, by
which the disposable income is also increased.

As p changes, therefore, the consumer is always just compen-
sated so as to keep the real purchasing power of his disposable
income after the price change, in the sense that he could at least
continue to purchase the same consumption vector which he
demanded at the price before the change.

Since the compensated own price effect is always negative, it
follows that the above price adjustment process is always globally
stable.

I*urthermore, since we took such x, that there exists some p 2

0 which satisfies the market equilibrium condition (3—-13), we can
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rewrite the same adjustment process as
(4-9) p=bhip, Ut(x))) = xy),

where Ai(p, U*(x,)) represents the compensated demand function
for the utility level U*(x,)= U(x,, x$) which is attained at the
particular market cquilibrium consumption vector (x,, x§) corre-
sponding to the given x,.

hi(p, U'(x,)) can be also illustrated by the x,-coordinate of
such a point on the indifference curve corresponding to the partic-
ular level of utility U*(x;), that the absolute value of the tangency
of the indifference curve equals to the argument p of the function
hi(p, U*(x))) (Fig. 1).

The above defined function p(x,), which represents the market
equilibrium price for each fixed x,, is depicted as the tangency of
the particular indifference curve which intersects (or possibly
touches) the consumption possibility frontier at the consumption
vector (x, x$) whose x,-coordinate equals the given level of x,

5

U*(x)

X

IFig.1
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Xy

the c.p. f.
-

X,

Iig.2
(Fig. 2).

5. The Market Equilibrium Demand [function for
Good 1

In this section, we will prove that the function p(x,;) has its in-
verse function, which we denote by x,(p), and that the inverse
function x,(p) is monotonely decreasing.

We call this function x,(p) the “market equilibrium demand
function for Good 1.”

We will now prove the following

PROPOSITION I: There exists the inverse function x,(p) which is

monotonely decreasing over its domain.

Proof. By defining f(x,) by f(x,)= C*(x,) - I(x,), (3—12) implics
y(x,, p) = px,~ f(x,). Then the market cquilibrium condition
(3—-13) can be rewritien
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(5-1) h(p, px— f(x,)) = x,.
Substituting p = p(x,), we have the identity
(5-2) hi(p(xy), p(x)x,— f(x)) = xy,

over the domain of p(x,).
We take some x{ in the domain and denote po= p(x9). Then,
by (6—2), we have

(6-3) hi(p® poxi=—f(xD)) = x§

Take some x| such that p(x}) > p® and p(x}) belongs to the range
of p(x,). We denote p(x!) by p'. By Fig. 3, we will show that

(6—-4) h(py, p'xd— f(x9)) < x9

In Fig. 3, the point P, depicts the market cquilibrium points
for x,= 29, and Pj the point of the consumer’s optimal choice for

X
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the price-income combination (p', p'x{- f(x?)), at which the bud-
get lines By, and B touch the indifference curves U, and Uq,
respectively.

If we denote Py=(x), x3), the definition of ) implies that its

horizontal coordinate xj equals b (p', p'x?— f(x?)), so that
(5-9) Po=(x1, x3) = (h(p', p'x3— f(x1)), x3)

The slopes of the budget lines B, and Bg equal — p°® and — p!
and their vertical intersepts equal p®x8— f(x{) and p'x{-— f(x?}),
respectively.

Since the horizontal coordinate of the point I?, equals x{ and
since the budget line B3, goes through it, the vertical coordinate of
P, is verified to equal — f(x)) = g(x?), which implics that P, is on
the e.p.f.'” Hence,

(5-6) Po= (7, g(x}))

Since the slope and the vertical intercept of the budget line 13
cqual — p! and p'xy- f(x9), respectively, (5—6) implies that this
budget line also goes through the point P,

it follows that the positions of the two budget lines are such
that the budget line Bj lies above (below) By for all x, such that
x, < (>, resp.) x{. This implies that the point °; lies to the north-
wosl of I’y, so that x)< x9. Hence, by (5—5), we have (5—4).

IFor the fixed p!, the excess demand
5-7) hy(p' pley = f(x)) —x,

is a function of x,, which we denote by I(x,). Then, by Proposi-
tion 2 in the Appendix which ensures the fulfillment of the stabil-
ity condition for the alternative Keynesian market adjustment pro-

cess (A—1), we have
(5-8) I8 (x)) <0

for all x, > 0 belonging to a relevant range for x,.
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It follows that, as x; continuously falls from x{ to some level,
say af, of x,, F(x,) increases from negative up to zero, when
IK(xy) =0, or

(5-9) hy(p!, plai=f(x7)) ~ xi=0

Since this means that p!' equals the market equilibrium level of p
corresponding to x| we must have p'= p(x7) = p(x}). This implies
that x]= x} < x{, or x|< x{. This proves that x,(p) exists and is a
decreasing function of p. Q.15.D.

By IMig. 3 in the above proof of Proposition 1, it will be seen
that, for any p belonging to the domain of x,(p), p represents the
(sign-inversed) tangency of the particular indifference curve
which passes the market equilibrium point (i.e., the point on the
c.p.f.) corresponding to the p, at that point.

IFor every p belonging to the domain of x,(p), the market ad-
justment process determines x, to be equal to x,(p), so that the
market-equilibrium disposable income y of the representative con-

sumer for the goods equals y(x,(p), p) for every such p.

6. The Consumption Possibility Frontier and the
Quasi-Marginal Cost

By (8-12), we have y(x,, p) = px,—~ (C*(x) — I(x,)). We de-
fined that
(6-1) f(xy) = C(xy) = I(xy)
Then, we had
(6-2) y(x,, p) =px,- f(xy)
By (3—9) and (3—-10), we have
(6-3) Sxy) = mx g w(xy)) = 10 (w(xy)))

We now define
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(6-4) 2(xy) = 175015 (w(x)))

z(x,) represents the market equilibrium quantity of Good 2 when
the quantity x, of Good 1 is produced and when the wage-rate is
adjusted to clear the labor market for the given .

Then we also define

(6-5) g(xy) =2z(x) — m(x; w(xy)))

g(x,) represents the market equilibrium level of consumption of
Good 2 corresponding to the level x, of that of Good 1.
By (6—4) and (6—5), we have

(6-6) Sxy) ==g(x)).

Therefore, diagrammatically, the function f(x,) represents
(the sign-inversed) xj-coordinate of the point (x,, x§) on the con-
sumption possibility frontier,

Since the first sector may be under increasing returns by as-
sumption, the c.p.f. may be partly concave-shaped outwards, an
example of which is depicted in Fig. 4.

%

the production possibility frontier for
the consumption goods, or more
shortly, “the consumption possibility
frontier”

X

Fig.4
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The data concerning the taste or the preference relation of the
representative consumer for the goods is expressed by a set of in-
difference curves depicted in the same plance as that for the c.p.f.
IFor simplicity we neglect any cases of corner solutions. Then
there will be casily classified four qualitatively different positional
combinations between the c.p.f. and the representative consumer’s
indifference curves for the goods, as depicted in Figs. 5-1 through
5—4. (Similar figures have been already presented in Brown and
leal (1979) and Dierker (1991).)

Since 1} P (w) = L,= L(w) — L,(x,; w), (6=5) can be rewriiten

(6-17) g(x) = Fy(L(w) = Li(x,w(x,))) — m(x,; w(x,))

1 ¥
P
P,
0 > x, 0 x,
IMig.5—1 I"ig.5-3
xy x5
I)l Il
0 X, 0 Xy

IFig.5-2 Fig.5--1



Negative Income Tax and the Labor Supply Effect 47
Hence, noting I (L.,) = w, the slope of the c.p.f. equals

(6-8) & (x) = w(x )L (W (x,)
= (0L,/8x,) — (OL,/dw)tf (x,))
= ((@m/x)) + (6m/ow)w (x,))

By the well-known theorem (e.g., Chambers (1988)), we have
(6—9) w. (01, /0w) +1.(6m/dw) =0,
so that (6—8) becomes

(6-10) g (x)) = (w(x )L (o) (x,) = (9L, /0x,))
= (8m/dx,)
If g'(xy) > 0, the c.p.f. is sloped upward at the x,. The partly
upward-sloping c.p.f. seems to be an economically excludable

case, since it implies a violation of the a priori assumption of free

disposal concerning the c¢.p.f. So, we may here assume that
(6-11) g (x,)=0

for all x, in the domain of the c.p.f.
By (6-6) and (6-10), we have

(6-12) S (x) = [w(x)).(0L,/0x,)) + (0m/dx,)]
—w(x) M () (x,)

We denote by MC(x,) the Bonnisseau-Cornet marginal cost

for x,, which is defined as
(6—13) MC(x) = w(x).(0L,/3x,)) + (Om/dx,)

[ (x,) then equals the MC(x,) plus the residual term, —wlL W',
We call this function £ (x,) as the quasi-marginal cost for x,,
which is denoted by QM C(x,).

(6—-14) QMC(x,) = MC(x,) — w(x )L (whd (x,)



7. The Social Optimization

Since the representative consumer maximizes utility even in
market equilibrium as well as in market disequilibrium, he maxi-
mizes utility given the price-income combination (p, y(x,(p), p))
in market equilibrium.

The maximum level of utility of the representative consumer
for the goods for any given price-income combination (p, y) is ex-
pressed by the indireet utility function

(7-1) Vip, y) = Ulhi(p, ¥), ha(p, ¥))

where h;(p, y) denotes the demand function for Good i for the
given (p, ), ¢ = 1, 2. By substituting

(7-2) y=x(x(p), p)

into (7-1), the maximum level of utility in market equilibrium is

written
(7-3) Vip, y(x((p), p))

for every p belonging to the domain of x,(p), which we denote by
V(p).

By the differentiability assumptions concerning the utility and
production functions, V*(p) is a differentiable function.

If there exists some social optimum level of p, then it must

salisfy that
(7-1) V)=V, + V (dy/dp) =0

where p* denotes the social optimum level of p, V, and V, the
partial derivatives of the indireet utility function with respeet to p
and y, respectively.

We will now consider V¥ (p) for all p more explicitly.

By Roy’s identity, we have
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(7-5) Vilp, ¥)/V,(p, ¥) = —hi(p, ¥)
Hence, by V, > 0 (the assumption that Good 1 is a normal good),
we have

(1-6) V¥ (p) = (=h(p, y(xi(p), P))

+ (dy/dp))V ,(p, y(x((p), p))

By the market equilibrium identity (5--2), this can be re-

written

(7-7) V(p) = (—x,(p) + (dy/dp)) V,(p, y(x,(p), p))
Since y(x,(p), p) = px,(p) ~f(x,(p)), we have

(7-8) dy/dp = x(p) + px'(p) =/ X1 (p)
so that (7-7) 1s further rewritten

(7-9) VYi(p) = (px\(p) =/ X1 (p)) V,(p, y(x(p). p))
=(p =7 (x(p) () V,(p, y(x,(p), p))
By the monotonely decreasing property of x,(p), we have x',(p) <
0, so that (7—9) implies that the sign of V¥ (p) is always opposite
to that of p = f" (x,(p)).
Hence, the necessary condition for p* to be the socially opti-
mal level is written p*= " (x,(p*)) = QMC(x,(p*)), or

(7-10) p'=QMC(x,(p*))

or the equality between the price of Good 1 and its QMC.
The sufficient condition for p* to he the socially optimal level

of the price is that
(7-11) VY (p) > (<)0if p < (>, respectively) p*.
By (7—9), this condition is equivalent to

(7-12) P < (>) QMC(x,(p)) if p < (>, resp.) p*.



The sufficient condition for p* to be the socially optimal level
of p is interpreted that the level of the price of Good 1 is lower
(higher) than its QMC corresponding to that level of the price,
whenever the price is lower (higher, resp.) than p*.

Now, we compare the cases with and without the income-
redistribution scheme. We call these cases simply Case 1 and Case
2.

In Case 2, by T'= 0 and (1-7), we have n(w) = wll,, so that
(7-13) L (w) =0

It follows that, in this case, the social optimality is attained at

p** such that
(1-14) MC(x(p**)) = p**

or at p** which is set by the MC pricing.

Since we have L' (w) > 01in Case 1 and L' (w) = 0 in Case 2, the
socially optimal level of the price of Good 1 in Case 1 is lower than
that in Case 2, by the absolute value of the term ~w(x, )L (w)w (x)
in (6—12).

The absolute value of the discrepancy term —w(x,) L' (w)w
(x,) is interpreted as the increment of the real market value (in
terms of Good 2) of the total labor owing to the (algebraical) in-
crease in the total supply of labor itself, caused by one unit of in-
crease in the level of production of Good 1.

With the minus sign taken in consideration, the discrepancy
term as a whole means that, since L/ (w) > 0, one unit of increase
in a, will raise the market wage-rate, thus encourage the total
supply of labor. This total supply cffect will lighten the social cost
of additionally producing one unit of Good 1, and hence the true
marginal social cost (or the quasi-marginal cost) becomes smaller
than the marginal cost in the technological (or cost-minimizing)
sense, by the amount just equal to the market value (evaluated at

the market equilibrium wage-rate after the adjustment) of the in-
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crease in L induced and mobilized by the encouragement of the
rise in the real wage-rate by the unit increase of x,.

Thus, the quasi-marginal cost consists of two qualitatively
different terms: One is the sacrifice, caused by the unit increase in
x, in the absence of the total labor supply effect, of the quantity
produced of the private good; and the other is the term which ex-
presses the total labor supply effect, caused by the unit increase of
x,, in terms of the quantity produced of the private good.

The former term represents nothing but the Bonnisscau-
Cornet marginal cost.

Since L' (w) > 0, the latter term is negative so that it is a neg-
ative sacrifice and hence so to speak a social marginal benefit as a
whole. The quasi-marginal cost is smaller than the marginal cost

by the amount of the social marginal benefit.
Conclusions

The critical reader may argue (1) that the above analysis says
nothing new, and that it only rephrases the Dupuit-Hotelling clas-
sical thesis for marginal cost pricing (Dupuit (1844) and Hotelling
(1938)), or (2) that the above analysis is not more than an exam-
ple of the Bonnisseau-Cornet model.

On the first point, we have to first agree that, so far as we are
concerned with the case in which the total labor supply effect can
be neglected, it may be criticized that there is not found anything
new in the conclusion of our argument for the optimality of the
cquality between the price and the marginal cost of production of
the good in question. Even then, however, we may say that what is
new is in that we present the general equilibrium analysis for the
classical thesis of marginal cost pricing, as an alternative to the
partial equilibrium theory by Dupuit and Hotelling. Our analyti-
cal tools consist of the sets of indifference curves of the con-

sumers, the production functions of the goods, and the govern-
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ment’s taxation and subsidization scheme. The concept of the con-
sumer’s surplus on which Dupuit and Hotelling depend, is not
used in our analysis.

Our main argument lies in the analysis of the case where the
income-redistribution is assumed and where the total labor sup-
ply effect is non-negligible. In this case, we have shown the possi-
bility of the social non-optimality of the classical thesis of the
marginal cost pricing.

On the second point, we have to note that our model cannot
necessarily be regarded as a special case of the Bonnisseau-Cornet
model, as long as the income-redistribution scheme is incorporat-
ed.

Our simple maodel will also possess some Bonnisseau-Cornet
marginal cost pricing equilibrium.

We have also shown that, if there is the income-redistribution
scheme and if the total labor supply effect is not negligible, then
the Bonnisseau-Cornet MC pricing cquilibrium may well be so-
cially non-optimal and the Q¥ C pricing equilibrium is socially
optimal.

In summary, we have clarified that, if there is the in-
come-redistribution and if the aggregation of the utility functions
of the workers and the capitalists is possible so that the social
welfare can be defined, the QMC pricing equilibrium is more de-
sirable than the Bonnisseau-Cornet MC pricing equilibrium, pro-

vided the total labor supply effect is non-negligible.
APPENDIX

The Alternative Market Adjustment Process
In this Appendix, we consider the stability of the alternative
Keynesian market adjustment process.
It is assumed that the government specifies a level of p among

all levels of the price p such that there is a market equilibrium so-
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lution for x, corresponding to each level of p. The market equilib-
rium level of production of Good 1 is determined as the function of
p, which we denote by x,(p). This function x,(p) is the inverse
function of p(x,).

Under the assumption that p is fixed at any level such that
there is some x, fulfilling the market cquilibrium condition
(3—-13), we assume the following Keynesian quantity adjustment

process.
(A-1) x=clh(p, y(xy, p)) —xy)

where ¢ is a positive constant.

This adjustment process is now interpreted as follows: Sup-
pose, for a given fixed level of p, the first sector initially produces
the quantity x§ of Good 1. The profit or loss resulting from the
production of x{ is absorbed by the representative consumer, so
that his disposable income then equals y(x9, p). His demand for
Good 1 for the fixed p and the total income for the goods y(x{, p)
is b (p, y(x{, p)), whereas the supply of Good 1 is x9.

If the demand (supply) exceeds the supply (demand, respec-
tively), there is shortage (over-production, resp.) of Good 1, so
that the (in this case, quantity-adjusting) auctioneer indicates the
first scctor to increase (decrease, resp.) its level of production
from the initial level x9.

The stability of this adjustment process depends on whether
the total derivative of /, with respect to x, is algebraically less
than unity or not.

Therefore, it will be in order for us here to consider this total
derivative of h; by x, with p fixed at some level belonging to the
domain of x,(p).

(A*2) ((711 1 /0.\' 1 )p'u:nsl = (6’l 1 /6}')(6_)’/0.\‘ 1 )p:cmsh

By the identity y(x,, p) = px,— f(x,) in (6—2), we can write
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(A-3) (By/0x ) )ponn=p = [ (X))

It follows that the Keynesian quantity adjustment process
(A--1) is stable if and only if

(A-1) (Oh\18y)(p ~ [ (x))) < 1.

By the assumption (6-11) in the text, we have /' (x,) 2 0.
The non-negativity of f* (x,) is used in the proof of the follow-

ing proposition.

PROPOSITION 2: The Keynesian market quantity adjustment

process (A—1) is always globally stable for all p 2 0.

Proof. In the case of p = 0, the stability condition (A—4) becomes
—~ (0h,/8y)f (x,) < 1, which always holds since @h,/dy > 0 and
f{(x)z0.

Suppose p > 0. By the assumption of b, >0, =w, ¢, k = 1, 2,
it follows that the marginal propensity to consume Good ! from
the income for the goods is positive and less than unity. Hence, we

have
(A-5) 1>p(oh,/ady) > 0.

By f(x,)Z 0and (A-5), we have 1 > p(dh,/dy) —f (x,)(0h,/dy),

so that
(A-6) 1> (6h,/oy)(p —f (x)))

which shows that the stability condition (A-4) for the adjustment
process (A—1) is fulfilled. Hence (A-1) is globally stable.

FOOTNOTES
1) The marginal cost in the Bonnisseau-Cornet equilibrium to which
the price is equalized, is defined as the sum of the derivatives, with
respect of the level of the output, of the elements (including labor) of
the cost-minimizing input vector, weighted and muldtiplied by the
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equilibrium input prices (including the wage-rate. Sce Bonnis-
seau-Cornet (1990), pp.666—667.)

2) Bonnisseau and Cornet’s (1990) is one of the most recent papers in
the following (not necessarily exhaustive) series of related works:
Guesnerie (1975), Dierker, Fourgeaud, and Neuefeind (1976), Cal-
samiglia (1977), Brown and Heal (1979, 1983), Beato (1982), Beato
and Mas-Colell (1983), Brown, lleal, Khan, and Vohra (1986), Kahn
and Vohra (1987), Cornet (1988a, b), Bonnisscau and Cornet (1988a,
b), Kamiya (1988a, b), Vohra (1988), Bonnisseau (1988), Dehez and
Dreze (1988a, b), Dierker and Neuefeind (1988) Jouini (1988), and
Dierker (1991).

3) Many years ago, Wiseman (1957) pointed out that no general pric-
ing rules had been proved unambiguously to bring about an opti-
mum use of resources by public utilities. Wiseman called the
marginal cost pricing rule an empty box. In his paper, he criticized a
marginal cost pricing from the aspects of uncertainty, indivisibility,
and the effects of taxation and subsidies on the distribution of in-
come. Unfortunately, however, as Wiseman (1957) suggested, there
had not been any explicitly formulated general equilibrium analysis
for the social optimality of the marginal cost pricing which did not
depend on the concept of consumers' surplus. Such a general equilib-
rium analysis could have been done in a simple aggregative frame-
work which may not necessarily be immune from all of Wiseman’s
criticism. (Sce also Blaug (1990).)

4)  Very recently, such a model has been presented in Samuelson
(1990). In his paper, Samuelson assumed one commodity and one
consumer, whose utility depends on both the commodity and leisure.
In this paper, we will present an alternative framework to that of
Samuelson’s (1990). Instead of one commodity and leisure, we for-
mulate two kinds of commodities and leisure in the utility functions.

5) ‘The input, m, is assumed to include depreciation, denoted by D, of
the eapital of the first sector. Depreciation consists of the fixed part,
denoted by 1, which is independent of the level of production of the
sector, and the variable part, D., which is a variable depending on
the level of production, D = D+ D,. The input m consists of the ordi-
nary input, denoted by G, used as meterials, ete., in the production,
and the depreciation D, sothat m = G + D= G + D, + D,. The prime
cost of the first seclor, denoted by C,, is defined as the sum of the
factor costs, the cost of ordinary (material and other) input, ¢, and
the variable depreciation, 1, (Keynes (1936), Chapter 6). The factor
costs consist only of labor cost, wl .

The total cost of the first sector, C*, equals C,+ 1),. Since D, is
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fixed, marginal cost = marginal prime cost in this statical framework.

6) Rigorously, I7,(L,) is defined as the net output of the sccond
sector. It equals the total production of Good 2 less the total input of
Giood 2 for the second sector itself. The total input equals the sum of
the ordinary input (used by the second scctor itself as materials,
ete.) and the total depreciation of the second sector.

7) Behind this assumption, we suppose, before aggregation, that there
holds perfect substitutability both in technology and taste between
the privately produced consumption goods and the privately produced
intermediate goods used as inputs in the first sector.

8) Beato and Mas-Colell (1985) assumed two consumers, the first
consumer “neither has nor cares about the input good, absorbs all
profits or losses, while the second consumer derives income only
from selling inputs” (Beato and Mas-Colell (1985), p.358).

9) The government is assumed to play the following roles in our
model. (1) It redistributes income between the capitalists and the
workers, ordinarily transforring a part of income of the capitalists to
the workers. It transfers from the workers to the capitalists when the
real wage-income is exceptionally high. (2) It supervises the first
sector to minimize cost at each and every level of output and at each
and every market input-price vector. (3) If the first sector incurs a
loss in spite of its best effort of minimizing cost, the government tax-
es the profit income of the capitalists which is earned al the second
sector and subsidizes the first sector by the amount equal to the
deficit of the first sector. (4) It specifies some initial levels of pro-
duction and the price of Good 1 at appropriate levels. (5) The govern-
ment supervises the auctioneers who work to equilibrate demand and
supply at the markets of labor, Good 1, and Good 2. (6) The govern-
ment supervises the first sector o adjust the level of the price (pro-
duction, respectively) of Good 1 to that of the quasi-marginal cost
pricing.

10) By MclFadden (1978) and Uzawa (1964), the cost function is
well-defined for all fixed level of output x,> 0 and all level of the
market wage-rate w > 0 as

(F-1) C(x,; w) = |}1Ai‘n' (wl. - m),

where A(x,) denotes the set of all input vectors (I.;, m) which can
possibly produce the level of output x,.

11) If we assume them to be non-tatonnement processes, we would
have to introduce some third commodity, called “money,” to play the
role of the medium of exchange, which would unnecessarily compli-
cate the analysis of the adjustment processes for this paper.
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12)  The capitalists’ ‘consumption’ of leisure (which may not always he
consumption of leisure for personal enjoyment but possibly be that
for business purposes) is always equal to the initial endowment /1,
so that U, (x.., x5, [1.), where /1, is a constant.

13) In the case when the government taxes the workers, the tax revenue
is assumed to be transferred to the capitalists, because the workers
are regarded to be rich enough to give a transfer to the capitalists.
However, such a case seems very unrealistic.

14)  We allow the case where g = 1. In this special case, n(w) = B, a
constant. ‘T'he negative income tax scheme is such that the utility lev-
el of the workers is kept constant by the redistribution of income.

16) The following analysis is still valid if we assume the capitalists’
utility function to be of the form

(I°-2) Ue=(xie = 00" (xg =22 (L= D).

where xi., xjy, and 12 are constants and may be of any signs, and 12<
.. U, is defined for all x 248, 5, 2x, and [.2 (0.

Since b, =b.i/(ba+b.y), I = 1, 2, and since x},, x2 are constants, the
marginal propensities to consume Goods 1 and 2 of the workers con-
fronted with Problem 2 and of the capitalists are constant and the
same, so that the aggregation for the representative consumer for the
goods is still possible in this more general case. See Gorman (1953).

16)  The wage-rate w is assumed to be adjusted by the following taton-
nement process.

(F'=3) w=a((L(x; w)+ 17 ' (w)) - L{w))

where a is a positive constant. We note that L’ (w) > 0. The quasi-
concavity of the production set of the second sector implies that
a1, (x; w)/6w < 0 (the input substitution effect between L, and m
with respect to a change in their relative price). IFurthermore,
I% ' (w) is a decreasing function by the assumption of ¥ (1.,) < 0
(the decreasing marginal product of labor). It follows that the mar-
ket wage-rate adjustment process is globally stable.

17)  ‘The c.p.f. is not used in this proof and we do not depict it in Fig. 3.
IFor simplicity, we neglect the case of a corner solution at which only
one of the two goods is consumed.
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