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Abstract—Efficient nonuniform schemes, based on the general- nonuniform operator of the second derivative and improved
ized Douglas (GD) scheme, are developed for the finite-difference jts accuracy. Unfortunately, this results in a pentadiagonal

beam propagation method (FD-BPM). For a two-dimensional (2- - 4yrix with time-consuming procedures. On the other hand
D) problem, two methods are presented: a computational space ’ ’

method and a physical space method. In the former, the GD by elim-inating the low-order error terms in a Taylor-series
scheme is employed, after replacing a nonuniform grid in the €expansion, we have demonstrated that the generalized Douglas
physical space with a uniform one in the computational space. In (GD) scheme [26]-[28] can be extended to a nonuniform grid

the latter, the GD scheme is directly extended to a nonuniform 591 maintaining a tridiagonal matrix. It is worth mentioning
grid in the physical space. We apply these two methods to paraxial that the truncation error. even in a nonuniform arid. can be
and wide-angle FD-BPM's. The fourth-order accuracy is achieved ! gnd,

in the transverse direction, provided that the grid growth factor ~reduced toO(Az)* under the condition of = 1+ O(Ax).
between two adjacent grids isr = 1 + O(Ax). For the paraxial More recently, Vassallo and Van der Keur derived another
BPM, the reduction in the truncation error is demonstrated ponuniform scheme whose truncation erroOgAz)? [30].

thro_ugh .modal 'calculations of a graded-indgx waveguide using As an alternative to treat a nonuniform grid, a mapping
an imaginary distance procedure. For the wide-angle BPM, the . - e L
propagating field in a tilted waveguide is analyzed to show the technique can be utilized to transform a nonuniform grid in the

effectiveness of the present scheme. As an application of thephysical space into a uniform one in the computational space.
physical space method, an adaptive grid is introduced into the Ladouceur [31] first applied this technique to the BPM analysis

multistep method. with the intention of avoiding a spurious reflection from the
Index Terms—Finite-difference methods, optical beam propa- computational window edge. However, this technique reported
gation, optical waveguides. so far has been based on the conventional CN scheme.

In this paper, we study the application of the GD scheme to
an FD-BPM with a nonuniform grid for the purpose of devel-
AVE propagation in an optical waveguide can beping efficient schemes for the modal and propagating-beam
analyzed by the beam propagation method (BPM) [1&nalyses. Two different methods are derived and discussed in
[2]. The BPM's developed during the last two decades cgntwo-dimensional (2-D) problem. One is the computational
be roughly categorized in terms of the discretization in théhace method (CSM) using a mapping technique [31]-[33],
transverse direction, i.e., fast Fourier transform (FFT-BPM)\ which the GD scheme is employed after replacing a
[3], finite-difference (FD-BPM) [4]-{10], finite-element (FE-onuniform grid in the physical space with a uniform one
BPM) [11]-{14], and method of lines (Mol-BPM) [15]. In the i, the computational space. The other is the physical space
FFT-BPM only a uniform grid is valid, while in the othermethod (PSM), in which the GD scheme is directly extended
BPM's a nonuniform grid [16]-[25] is allowed to improve, 5 nonuniform grid in the physical space [29]. These two
computational efficiency or describe a waveguide configurgiethods have the following feature: The CSM is easy to
tion accurately. For a longitudinally invariant waveguide, ghjement the algorithm since the transverse coordinate in the
nonuniform grid has been applied to the FD-BPM [16], [17],, 0 tational space is discretized by a uniform grid, while
[20]. I_n the_ case of a .Iong|tud|na.||y variant waveguide, a e grid growth factor is limited due to the mapping function
adaptive grid has been introduced into the FD-BPM [18], [19 be used. The PSM is more flexible in the choice of the grid

[21] and the FE-BPM [22], [24], [25] . rowth factor: An arbitrary region in the transverse coordinate
For the FD-BPM, most of the previous works relategan be densely or coarsely discretized

to a nonuniform scheme have been based on the conve The CSM and PSM are applied to paraxial and wide-
tional nonuniform Crank—Nicholson (CN) scheme [17], [19]angle multistep [10], [34], [35] FD-BPM's (note that the

) . : > )
[20]. Accorc_ilngly, the truncation error 'Q(Ax). ' prowdgd multistep method based on the FE-BPM has been reported,
that the grid growth factor between two adjacent grids But the use of a nonuniform grid has not been discussed

- =14 O(Axz). Yevick et al. [16] refined the conventional L : .
! + 0(Az) [16] [36]). To demonstrate the reduction in the truncation error in
Manuscript received January 22, 1998; revised December 3, 1998. the paraxial FD-BPM, the modal analysis of a graded-index

I. INTRODUCTION

The authors are with the College of Engineering, Hosei University, Tokyo . . . . . . .
184-8584 Japan. Slab waveguide is carried out using the imaginary distance
Publisher Item Identifier S 0733-8724(99)02697-3. procedure [37]-[39]. For the assessment of the wide-angle
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BPM, the propagation of the fundamental mode is analyzedth
in a tilted slab waveguide with a graded-index profile. a2

As an application, taking advantage of the PSM, we intro- T=1+ Mi/-
duce an adaptive grid [18], [19], [21], [22], [24], [25] into
the multistep method for wide-angle beam propagation. A For the paraxial formulation, we drop the second derivative
Lagrange interpolation technique is used to determine missiwh respect toz in (4). Here we employ the GD scheme [26],
values between sampling points. The use of the multisté$/] and evaluate the second derivative with respeet taore
method combined with the adaptive grid can substantialfecisely than the conventional three-point approximation.
reduce the total number of the transverse sampling poin@lﬂce the transverse coordinate is uniformly discretized in the

without losing inherent accuracy. computational space, the derivation of the improved formula
is straightforward. Finally, the following paraxial equation is
Il. FORMULATION obtained:
Throughout this paper, we c(:onsi)der a (Z-D )problem. fEntt +gremtt v fo et
We express the scalar field:(z, ) as e(z, 2) = — ft gm +om + em
’ ! = fin& + g &0 + D EL S
E(z, ) exp(—jknoz), SO that the wave equation to be LTI Jim i ®)
solved is where
OE(z,z) O0*E(x,2)  O0*E(x, 2) 1 o? Az Az
) — ) ) E ” 1 :|: I =
i 922 + Ox? bz @) Jiz 12UCOS4(uii1) + 2Au2 + 94 TiE!
whereo = 2jkng andv = k*[n%(x, ) — nj3], in which k is +_5_ o? Az | 58z
the free space wavenumber(z, z) is the index profile of the %756 cost(u;) T ad 12

waveguide, and is the reference index to be appropriatel R . :
9 ' 0 ; : PPropriately, \y the superscript indicates position along the axis.
chosen. For the paraxial formulation, the second derivative : T ) . .
Consideration is next given to a wide-angle formulation.

V.V'th respect tqz is omitted. Thlslleads to the Fresn(_al eguaj_he second derivative with respectdn (4) is partially taken

tion. For the wide-angle formulation, the second derivative IS account using a Padrecurrence relation, AVth-order

partial_ly taken into account_ using a Féadpproximat_ion (8] 2ace operator may be decomposed intoMFB.tep algorithm

[9]. With the use of the multistep method [34], the hlghere’e"acfr which the Kth partial step takes the form [34]

approximant operator is factored into a series of simplel'ePaé)

(1,1) operators. emir/n _ 1E aKPgm+(K—1)/N ©6)
1+ ay P

A. Computational Space Method (CSM . .
pu- I_ P _ ( ) _in which P = cos*(u)/a?[9%/0u* 4+ 7]. The a’s can be
We begin with the formulation of the CSM. A nonuniformgetermined by the one-time solution of a¥ith-order com-

grid in the physical spacgr, z) is transformed into a uniform plex algebraic equation. Equation (6) can be restored to the
grid in the computational spacéu, z) using a mapping following differential equation:

function. In this paper, we choose the mapping function .

defined as [31] o _  Zmiag}P . @

9z (1+Relax}P)Az/N

We apply the GD scheme to (7). Following the procedure
wherea is a scaling parameter. Although alternative mappingescribed in [28] and [35], we finally obtain
functions can be chosen, (2) leads to a simplified expressiorr)l KIN ot I/ N KN KN o KIN I /N
of the wave equation, as will be seen in (4). For (2), tHas " €t /N 4 GEARINgmHRIN o b RN gt/
sampling width in the physical space increases gradually from_ pm+(K—1)/N gm+(K-1)/N | om+t(K-1)/N gm+(K-1)/N

. . . 141 +1 T T

the c_enter of th_e computauonal region to the edge. This t)_/pe ot E—1)/N gme (K —1)/N ®)
of grid growth is particularly suitable for a modal analysis i—1 i—1
of an optical waveguide, because the region with a largg,

field amplitude, which predominates the accuracy, is densely

z = atan (u) (2)

ere

2
discretized, while the region with a small field amplitude ispm+E-1/N _ 1 o I L1 ey
. . . =2 4 +1lk 2 Tit1

coarsely discretized. Equation (2) has been successfully use 12 cos*(ujz1) Au 12
for the eigenmode analysis of optical waveguides [32], [33]. mA(K—1)/N ) a? 4T 2 §Tm+1/2

To facilitate derivation of the finite-difference equation, the™” T 6cost(u) " 26"
transformation of the field . .

in which
E(‘Tv Z):g(uv Z)/COS(U) (3) 'y =ax for m—|—(K—]_)/N

is imposed. Using (2) and (3), (1) can be rewritten as follows: =aj for m+ K/N.

A E(u, z) n cos*(u) [9°E(u, 2) t+7€(u, »)|  Evidently, (5) and (8) can be solved by the standard tech-
Oz 022 a? ou? ’ nigues, such as the Thomas algorithm. An advantage is found
(4) in the fact that the transverse coordinate is discretized by a
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uniform grid. This means that the solution of (5) and (8)E~ E.:
can readily be achieved with only slight modification to the -1 !
conventional algorithm. It should be noted, however, that the
grid growth factor in the physical space is limited due to the

mapping function to be used.

Ein

Ax rAx

B. Physical Space Method (PSM)

Next we consider the direct extension of the GD scheme

to a nonuniform grid. Since the formulation for the Fresnethere

equation has been briefly reported in [29], we here present y )

more detailed derivation. 6B = m[Ei—l —(1+1/r)E; + Eiy1/7].
Consider the nonuniform grid shown in Fig. 1, where

Fig. 1. Nonuniform sampling grid.

(15)

represents the grid growth factor. Note thatan be larger or

less than unity. By Taylor-series expansiohs,; and F;_;
are expressed as

It can be clearly seen that the first terms in the right-hand sides
of (12) and (14) are the conventional nonuniform approxima-

tions to the first and second derivatives, respectively. Equation
(15) has widely been used to analyze an optical waveguide

B VOB 1, LB 14 0K [17], [19], [20]. Note that (13) and (15) have a truncation
Eipr =Bt 7Rz + orAx”— o 4 AT g error of O(Az)? under the condition of = 1+ O(Az). We
1y 43 L, 1 sPE; 6 now evaluate the third and fourth derivatives in (14). Using
T 57" ozt T 120" Az 905 T O(Az)” (9)  the GD scheme, these derivatives are rewritten as follows:
VOB 1 GOPE; 1 GO PE 5/ OE
Ei_y = - i b
' Tor T27" o T 67" 0 903 < 5 VE> (16)
JOE, 1 9K, 1 5 ’
+ L Agt - AT 0(AD)S. (10) OB _ 8 ( OF
5 e E 17
24 oz 120 oz 5et ~ A\, TV Z 17)
From (9) and (10), we have )
Both (16) and (17) have a truncation error @fAx)? under
PE; 2 the conditionr = 1 4+ O(Az). It follows that the truncation
dz2 (12 +1)Ax? error in (14) is reduced t®(Az)*, provided that the condition
9E; of r = 1+ O(Axz) is satisfied.
Eipn—2E,+Ei1—(r—1) Oz From the foregoing, we can establish
1, LB, 1, LOUE; §2E; OE OE
— 2P = 1DA — —(r*+ DA = ~VvE
R e e B VA e A2 1\, o Te\ee ),
1 . SOE; OF
~ 19"~ DA + Ry <a 0 l’E) (18)
~ i—1
+ O(A$)4 i (311) . 32— 3r 41
OF; OFE; 1 o°E; 1 O°E; L= T Ty
: L S(r— DAzt — (P =+ DA 6r(r+1)
gr ~ Ar 2T VAT Tl Tt AT G 2T 1
1., LO'E; Ry=—— =
— — (" +D(r-1)Ax Gr
24 dz*t r2 3y 43
1, ., 4 PE; . Ry=———_"", (19)
I - S 2 e 4 i Az)? 6(r+1
120(7 4t —r+1) 5 + O(Az) (r+1)
(12) Alternatively, we can replacé in (13) by the following
three-point representation:
where E ENJr+ (B — Bi_y)
R SE; = i+l T Ly ) /T T T Ly — i—l' 20
5k, = Lt~ Eiot (13) T+l (20)
r+1

In this case, we obtain the slightly different coefficients
By substituting (12) into (11), the second derivative can be

2
written in the form R, _rAr-1
O2E;,  8E, 1 OE Gr(r+1)
i _ 0k 1o A i 243,11
0?2  Ax? 3(7 YAz Oz Ry = %
= (r2 —r+ 1A 20 Ei 7’24-77‘4-1
L, . _
12 dr* Rz = W (21)
1, 2, 30°F; 4
- @(7 D" +r+ 1Az 905 T O(Az) As can be expected, (18) is reduced to the uniform case when

(14) r =1in [26, eq. (3)]. After some manipulations, we finally
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construct the finite-difference equations. 1073 . : —
¢z+1EZﬂ_l xTEMT pg BT = 1 ]
Z+1E1711 +X+Ern +1/)+ Ern E ?
Az Az .
+ W
t _Rot+t———  +"%R, 8 107
it 17 r(r+1)Ax? g Vit o 10 E|
+_p Az " AzR 2 10 .
= OF ———5 = — Lty
Xi 20 + N 5 112 'é) S e
Az Az o N ]
+ = =~ ). ] _ E
1/)i_1 = Rga + (7’ T 1)AJ}2 + 2 Rglz_l. (22) g 10 YE ?
= = =
We further extend the formulation to the multistep method. é 10°? i a—a (D schene 7
As in the case of (7), théV-step algorithm may be written 3 E a—a (N scheme 3
in the form 10_93 . . L |1
OF _ 2jlm{ax} P > (23) 107 102
92 (1+Relax}P)Az/N Au [rad]
where Fig. 2. Effective-index error in a straight waveguide as a functiol\af
82
P=os+r First, we test the paraxial formulation. The lowest order

eigenmode is analyzed using the imaginary distance BPM
[37]-[39], in which the effective index.,; is calculated by
the following equation [38]:

Now we apply (18) to (23), so that the following finite-
difference equation is derived:

m+K /N rn+K/N rn+K/NE.rn+K/N

Cim+K/NE.;n+K/N te T "
+ —1:1 ’ ' ’1 111/8(11,, 2+ A2 du — 111/8(11,, 2"y du
_ C;:,_i—(k—l)/l\ ETn—I—(k—l)/l\ + £rn—|—(k—1)/l\ E;n—l—(k—l)/l\ Moar = Mo + A
4 E=D/N rn—l—([& 1)/N (24) o . . (25)
-1 B wherez’ = —jz. The effective-index error is defined as
Where ) e = Necal — Nex « 100[%] (26)
m+(K—-1)/N _ h 2 Tn+1/2 Nex
St =t L L7(r + 1) Ax? i } wheren,.. is the exact effective index.
mHK=1)/N _p ) Ry m+1/2 Fig. 2 shows f[he effective-index error of_the f_undamental
& =12 K\ AZ2 mode as a function of the transverse sampling witith For
’ ) - 9 comparison, the results of the conventional CN scheme are
BN Ry Ty Azt Rgl/m+1/2:| also shown. A propagation step length &’ = 1.0 um is
L(r+ 1Az used. It is noteworthy that the effective index error of the

It should be restressed that (22) and (24) are the six-pojrresent scheme is almost proportionalta®. In contrast, the

schemes which can be solved efficiently. The PSM has arror of the conventional CN scheme is proportionalNe?.

advantage over the CSM in that an arbitrary region in the Second, we assess the wide-angle formulation. The propaga-

transverse coordinate can be densely or coarsely discretiZégh of the lowest order mode in a tilted waveguide is analyzed.

This advantage will be used for an adaptive grid in Section IlThe mode profile of the propagating field is evaluated by the
coupling efficiency defined as

C. Numerical Results

To confirm the accuracy of the present methods, we treat ‘ / Eok dx
a symmetrical graded-index slab waveguide in which the (27)
refractive index i9:12(z) = n2+2n,An/ cosh?(2z /w), where </|E0|2 da:)

ns = 2.1455, An = 0.003 andw = 5 um. The wavelength
considered here i3 = 1.3 um. whereF is the propagating field an#y is the incident field of
Preliminary calculations show that when the grid growtthe fundamental mode. Note that the transverse coordinate
factor in the PSM is chosen to be the same as that ds+testored tac. In the case of no calculation error, the guided-
termined by the CSM, both methods yield almost identicahode field continues to propagate without any distortion, so
results. Therefore, we show only the results for the CSNhat the coupling efficiency becomes unity.
The numerical parameters are chosen tocbe= 100 pm Fig. 3 presents the coupling efficiency as a function of tilt
and|u| < 7 /4. This corresponds to a computational windovangle, in whichAw ~ 7.854 x 10~*rad andA~ = 0.05 ym are
dimension of200 zm in the physical space. The transparenised. The results obtained at a propagation distance ofid00
boundary condition is imposed at the computational windoare shown for the paraxial, one-, two-, and three-step cases.
edges [40]. It is clearly seen that the GD scheme improves the coupling
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' l \k‘\‘ ' — E GD scheme ]
N i - — — — — CNscheme -
3 08 T N E
= \ 100 : .
& \ 3 =
g 0.8 Vo] 8 i
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oo \ ]
‘7-3 0.4 ‘ 1 5 i
3-st S .
SN ) Spp— 3-steb 1 F 5
— 1-step 1S ]
----- paraxial . - < ]
0' 0 1 I 1 h ! 0 ! T 5
0 10 20 30 40 50
100
A [degrees]
@ x[gom]
10 Fig. 4. Propagating field in a tilted slab waveguide. The tilt angle & 45
> 0.8 i th
=} L exact
9 o0 — GD scheme
= 0.6 - e T i CN scheme
E N L
] [
=T} 0.8_—
£ 0.4F i C
(o — [
3 N 0.6
©0.2F . :
0.4-
0' 0 1 I [ 1 T~ i
0 10 20 30 40 50 020
6[degrees] : P\
®) 00 —%0~20 6080 100 120 140
Fig. 3. Coupling efficiency as a function of tilt angle (a) GD scheme and x[/zm]
(b) CN scheme.
Fig. 5. Field profiles at a propagation distance of }08. The tilt angle
is 45°.

IS
efficiency, when compared with the conventional CN scheme.

To clarify the reason for the improvement of the GD scheme, _ ) . . .
we illustrate the propagating field obtained for the three-step! N€ implementation of an adaptive grid can be generalized
method in Fig. 4, in which the tilt angle is chosen to be 45 Using the local amplitude of the field [22]. In this analysis,

For comparison, the result obtained from the CN scheme ¢ @dd the sampling points in such a way that the initial
also shown. It is seen that the field obtained from the GHRnsverse sampling width is divided intlz/2 in the region
scheme propagates with the mode profile being maintaindy1ere the local amplitude of the field is larger than a fixed

while that from the CN scheme not only deforms but als§?!ue- The missing values between the sampling points are
shifts toward the—z direction. Fig. 5 shows the field profile 96N€rated using a Lagrange interpolation technique. Fig. 6

at a propagation distance of 1@én. The field distribution for SNOWS an example of the distribution of sampling points using
the GD scheme agrees fairly with the exact field, while th&#€ daptive grid, in which the position of the sampling points
for the CN scheme fails. varies stepwise along the waveguide.
The waveguide tested here is the same as that discussed in
Section Il. The tilt angle is varied from 0 to $0The coupling
Il APPLICATION TO AN ADAPTIVE GRID efficiency of the fundamental mode evaluated at a propagation
Although the CSM is easy to implement as discussed distance of 10Qum is shown in Fig. 7, in which the three-
Section II-A, the grid growth factor in the physical space istep method is used and the total number of sampling points
limited due to the mapping function to be used. In contrass designated a®/,. The sampling widths aré&xz = 0.2 um
the PSM has flexibility in the choice of the grid growth factorand A> = 0.05 pum. It is found that the multistep method
Therefore, we introduce an adaptive grid [18], [19], [21], [22)with an adaptive grid can successfully achieve high accuracy
[24], [25] into the multistep method based on the PSM. Sineegardless of a small number of sampling points. In the regular
the numerical results using the coefficieits in (19) and (21) grid, 2000 sampling points are needed to obtain the same
do not show significant difference [29], we addp's in (19). accuracy as that for the adaptive grid.
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Fig. 6. Example of an adaptive grid for a tilted waveguide.

1.0 . .
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2 0.6} %Y
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o 8]
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00 , , . , [11]
0 10 20 30 40 50
@ [degrees] (12]

Fig. 7. Comparison between adaptive and regular grids in coupling effi-
ciency as a function of tilt anglé. [13]

IV. CONCLUSIONS [14]

We have studied the applicability of the high-accuracy

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 17, NO. 4, APRIL 1999

directly extended to a nonuniform grid by using a Taylor-
series expansion. The latter method is superior to the former
one in that we have flexibility in the choice of the grid growth
factor: an arbitrary region in the transverse coordinate can be
densely or coarsely discretized. Several numerical results show
the effectiveness of the present methods for both the paraxial

wide-angle formulations. Finally, taking advantage of the

physical space method, we introduce an adaptive grid into the
multistep method. With the aid of the adaptive grid, the total
number of the transverse sampling points can be substantially
reduced, without losing inherent accuracy.
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