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Abstract—Efficient nonuniform schemes, based on the general-
ized Douglas (GD) scheme, are developed for the finite-difference
beam propagation method (FD-BPM). For a two-dimensional (2-
D) problem, two methods are presented: a computational space
method and a physical space method. In the former, the GD
scheme is employed, after replacing a nonuniform grid in the
physical space with a uniform one in the computational space. In
the latter, the GD scheme is directly extended to a nonuniform
grid in the physical space. We apply these two methods to paraxial
and wide-angle FD-BPM’s. The fourth-order accuracy is achieved
in the transverse direction, provided that the grid growth factor
between two adjacent grids isr = 1 + O(�x). For the paraxial
BPM, the reduction in the truncation error is demonstrated
through modal calculations of a graded-index waveguide using
an imaginary distance procedure. For the wide-angle BPM, the
propagating field in a tilted waveguide is analyzed to show the
effectiveness of the present scheme. As an application of the
physical space method, an adaptive grid is introduced into the
multistep method.

Index Terms—Finite-difference methods, optical beam propa-
gation, optical waveguides.

I. INTRODUCTION

W AVE propagation in an optical waveguide can be
analyzed by the beam propagation method (BPM) [1],

[2]. The BPM’s developed during the last two decades can
be roughly categorized in terms of the discretization in the
transverse direction, i.e., fast Fourier transform (FFT-BPM)
[3], finite-difference (FD-BPM) [4]–[10], finite-element (FE-
BPM) [11]–[14], and method of lines (Mol-BPM) [15]. In the
FFT-BPM only a uniform grid is valid, while in the other
BPM’s a nonuniform grid [16]–[25] is allowed to improve
computational efficiency or describe a waveguide configura-
tion accurately. For a longitudinally invariant waveguide, a
nonuniform grid has been applied to the FD-BPM [16], [17],
[20]. In the case of a longitudinally variant waveguide, an
adaptive grid has been introduced into the FD-BPM [18], [19],
[21] and the FE-BPM [22], [24], [25].

For the FD-BPM, most of the previous works related
to a nonuniform scheme have been based on the conven-
tional nonuniform Crank–Nicholson (CN) scheme [17], [19],
[20]. Accordingly, the truncation error is , provided
that the grid growth factor between two adjacent grids is

. Yevick et al. [16] refined the conventional
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nonuniform operator of the second derivative and improved
its accuracy. Unfortunately, this results in a pentadiagonal
matrix with time-consuming procedures. On the other hand,
by eliminating the low-order error terms in a Taylor-series
expansion, we have demonstrated that the generalized Douglas
(GD) scheme [26]–[28] can be extended to a nonuniform grid
[29], maintaining a tridiagonal matrix. It is worth mentioning
that the truncation error, even in a nonuniform grid, can be
reduced to under the condition of .
More recently, Vassallo and Van der Keur derived another
nonuniform scheme whose truncation error is [30].

As an alternative to treat a nonuniform grid, a mapping
technique can be utilized to transform a nonuniform grid in the
physical space into a uniform one in the computational space.
Ladouceur [31] first applied this technique to the BPM analysis
with the intention of avoiding a spurious reflection from the
computational window edge. However, this technique reported
so far has been based on the conventional CN scheme.

In this paper, we study the application of the GD scheme to
an FD-BPM with a nonuniform grid for the purpose of devel-
oping efficient schemes for the modal and propagating-beam
analyses. Two different methods are derived and discussed in
a two-dimensional (2-D) problem. One is the computational
space method (CSM) using a mapping technique [31]–[33],
in which the GD scheme is employed after replacing a
nonuniform grid in the physical space with a uniform one
in the computational space. The other is the physical space
method (PSM), in which the GD scheme is directly extended
to a nonuniform grid in the physical space [29]. These two
methods have the following feature: The CSM is easy to
implement the algorithm since the transverse coordinate in the
computational space is discretized by a uniform grid, while
the grid growth factor is limited due to the mapping function
to be used. The PSM is more flexible in the choice of the grid
growth factor: An arbitrary region in the transverse coordinate
can be densely or coarsely discretized.

The CSM and PSM are applied to paraxial and wide-
angle multistep [10], [34], [35] FD-BPM’s (note that the
multistep method based on the FE-BPM has been reported,
but the use of a nonuniform grid has not been discussed
[36]). To demonstrate the reduction in the truncation error in
the paraxial FD-BPM, the modal analysis of a graded-index
slab waveguide is carried out using the imaginary distance
procedure [37]–[39]. For the assessment of the wide-angle
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BPM, the propagation of the fundamental mode is analyzed
in a tilted slab waveguide with a graded-index profile.

As an application, taking advantage of the PSM, we intro-
duce an adaptive grid [18], [19], [21], [22], [24], [25] into
the multistep method for wide-angle beam propagation. A
Lagrange interpolation technique is used to determine missing
values between sampling points. The use of the multistep
method combined with the adaptive grid can substantially
reduce the total number of the transverse sampling points,
without losing inherent accuracy.

II. FORMULATION

Throughout this paper, we consider a 2-D problem.
We express the scalar field as

, so that the wave equation to be
solved is

(1)

where and , in which is
the free space wavenumber, is the index profile of the
waveguide, and is the reference index to be appropriately
chosen. For the paraxial formulation, the second derivative
with respect to is omitted. This leads to the Fresnel equa-
tion. For the wide-angle formulation, the second derivative is
partially taken into account using a Padé approximation [8],
[9]. With the use of the multistep method [34], the higher Pad´e
approximant operator is factored into a series of simpler Padé
(1,1) operators.

A. Computational Space Method (CSM)

We begin with the formulation of the CSM. A nonuniform
grid in the physical space is transformed into a uniform
grid in the computational space using a mapping
function. In this paper, we choose the mapping function
defined as [31]

(2)

where is a scaling parameter. Although alternative mapping
functions can be chosen, (2) leads to a simplified expression
of the wave equation, as will be seen in (4). For (2), the
sampling width in the physical space increases gradually from
the center of the computational region to the edge. This type
of grid growth is particularly suitable for a modal analysis
of an optical waveguide, because the region with a large
field amplitude, which predominates the accuracy, is densely
discretized, while the region with a small field amplitude is
coarsely discretized. Equation (2) has been successfully used
for the eigenmode analysis of optical waveguides [32], [33].

To facilitate derivation of the finite-difference equation, the
transformation of the field

(3)

is imposed. Using (2) and (3), (1) can be rewritten as follows:

(4)

with

For the paraxial formulation, we drop the second derivative
with respect to in (4). Here we employ the GD scheme [26],
[27] and evaluate the second derivative with respect tomore
precisely than the conventional three-point approximation.
Since the transverse coordinate is uniformly discretized in the
computational space, the derivation of the improved formula
is straightforward. Finally, the following paraxial equation is
obtained:

(5)

where

and the superscript indicates position along the axis.
Consideration is next given to a wide-angle formulation.

The second derivative with respect toin (4) is partially taken
into account using a Padé recurrence relation. An th-order
Pad́e operator may be decomposed into an-step algorithm
for which the th partial step takes the form [34]

(6)

in which . The ’s can be
determined by the one-time solution of anth-order com-
plex algebraic equation. Equation (6) can be restored to the
following differential equation:

Im
Re

(7)

We apply the GD scheme to (7). Following the procedure
described in [28] and [35], we finally obtain

(8)

where

in which

for

for

Evidently, (5) and (8) can be solved by the standard tech-
niques, such as the Thomas algorithm. An advantage is found
in the fact that the transverse coordinate is discretized by a
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uniform grid. This means that the solution of (5) and (8)
can readily be achieved with only slight modification to the
conventional algorithm. It should be noted, however, that the
grid growth factor in the physical space is limited due to the
mapping function to be used.

B. Physical Space Method (PSM)

Next we consider the direct extension of the GD scheme
to a nonuniform grid. Since the formulation for the Fresnel
equation has been briefly reported in [29], we here present
more detailed derivation.

Consider the nonuniform grid shown in Fig. 1, where
represents the grid growth factor. Note thatcan be larger or
less than unity. By Taylor-series expansions, and
are expressed as

(9)

(10)

From (9) and (10), we have

(11)

(12)

where

(13)

By substituting (12) into (11), the second derivative can be
written in the form

(14)

Fig. 1. Nonuniform sampling grid.

where

(15)

It can be clearly seen that the first terms in the right-hand sides
of (12) and (14) are the conventional nonuniform approxima-
tions to the first and second derivatives, respectively. Equation
(15) has widely been used to analyze an optical waveguide
[17], [19], [20]. Note that (13) and (15) have a truncation
error of under the condition of . We
now evaluate the third and fourth derivatives in (14). Using
the GD scheme, these derivatives are rewritten as follows:

(16)

(17)

Both (16) and (17) have a truncation error of under
the condition . It follows that the truncation
error in (14) is reduced to , provided that the condition
of is satisfied.

From the foregoing, we can establish

(18)

(19)

Alternatively, we can replace in (13) by the following
three-point representation:

(20)

In this case, we obtain the slightly different coefficients

(21)

As can be expected, (18) is reduced to the uniform case when
in [26, eq. (3)]. After some manipulations, we finally
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construct the finite-difference equations.

(22)

We further extend the formulation to the multistep method.
As in the case of (7), the -step algorithm may be written
in the form

Im
Re

(23)

where

Now we apply (18) to (23), so that the following finite-
difference equation is derived:

(24)

where

It should be restressed that (22) and (24) are the six-point
schemes which can be solved efficiently. The PSM has an
advantage over the CSM in that an arbitrary region in the
transverse coordinate can be densely or coarsely discretized.
This advantage will be used for an adaptive grid in Section III.

C. Numerical Results

To confirm the accuracy of the present methods, we treat
a symmetrical graded-index slab waveguide in which the
refractive index is , where

and m. The wavelength
considered here is m.

Preliminary calculations show that when the grid growth
factor in the PSM is chosen to be the same as that de-
termined by the CSM, both methods yield almost identical
results. Therefore, we show only the results for the CSM.
The numerical parameters are chosen to be m
and . This corresponds to a computational window
dimension of m in the physical space. The transparent
boundary condition is imposed at the computational window
edges [40].

Fig. 2. Effective-index error in a straight waveguide as a function of�u.

First, we test the paraxial formulation. The lowest order
eigenmode is analyzed using the imaginary distance BPM
[37]–[39], in which the effective index is calculated by
the following equation [38]:

(25)
where . The effective-index error is defined as

[%] (26)

where is the exact effective index.
Fig. 2 shows the effective-index error of the fundamental

mode as a function of the transverse sampling width. For
comparison, the results of the conventional CN scheme are
also shown. A propagation step length of m is
used. It is noteworthy that the effective index error of the
present scheme is almost proportional to . In contrast, the
error of the conventional CN scheme is proportional to .

Second, we assess the wide-angle formulation. The propaga-
tion of the lowest order mode in a tilted waveguide is analyzed.
The mode profile of the propagating field is evaluated by the
coupling efficiency defined as

(27)

where is the propagating field and is the incident field of
the fundamental mode. Note that the transverse coordinate
is restored to . In the case of no calculation error, the guided-
mode field continues to propagate without any distortion, so
that the coupling efficiency becomes unity.

Fig. 3 presents the coupling efficiency as a function of tilt
angle, in which rad and m are
used. The results obtained at a propagation distance of 100m
are shown for the paraxial, one-, two-, and three-step cases.
It is clearly seen that the GD scheme improves the coupling

Authorized licensed use limited to: HOSEI UNIVERSITY KOGANEI LIBRARY. Downloaded on August 31, 2009 at 23:51 from IEEE Xplore.  Restrictions apply. 



SHIBAYAMA et al.: SCHEMES FOR PARAXIAL AND WIDE-ANGLE FD-BPM’S 681

(a)

(b)

Fig. 3. Coupling efficiency as a function of tilt angle�: (a) GD scheme and
(b) CN scheme.

efficiency, when compared with the conventional CN scheme.
To clarify the reason for the improvement of the GD scheme,
we illustrate the propagating field obtained for the three-step
method in Fig. 4, in which the tilt angle is chosen to be 45.
For comparison, the result obtained from the CN scheme is
also shown. It is seen that the field obtained from the GD
scheme propagates with the mode profile being maintained,
while that from the CN scheme not only deforms but also
shifts toward the direction. Fig. 5 shows the field profile
at a propagation distance of 100m. The field distribution for
the GD scheme agrees fairly with the exact field, while that
for the CN scheme fails.

III. A PPLICATION TO AN ADAPTIVE GRID

Although the CSM is easy to implement as discussed in
Section II-A, the grid growth factor in the physical space is
limited due to the mapping function to be used. In contrast,
the PSM has flexibility in the choice of the grid growth factor.
Therefore, we introduce an adaptive grid [18], [19], [21], [22],
[24], [25] into the multistep method based on the PSM. Since
the numerical results using the coefficients’s in (19) and (21)
do not show significant difference [29], we adopt’s in (19).

Fig. 4. Propagating field in a tilted slab waveguide. The tilt angle is 45�.

Fig. 5. Field profiles at a propagation distance of 100�m. The tilt angle
is 45�.

The implementation of an adaptive grid can be generalized
using the local amplitude of the field [22]. In this analysis,
we add the sampling points in such a way that the initial
transverse sampling width is divided into in the region
where the local amplitude of the field is larger than a fixed
value. The missing values between the sampling points are
generated using a Lagrange interpolation technique. Fig. 6
shows an example of the distribution of sampling points using
the adaptive grid, in which the position of the sampling points
varies stepwise along the waveguide.

The waveguide tested here is the same as that discussed in
Section II. The tilt angle is varied from 0 to 50. The coupling
efficiency of the fundamental mode evaluated at a propagation
distance of 100 m is shown in Fig. 7, in which the three-
step method is used and the total number of sampling points
is designated as . The sampling widths are m
and m. It is found that the multistep method
with an adaptive grid can successfully achieve high accuracy
regardless of a small number of sampling points. In the regular
grid, 2000 sampling points are needed to obtain the same
accuracy as that for the adaptive grid.
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Fig. 6. Example of an adaptive grid for a tilted waveguide.

Fig. 7. Comparison between adaptive and regular grids in coupling effi-
ciency as a function of tilt angle�.

IV. CONCLUSIONS

We have studied the applicability of the high-accuracy
nonuniform schemes based on the generalized Douglas scheme
to the FD-BPM. The fourth-order accuracy is achieved in
the transverse direction, provided that the grid growth factor
between two adjacent grids is . In a two-
dimensional problem, two different methods are derived. For
the computational space method, a mapping technique is used
to transform a nonuniform grid in the physical space into
a uniform one in the computational space. The mapping
function used in this paper is particularly suitable for a modal
analysis of an optical waveguide. This method is easy to
implement with only slight modification to the conventional
algorithm. For the physical space method, the GD scheme is

directly extended to a nonuniform grid by using a Taylor-
series expansion. The latter method is superior to the former
one in that we have flexibility in the choice of the grid growth
factor: an arbitrary region in the transverse coordinate can be
densely or coarsely discretized. Several numerical results show
the effectiveness of the present methods for both the paraxial
and wide-angle formulations. Finally, taking advantage of the
physical space method, we introduce an adaptive grid into the
multistep method. With the aid of the adaptive grid, the total
number of the transverse sampling points can be substantially
reduced, without losing inherent accuracy.
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