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Numerical Analysis of Two-Arm Spiral Antennas
Printed on a Finite-Size Dielectric Substrate

Hisamatsu Nakano, Fellow, IEEE, Hajime Yasui, and Junji Yamauchi, Member, IEEE

Abstract—A two-arm spiral antenna (SA) printed on a dielectric
substrate backed by a conducting plane is analyzed under the
condition that the dielectric substrate has a finite side length of .
The analysis is performed using the finite-difference time-domain
(FDTD) method. The computation space for the FDTD method
is reduced to one-half of the full computation space by virtue of
the antenna arm symmetry with respect to the feed point. The
numerical evaluations for the radiation characteristics are briefly
described, and the SA (the spiral antenna with a conducting
plane of infinite extent) is analyzed. It is found that the input
impedance remains constant with side length 0 8 wavelength
in this analysis model. It is also found that as L increases, the
axial ratio improves with the gain remaining relatively constant
(the gain variation is within 1 dB). The SA�nite (the spiral with
a conducting plane having the same finite size as the dielectric
substrate) is also analyzed. It is revealed that the effects of
on the axial ratio and gain are relatively large compared with
those on the former SA .

Index Terms—Finite-difference time-domain (FDTD) method
analysis, finite-size dielectric material, spiral antenna.

I. INTRODUCTION

SPIRAL antennas have been analyzed under the condition
that the spirals are located in free space or are printed on a

dielectric substrate [1]–[9]. The analysis for the printed spirals
has been performed with the assumption that the dielectric sub-
strate, backed by a conducting plane, is of infinite extent [2], [5],
[9]. Since, in reality, the size of the dielectric substrate is finite,
the effects of the finite size on the radiation characteristics need
to be investigated.

This paper is a sequel to a previous paper on a two-arm spiral
antenna (SA) for circularly polarized wave radiation [10]. The
purpose of this paper is to reveal the effects of a finite-size
dielectric substrate on the spiral antenna characteristics, in-
cluding the current distribution, input impedance, radiation
pattern, axial ratio, and gain.

First, some techniques for analysis based on the finite-differ-
ence time-domain (FDTD) method are described. Making use
of the fact that the spiral arms are symmetrical with respect to
the feed point, the computation space for the FDTD method is
reduced to one-half of the full computation space. A calculation
technique for the radiation pattern when the substrate is of infi-
nite extent is also described.

Second, an SA with a finite-size dielectric substrate is ana-
lyzed under the condition that the conducting plane is of infinite
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Fig. 1. Configuration and coordinate system. (a) Spiral antenna with a
finite-size dielectric substrate backed by a conducting plane of infinite extent
(SA ), (b) spiral antenna with a finite-size dielectric substrate backed by a
finite-size conducting plane (SA ), and (c) spiral arms: the filaments with
width w have lengthsS , S ; . . ., andS .

extent. The SA under this condition, designated as SA, corre-
sponds, for example, to a radiation element mounted on the con-
ducting roof of an automobile. The radiation characteristics are
evaluated as a function of the side length of a square dielectric
substrate . It is found that as the side lengthincreases, the
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(a) (b)

(c) (d)

Fig. 2. Computation space. (a) Full computation spaceI�x � J�y � K�z for SA . (b) Reduced computation spaceI�x � 0:5J�y � K�z for SA .
(c) Full computation spaceI�x � J�y �K�z for SA . (d) Reduced computation spaceI�x � 0:5J�y �K�z for SA .

currents along the spiral arms tend toward a smoothly decaying
traveling-wave and the axial ratio improves.

Third, an SA is analyzed under the condition that both the
square dielectric substrate and the square conducting plane
have the same finite side length(the SA is designated as the
SA ). It is revealed that the side length for the SA
affects the radiation characteristics more than that for the SA.
The behavior in the radiation pattern, axial ratio, and gain
are illustrated as a function of the side length. Note that
the frequency responses for the SA are also described in
comparison with those for the SA.

II. CONFIGURATION

Fig. 1 shows the configuration of a two-arm printed SA on a
square dielectric substrate of side length. The dielectric sub-
strate has thicknessand relative permittivity . The dielectric
substrate is backed by a conducting plane. The conducting plane
in Fig. 1(a) is of infinite extent, while the conducting plane in
Fig. 1(b) is square and finite, having the same side lengthas
the dielectric substrate. These spiral antennas shown in Fig. 1(a)
and (b) are designated as SAand SA , respectively.

The two spiral arms are symmetrically wound with respect
to the feed point , each arm having filaments, as shown
in Fig. 1(c). Throughout this paper, the following configuration
parameters are fixed: mm , ,
(with filament lengths mil mm ,

, , , , ,
and ), and width of spiral arm , where

is the free-space wavelength at a test frequency of 8 GHz.
The side length of the dielectric substrate,, is varied in the
following analysis.

III. N UMERICAL ANALYSIS

The SA is analyzed using the FDTD method [11], [12], in
which Yee’s algorithm [13] is adopted with Liao’s second order
absorbing boundary condition [14].

The SA is excited with a delta-gap voltage source, which is
expressed with a sine function modulated by a Gaussian func-
tion [15]. The symmetry of the antenna arms with respect to the
feed point leads to the following relationships in the electric
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(a)

(b)

Fig. 3. Electric fieldsE and E in the x–z plane (computation space
boundary).

field components ( , , ) and the magnetic field compo-
nents ( , , ):

(1a)

(1b)

(1c)

(2a)

(2b)

(2c)

Using these symmetry relationships, the computation space
shown in Fig. 2(a) and (c) is reduced to one-half of the full
computation space, shown in Fig. 2(b) and (d). That is, a
computation space of ( , , ) is reduced to ( ,

, ), where , , and are the side lengths
of a grid cell in the , , and directions, respectively, and,

, and are integers.
The at the computation space boundary (–

plane) is determined by using Yee’s algorithm with four mag-
netic fields surrounding the [see Fig. 3(a)]. Note

(a)

(b)

Fig. 4. Enclosing surface for far-field calculation;M andJ are magnetic
and electric currents on the enclosing surface, respectively. (a) SA: the
conducting plane is removed using image theory. (b) SA.

that one of the four magnetic fields, , is lo-
cated beyond the computation space defined in Fig. 2(b) and (d),
and can not be used for the calculation. However,
this is replaced with ,
which is located within the computation space in Fig. 2(b) and
(d), using the symmetry condition (2c)

(3)

Similarly, the at the computation space boundary is
determined by using Yee’s algorithm with
and [see Fig. 3(b)]. Using the symmetry
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Fig. 5. Current distributionI = I + jI of SA as a function of side length
L. (a)–(d) results calculated using the FDTD method and (e) result calculated
using the MoM. In (d), the FDTD method solution forL =1 agrees well with
(e) the MoM solution.

Fig. 6. Input impedanceZ = R + jX of SA as a function of
normalized side length (L=� ). Results calculated using MoM are also
presented forL = 1.

condition (2-a), , located beyond the com-
putation space defined in Fig. 2(b) and (d), is replaced with

located within the computation space

(4)

The current distribution along the spiral arm ( is the
distance measured along the spiral arm from the feed pointto

the current source point) is obtained by Fourier-transforming the
time-domain current determined by integrating the time-domain
magnetic field around the spiral arm (Ampere’s circuital law).
Using the Fourier-transformed current and voltage at
the input terminals, the input impedance is evaluated as

.
The far-field ( and are unit vectors

for the spherical coordinatesand , respectively) is calculated
on the basis of the equivalence principle, which uses the electric
current and magnetic current on the
surface that encloses the antenna (see Fig. 4) [12], where
and are, respectively, the magnetic and electric fields on the
surface , and is the outward unit vector normal to the surface

.
The current can be obtained on the basis of the FDTD

method even when the side lengths of the square dielectric and
conducting plane are infinite ( ). However, the far-field

for cannot be obtained from the FDTD method,
because the antenna cannot be enclosed due to the infinite di-
electric and conducting planes. For this case, the far-field is
formulated using two Sommerfeld-type Green’s functions [2],
which include the effects of the arm image produced by the
conducting plane of infinite extent, together with the current

obtained by the FDTD method. Adopting the stationary
phase method (SPM) [2] simplifies the two Green’s functions
and leads to the far-field components ( , )

(5)

where

(6)

(7)

(8)

The notation in the previous equations is as follows:is the dis-
tance between the spherical coordinate origin and the observa-
tion point; is the wave number in free space; and
are the rectangular coordinates specifying the position of a point
defined by ; and are derivatives with respect to

; , , , ,
and . Note that (5) is derived under the condition that
the current flows along a wire whose radiusis small enough
for the thin wire approximation to be applied. The wire radius
is approximated by the strip width as .

The spirals shown in Fig. 1 are expected to radiate a
right-hand circularly polarized (RHCP) wave due to the
winding sense of the spiral arm. The gain for a RHCP wave in
the direction specified by the spherical coordinates (, , ),

, is expressed as

(9)
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Fig. 7. Radiation patterns of SA as a function of side lengthL. Right-hand circularly polarized wave component E—. Left-hand circularly polarized wave
componentE - - -.

where is the power input to the antenna, i.e., Real
( ), where and are the voltage and the complex con-
jugate of the current at the input terminals, respectively.is
the intensity of an RHCP wave: .

The axial ratio is given as
, where is the intensity of a left-hand circularly

polarized (LHCP) wave: .

IV. NUMERICAL RESULTS AND DISCUSSIONS

It was confirmed that the FDTD computer programs devel-
oped on the basis of the theory in Section III reproduced the data
shown in [16, Fig. 3]. After this validation, the following radia-
tion characteristics of the spiral antennas printed on a finite-size
dielectric substrate are obtained using the same computer pro-
grams.

A. Spiral Antenna on a Finite-Size Dielectric Substrate Backed
by a Conducting Plane of Infinite Extent: SA

The first analysis is devoted to a spiral antenna on a finite-size
dielectric substrate backed by a conducting plane of infinite ex-
tent, shown in Fig. 1(a). The configuration parameters are de-
scribed in Section II.

Fig. 5 shows the current distribution as a function of dielec-
tric substrate side length. The current distributions along the
two spiral arms are symmetrical with respect to the feed point

, and hence half of each current distribution is shown in this
figure. The phase of the current distribution reveals that asin-
creases, the currents along the arms tend toward a smoothly de-
caying traveling-wave. The current distribution for
is almost the same as that for . The guide wavelength
of the current for is evaluated to be approximately
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, which is close to a rough estimation of the guide
wavelength, , where is the
average relative permittivity given as .

For comparison, the current distribution for obtained
using the method of moments (MoM) [2] is also presented in
Fig. 5(e). It is seen that the results shown in Fig. 5(d) agree well
with those in Fig. 5(e). The good agreement again ensures that
the developed FDTD computer programs correctly work. Note
that the MoM in [2] can handle only the case where the dielectric
is of infinite extent ( ).

Fig. 6 depicts the input impedance as
a function of substrate side length. No significant variations
are found for . It is clear that the input impedance
obtained by the FDTD method for is in good agreement
with MoM analysis values, which are shown on the right side of
Fig. 6.

The infinite conducting plane makes radiation unidirectional.
The radiation patterns are shown in Fig. 7, where the far-field
is decomposed into two wave components; right- and left-hand
circularly polarized wave components. The left-hand circularly
polarized wave component [ , the cross
polarization component], which degrades the axial ratio (AR) of
a circular polarization antenna, is generated from the backward
currents flowing toward the feed point. From the investigation
of the current distributions shown in Fig. 5, it can be expected
that the AR will improve as the substrate side lengthincreases.
This is confirmed by Fig. 8.

Fig. 8 also shows the gain for an RHCP wave. The vari-
ation in the gain is not large (less than 1 dB). The gain at

is approximately 6.8 dB. The gain for is in good
agreement with that obtained using the MoM. The radiation ef-
ficiency for the SA with a substrate (and a conducting
plane) of infinite extent is degraded due to surface wave effects.
The , which is calculated using the MoM, is 72%. This cor-
responds to a loss of 1.4 dB in the gain.

Further analysis is performed to investigate the frequency re-
sponse for . The frequency bandwidth for a 3-dB
axial ratio criterion is calculated to be 18.4%. Over this band-
width, the gain shows an almost constant value of 7 dB and the
VSWR relative to a resistance value at a test frequency
GHz (240 ) is less than 2, as desired.

B. Spiral Antenna on a Finite-Size Dielectric Substrate Backed
by a Finite-Size Conducting Plane: SA

The SA shown in Fig. 1(b) has a compact structure and
is suitable for practical applications. In this section, the effects
of the finite side length of the square dielectric and conducting
plane on the radiation characteristics are investigated using the
configuration parameters described in Section II.

When the side length is changed, the current distribution
exhibits almost the same behavior as that shown in Fig. 5. That
is, as increases, the currents along the arms tend toward a
smoothly decaying traveling-wave. This behavior of the current
results in an input impedance characteristic similar to that shown
in Fig. 6. The input impedance of the SA , shown in Fig. 9,
is almost the same as that of the SA, provided that the side
length is longer than .

Fig. 8. Axial ratio AR and gainG of SA as a function of normalized side
length (L=� ). Results calculated using MoM are also presented forL =1.

Fig. 9. Input impedanceZ = R + jX of SA as a function
of normalized side length (L=� ). Results calculated using MoM are also
presented forL = 1.

The radiation pattern of the SA , however, is different
from that of the SA . Fig. 10 shows the radiation pattern of
the SA as a function of the side length. Due to the fi-
nite-size conducting plane, backlobes appear. Fig. 11 shows the
HPBW of the main beam radiating a right-hand circularly po-
larized wave . It is found that the HPBW becomes wider in
the vicinity of . As a result, the gains in the vicinity
of are lower, as shown in Fig. 12. Note that the
radiation from the SA is circularly polarized in the vicinity
of with axial ratios of less than 3 dB.

Further analysis is performed to evaluate the frequency re-
sponse for the SA . The frequency response is obtained for
a dielectric substrate side length , which is the same
as the side length used for investigating the frequency response
for the SA . The analysis reveals that the frequency bandwidth
for a 3-dB axial ratio criterion is 18.3%, which is almost the
same as that for the SA. Over this bandwidth, the SA has
almost the same gain (7 dB) as the SAand the VSWR relative
to a resistance value of the input impedance at a test frequency

GHz (236 ) is less than 2.
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Fig. 10. Radiation patterns of SA as a function of side lengthL. Right-hand circularly polarized wave componentE —. Left-hand circularly polarized
wave componentE - - -.

V. CONCLUSIONS

The FDTD method has been used for analysis of printed spiral
antennas. The computation space is reduced to one-half of the
full computation space, making use of the symmetry of the spiral
arms with respect to the feed point. The antenna characteristics
are evaluated on the basis of the electric and magnetic fields
obtained by the FDTD method.

The effects of a square dielectric substrate (of side length)
on the radiation characteristics have been revealed for two cases:
1) the conducting plane that backs the finite-size dielectric sub-
strate is of infinite extent and 2) the conducting plane and dielec-
tric substrate have the same finite-size (both are square, having

the side length ). The spiral antennas for the first and second
cases are designated as the SAand SA , respectively.

As the side length increases, the currents along the arms
tend toward a smoothly decaying traveling-wave in both SA
and SA . The input impedance, therefore, becomes constant
at a certain value of ( wavelength). The SA ra-
diates a unidirectional beam (without back-lobes) due to the
conducting plane of infinite extent, while the SA has back-
lobes due to the finite-size conducting plane. The difference be-
tween the radiation patterns of the SAand SA is related
to differences in the axial ratio and gain characteristics of these
antennas. The variations in the gain and axial ratio of the SA
are relatively small compared with those of the SA . Anal-
ysis has also revealed that when the SAand the SA have
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Fig. 11. Half-power beam width (HPBW) of SA as a function of
normalized side length (L=� ). � = 0 plane (x–z plane)� � � � � = 90

plane (y–z plane)� � � � �.

Fig. 12. Axial ratio AR and gainG of SA as a function of normalized
side length (L=� ). Results calculated using MoM are also presented forL =

1.

the same side length , they show almost the same fre-
quency bandwidth (approximately 18%) for a 3-dB axial ratio
criterion and have a gain of approximately 7 dB.
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