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Numerical Analysis of Arbitrarily Shaped
Probe-Excited Single-Arm Printed Wire Antennas

Rong-Lin Li and Hisamatsu Nakano,Fellow, IEEE

Abstract—A general integral equation technique is described
for analysis of an arbitrarily shaped single-arm printed wire
antenna excited through a vertical probe. A unified current
integral equation is formulated on the basis of dyadic Green’s
functions and the reciprocity theorem. The current distribution
is obtained by using a parametric moment method in which
parameter segments are adopted for the printed wire instead
of the commonly employed wire length segments. The radiation
field solution involving both the printed antenna and vertical
probe is also presented. The validity of the formulation is verified
by comparing the numerically obtained input impedance and
radiation patterns for a linear antenna and a meander antenna
with measured data. A circular open loop and an Archimedian
spiral are investigated to illustrate the applicability of the present
technique.

Index Terms—Integral equation, microstrip antennas, moment
method, printed antennas, probe feed.

I. INTRODUCTION

FOR more than ten years, printed wire antennas have
been numerically investigated by a number of researchers

[1]–[7]. In all of these works, it is assumed that the antennas
are excited by a center-fed delta-gap voltage source. In order
to realize such a center-fed antenna, a balun circuit [8] must
be used, which increases the complexity of the system.

The coaxial feed has a relatively simple structure. Using a
coaxial feed, a printed antenna (horizontal element) is excited
through a vertical probe, which is formed by extending the
inner conductor of the coaxial line. The numerical techniques
presented by the above researchers, unfortunately, are inca-
pable of handling such a vertical coaxial feed model since the
formulations include only the effects of the horizontal element.

Recently, a numerical analysis was presented in [9] for
single-arm printed antennas excited through a vertical feed
wire. The numerical model in this work, however, was devel-
oped only for an Achimedian spiral. The feeding model has
not been discussed in any detail.

Our intention in this paper is to present a general numerical
analysis for a probe-excited single-arm printed wire antenna
with an arbitrary shape. The analysis is based on an integral
equation approach.

First, a unified current integral equation governing the
current distribution along the vertical probe and printed wire
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Fig. 1. Geometry of an arbitrarily shaped single-arm printed wire antenna
excited by a vertical probe.

antenna is formulated. This equation is then solved using the
moment method based on a parametric representation of the
printed wire geometry. A concise computational formulation
for the far-zone fields radiated from the vertical probe and
printed antenna is also presented. To verify the validity of the
formulation, the numerical results of the input impedance and
radiation patterns for a linear antenna and a meander antenna
are compared with measured data. Finally, a circular open loop
and an Archimedian spiral are investigated to demonstrate the
applicability of the present approach.

II. FORMULATION

A. Current Integral Equation

The probe-excited single-arm printed wire antenna is illus-
trated in Fig. 1. An arbitrarily shaped thin wire antennawith
wire radius is printed on a grounded dielectric substrate with
thickness and relative permittivity . The printed antenna
is excited at the starting point of the printed wire through
a vertical probe . The inner and outer conductor radii of the
coaxial line are and , respectively. It is assumed that a
source point (whose position vector is) is situated on the
wire axis and an observation point (whose position vector is)
is located on the wire surface with a thin-wire approximation
(that is, both and are much less than the free-space
wavelength ). The electric field at the observation point is
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expressed as

(1)

where is the unknown total axial current, is the
unit dyadic, is the potential vector dyadic Green’s
function, and

(2)

with .
Therefore, the tangential component of the electric field

along the wire is

(3)
where and are the dyadic Green’s func-
tions for a -oriented vertical electric dipole (VED) embedded
in the dielectric substrate and an-oriented horizontal electric
dipole (HED) on the dielectric substrate, respectively.

The dyadic Green’s function of the-oriented VED is given
by

(4)

where and are represented by Sommer-
feld integrals [10] ( time dependence is assumed and
omitted throughout this paper)

(5)

(6)

for the -oriented HED is [11]

(7)

where

(8)

(9)

(10)

(11)

In (5)–(11), represents theth order Bessel function of
the first kind

and

(12)

(13)

where and are, respectively, the Cartesian
coordinates of the observation and source points along the
wire axis. Substituting (4) and (7) into (3) and letting

, where the subscript indicates transverse to
the component of the operator , we have

(14)
It is noted from (8) and (10) that

(15)

(16)
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Substitution of (15) and (16) into (14) leads to

(17)
Using

(18)

and

(see Appendix) (19)

we have

(20)

(21)

(22)

(23)

where

(24)

(25)

(26)

(27)

Note that the Sommerfeld integrals in (24)–(27) involve only
the Bessel function of the first kind and zero order.

Inserting (20)–(23) into (17) yields

(28)
It is worth mentioning that the integrand in the first right-hand
term of (28) is simplified as

(29)

Hence, substituting (29) into (28) and integrating by parts, we
obtain

(30)
where indicates the arm-end point at the printed wire.
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From (25) and (27), it is evident that

(31)

(32)

By using (31) and (32) and the current boundary condition at
the arm-end point , i.e., , the final expression for

is

(33)
Note that (33) involves only the first-order derivative of
Sommerfeld integrals. This derivative is removed by virtue
of integration by parts when the impedance matrix elements,
which will be shown later in (45) and (46), are calculated.

The reciprocity theorem is used to develop the current inte-
gral equation. Under the thin-wire approximation assumption,
the reaction current integral equation is expressed as [10]

(34)

where denotes the test current source, is the
tangential electric field at the observation point () due to
the test current source . is the reaction
quantity of the magnetic current distribution and the magnetic
field generated by a VED at over the coaxial aperture,
which is given by [10]

(35)

where ( V) is the voltage applied and

B. Parametric MoM Solution

The current integral equation in (34) can be solved using
the method of moments (MoM). In this section, a parametric
MoM is used, which is more suitable to curved wire antennas
[12]. The parametric MoM has two important features: 1) the
geometry of the wire is represented with a general parametric
equation rather than the commonly used piecewise length

segments and 2) the basis function is directly defined as a
function of the parametric variable instead of the wire length.

Without loss of generality, we begin with representing the
geometry of the printed wire axis in a parametric form

(36)

where and corresponds to the position vectors
for points and , respectively. Note that the parametric
variable varies from to continuously. For convenience,
we choose the parameter numerically as .

Dividing the interval of the thickness into
( is the number of length segments

over the vertical probe) and the interval of the parameter
into ( is the

number of parameter segments over the horizontal printed
antenna), we express the unknown current distribution as

(37)
where ’s are unknown current coefficients.

and
are piecewise sinusoidal basis functions:

otherwise

(38)

where the variable denotes or .
Using the condition at the arm-end point , we

obtain . Thus, substituting (37) into (34) and
choosing

(39)

we obtain a set of linear equations

(40)

where

(41)
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consists of and , which are given as

(42)

and

(43)

with

(44)

in which

and are similarly defined. Integrating by parts, we

have and

(45)

(46)

After substituting and into (45)
and into (46), we combine with to
obtain

(47)

Checking (47) term by term, we find that the evaluation
of may be carried out by directly using any of the
known numerical integration schemes. This is because all of
the integrals in are definite integrals and all the integrands
are a function of either parameteror variable .

We should note from (41) and (47) that the solution to the
current distribution involves the evaluation of six Sommerfeld
integrals. The numerical considerations and treatments of
the Sommerfeld integration have been presented by various
authors [1], [13]–[15]. Two treatments are of particular interest
here: A) the first is to alleviate the difficulty in the evaluation
of the integrals as source and observation points come close
together and B) the second treatment is to save computer
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time in filling of the MoM matrix. In A), the integrals are
decomposed with the help of image theory into two parts: 1)
the perturbation term (characterized by the presence of surface
wave poles), which is a well-behaved integral and 2) the
singularity-containing term, which can be treated analytically
[10]. For B), we employ the so-called interpolation algorithm
[4] in which the Sommerfeld integrals are precomputed on a
grid of points in the solution domain and then used repeatedly
in a table look-up together with interpolation. For this paper,
two one-dimensional (1-D) interpolations in[ and

], three 1-D interpolations in [ , ,
and ], and one two-dimensional (2-D) interpolation in

[ ] are required. Note that can be
converted into a combination of two 1-D Sommerfeld integrals
[10]. Similarly, can be treated by using the same
1-D Sommerfeld integrals.

C. Radiation Pattern

Based on the current distribution solved, the far-zone ra-
diation fields are obtained by using the stationary phase
integration approach [10], [16]. Without going into detail, we
express the far-zone electric field generated by the vertical
probe and printed antenna in the spherical coordinate system

(see Fig. 1) as

(48)

(49)

where

(50)

(51)

(52)

(53)

(54)

(55)

with

(56)

(57)

Note that the integrals in (50)–(52) can be evaluated directly
by using a numerical integration scheme.

(a)

(b)

Fig. 2. Configurations of (a) a printed linear antenna and (b) a printed
meander antenna.

III. N UMERICAL EXAMPLES

A. Linear and Meander Antennas

To examine the accuracy of the computer program de-
veloped by using the previous formulation, a straight linear
antenna and a meander antenna are first analyzed. The two
antennas (shown in Fig. 2) have the same printed wire length

mm and the same wire radius mm. Both
are printed on a grounded dielectric substrate with a thickness
of mm and a dielectric constant of . The
printed antennas are excited by a vertical probe from a coaxial
line with inner and outer radii of and
mm, respectively.

The input impedance computed for the linear and me-
ander antennas is shown in Fig. 3 with the experimental
data. We can see good agreement between the computed and
experimental results.

The current distributions at a frequency of 3.0 GHz are de-
picted in Fig. 4, where the arm length is normalized to the total
wire length . Fig. 5 presents a comparison between
the computed and measured results for the radiation patterns at
3.0 GHz. We observe that the measured and computed results
are in agreement, but the discrepancy between the results near

is large. This is due to the stationary phase method
used in the development of the formula for the radiation fields,
which is not valid when .

B. Circular Open Loop

A circular closed-loop antenna excited by a center-fed
source radiates a linearly polarized wave [6]. A recent study
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Fig. 3. Input impedance of linear and meander antennas versus frequency.

has shown that a loop with a small gap in free-space can
radiate a circularly polarized wave [17].

Let us consider a printed circular loop antenna with a gap
of , which is excited by a vertical probe, as shown
in Fig. 6. The computed frequency responses of the input
impedance and axial ratio along the axis are shown in
Fig. 7. The frequency bandwidth where the axial ratio is less
than 3 dB is approximately 10%. We also observe that over
this frequency bandwidth the antenna shows a desirable input
impedance characteristic. The axial ratio and input impedance
at a design frequency of are found to be about 0.15 dB
and ( ) , respectively. The current distribution at
is presented in Fig. 8. Note that the arm length is normalized
to a total arm length (including the vertical probe length) of

. The smooth decay of current amplitude along the
arm shows that an open loop can operate as a traveling wave
antenna with minimal reflections from the arm end. Fig. 9
shows a circular polarization radiation pattern atin which

and denote the right-hand and left-hand circularly
polarized wave components, respectively.

C. Archimedian Spiral

It has been shown that a monofilar spiral antenna in free-
space [18] can radiate a tilted circularly polarized beam.
This antenna is applied to land-based mobile communication
systems. Using the previous formulation, we consider the
radiation properties of a printed Archimedian spiral antenna
defined by the function ( is the spiral constant and

is the winding angle starting at ). The configuration and
pertinent parameters of the antenna are depicted in Fig. 10.

It is found that the maximum radiation occurs in a direction
of . The calculated axial ratio and gain
in the maximum radiation direction, as well as the input
impedance are shown as a function of the arm length in

(a)

(b)

Fig. 4. Current distributions at 3 GHz along (a) a linear antenna and (b) a
meander antenna.

Fig. 11, where the arm length is measured from pointto
the arm end . It is observed that the antenna has an axial
ratio of less than 3 dB over a wide range of arm lengths
(from to ) while the gain and
input impedance remain relatively constant. This implies that
the spiral antenna has a wide bandwidth performance. The
current distribution for an arm length of , which
corresponds to a minimal axial ratio of 0.53 dB, is shown in
Fig. 12. The radiation pattern for is presented
in Fig. 13, which confirms that the beam is tilted.

IV. CONCLUSIONS

A general numerical technique based on an integral equation
for antenna current is developed for analysis of an arbitrar-
ily shaped probe-excited single-arm printed wire antenna. A
unified current integral equation is formulated in conjunction
with the dyadic Green’s functions and reciprocity theorem.
The current distribution along the printed wire and feed probe
is determined by using the parametric moment method, which
results in an exact representation of printed wire configurations
and a more efficient computational formulation. The far-
zone electric field from the printed wire and feed probe is
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(a)

(b)

Fig. 5. Radiation patterns at 3 GHz of (a) a linear antenna and (b) a meander
antenna.

also presented. Good agreement between the computed and
experimental results of the input impedance and radiation
patterns for linear and meander antennas is obtained, verifying
the validity of the formulation. To show the applicability of
this technique to printed antennas with vertical probe feed,
we also investigate a circular open loop and an Archimedian

Fig. 6. Geometry and parameters of a printed circular open-loop antenna
excited by a vertical probe.

Fig. 7. Frequency responses of the axial ratio and input impedance for a
printed circular open-loop antenna versus frequency.

Fig. 8. Current distribution along a printed circular open-loop antenna atf0.
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Fig. 9. Radiation pattern of a printed circular open-loop antenna atf0.

Fig. 10. Configuration and parameters of a printed Archimedian spiral
antenna with a spiral constant ofA = 0:01�0=rad.

spiral. It is found that both can serve as radiation elements of
circular polarization.

APPENDIX

PROOF OF

In a coordinate system measured with the arc length along
the wire, the distance between an observation point () and a
source point ( ) is expressed as , where ( ) and

( ) denote the arc length coordinates, as shown in Fig. 14.
Let the source point change a little from to ,

where is an increment of the position vector . The

Fig. 11. Axial ratio, gain, and input impedance as a function of the arm
length for a printed Archimedian spiral antenna.

Fig. 12. Current distribution along a printed Archimedian spiral antenna with
an arm length ofLm = 4:13�0.

arc length coordinate at the point of should be
, where is the arc length between and .

Therefore, the distance between the two points ofand
becomes .

From Fig. 14, we can directly obtain that

(58)

Note that (58) holds true even for an obtuse angle.
Since , , and

, we have

(59)
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(a)

(b)

(c)

Fig. 13. Radiation patterns of a printed Archimedian spiral antenna with an
arm length ofLm = 4:13�0. (a) Radiation pattern as a function of azimuth
angle�(� = �m = 33�). (b) Radiation pattern in the� = �m = 335�

plane (thex1–z plane in the inset). (c) Radiation pattern in they1–z1 plane
(the shaded plane in the inset).

Fig. 14. Proof ofcos � = �@�=@s0.

which is just the definition of the partial derivative of
with respect to .
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