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Abstract—The application of the existing time-domain beam- For the BPM in a frequency domain, we have formulated
propagation method (TD-BPM) based on the finite-difference (FD) modified FD formulas with second-order accuracy for both TE
formula has been limited to the TE-mode analysis. To treat the TM and TM modes [14], [15]. Subsequently, Chieual. have im-

mode as well as the TE mode, an improved TD-BPM is developed i .
using a low-truncation-error FD formula with the aid of the alter- proved the modified FD formula, leading to the fourth-order ac-

nating-direction implicit scheme. To improve the accuracy in time, curacy with the aid of the generalized Douglas (GD) scheme for
a Padé (2,2) approximant is applied to the time axis. Although the a two-dimensional (2-D) waveguide [16] (we refer to the for-

truncation error in time is found to be O(At?),asinthe case ofthe mula as IFD4). Taking advantage of the ADI scheme, we have
Padé (1,1) approximant, this method allows us to use a large time succeeded in applying the IFD4 to the analysis of a three-dimen-

step. A substantial reduction in CPU time is found when compared . . . L L .
to the conventional method in which a broadly banded matrix is sional (3-D) waveguide, while maintaining a tridiagonal matrix

solved by the Bi-CGSTAB. The effectiveness in evaluating the TE- [17], [18].
and TM-mode waves is shown through the analysis of the power  Note that the formulation of the 3-D BPM in the frequency
reflectivity from a waveguide facet. This method is also applied to domain corresponds to that of the 2-D TD-BPM. This fact moti-
the analysis of a waveguide grating. The accuracy and efficiency of y ateg s to modify the 3-D BPM with the IFD4 to the TD-BPM.
the TD-BPM are assessed in comparison with the finite-difference e . .
time-domain method. The modification is expected to allow the time-domain simula-
tion of the TM mode as well as the TE mode with high accuracy.
In this paper, we develop an IFD4-based TD-BPM for the
analysis of both TE and TM modes. To maintain the accuracy
when using a large time step, we apply a Padé (2,2) approxi-
|. INTRODUCTION mant [19], [9] to the time axis. So far, the truncation error in
NALYSIS treating reflected waves is indispensable fd me for the.TD-BPM has .not been discussed in detail. There-
modeling of many optical components and device ore, we denvg the truncation errors for the Padé (1,1) anpl (2,2),
Reflected waves can be treated by the finite-difference timgeying attention to the use of the ADI scheme (comparison to

: frequency-domain analysis is presented in Appendix B). Al-
domain (FDTD) method [1]. Unfortunately, the FDTD method"® . . o .
requires a small time step to fulfill the stability criterion. Thi§hough the error of the Padé (2,2) is found to(eA¢*) as in

increases the amount of computation for the analysis of case of the Padé (1,1), the amplitude of the error is smaller
optically large structure than that of the Padé (1,1), allowing the use of a laryérlt is
To improve the efficiency in the time-domain analysis, Cons_hown, through numerical examples of pulse propagation, that

siderable attention has been paid to the time-domain beam-pr _in the Padé ,(2‘2) can _be chosen to be ten times as large as
agation method (TD-BPM) [2], [3]. The feature of the TD-BpMIat in the Padé (1,1). It is also demonstrated that the present

is that the slowly varying envelope approximation (SVEA) is adpethod is more efficient than the method with the conventional

plied to the time axis, leading to a parabolic equation (a tim rank-Nicolson (CN) scheme, in which a broadly banded ma-

domain parabolic equation approach is also found in undéﬁj—x is solved by the Bi-CGSTAB [20]. To check the validity of

water acoustics [4]). The SVEA allows us to use an implicﬁ(\gIuating polarization dependence, we analyze the power re-

scheme with a subsequent larger time step than thatin the FD tivity from a waveguide facet, in which the radiation waves

method. For the formulation of the TD-BPM, the finite-differ-2'€ absorbed using the perfectly matched layer (PML) boundary

ence (FD) [3], [5]-[11] and the finite-element (FE) methogSendition. Numerical rgsults for th’e TE and TM modes show
[12], [13] have mainly been used to discretize the space. N celle_nt a_gre_ement with Vassa_llo s results [2.1]' Further con-
that the application of the FD-based TD-BPMs developed so ﬂperatlon is given to the analysis of a waveguide grating. The

has been limited only to the TE-mode analysis. The fact that tﬁgectral responses comparable to those from the FDTD method

use of the alternating-direction implicit (ADI) scheme leads 52" be obtained by the TD-BPM with a reduction in CPU time.

high computational efficiency [10] encourages us to develop an

Index Terms—Finite-difference methods, optical beam propaga-
tion, optical waveguides, time-domain analysis, waveguide grating.

FD-based TD-BPM for the TM-mode analysis. Il. FORMULATION
A. Fourth-Order Accurate Finite-Difference Formula (IFD4)
¥ﬁ““50ript received December 9, 2002; revised March 14, 2003. To make the discussion self-contained, we briefly describe
8584? f;ggﬁ_rs are with Faculty of Engineering, Hosei University, Tokyo 18‘{'he IFD4 that satisfies the boundary condition at the interface be-
Digital Object Identifier 10.1109/JLT.2003.814392 tween two different media. We follow the procedure formulated

0733-8724/03$17.00 © 2003 IEEE
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1 AOC 271 2
I - | =D21);. (6)
|
p —-JI—-— q-—-t<p : q Eliminating the first derivative in (3), we obtain
: % ! & i+ (i - 'vo_vf’)wi — 1 Yin
' ' B =
Vi Wyn ¥ Vil Win 2, 2 3, 2 4, 5.,
1 | 8 l/}z 0 l/}L 0 l/}L 0 l/} 4
" I sttty +O0(A%) (7)
n; ' h; ' Pis o da da da .
1 : whereg1, g2, andgs are defined in Appendix A. Sincg = 0
:\ ( for p = ¢ = Aa/2, the right-hand side of (7) reduces to
1 |
. 0 i
' interfaces | (1 Tt 925 2) o 1// +0(A%). ®)
Fig. 1. Sampling points near the interface. The first and second derivatives in the parenthesis of (8) are

replaced with (5) and (6), respectively. Since the left-hand side

by the GD scheme [16], [18], in which the modified FD formula®f (7) corresponds to (6), (8) can be written as follows:
[14], [15] have been extended to the fourth-order accuracy. 924, D2y, . D24,

The sampling points near the interface are defined as shown — 5 =~ 5 (A%) = —=—.
- ; : . da (14 g1Do + g2D2) D2
in Fig. 1, in whicha = = or z. Throughout this paper, we _ _ _ _ o
only consider the case where the interface fisgwaybetween Equation (9) is referred to IFD4, which will be applied to the
sampling points, i.ep = ¢ = Aa/2. ADI scheme in the next section.

1, andyr must satisfy the following boundary conditions;  In this formulation, the interface has been assumed to lie
midway between sampling points. Under this assumption, the

)

YL =Yr (1) structures to be treated in Sections Ill and IV are accurately
981/% :&/’R @) modeled while maintainin@(A?). For generic problems with
Oa OJa an arbitrary interface, one may use a staircase approximation.
where Further study, however, shows that the formulation can be gen-
eralized to allow an arbitrary interface position [17], in which
Y =E,, §=1 , (for TE modg the coefficients’ys should be slightly modified, although the
b =H,, 6= “;:51 (for TM mode) truncation error deteriorates int@(A*)[18].

' B. Derivation of TD-BPM Equations Based on the ADI Scheme
in whichn, E,, andH, represent the refractive index, electric,
and magneuc fields, respectlvely Using Taylor series expan-Using the time dependence®fp(jwt) and ignoring the tem-
S|0ns l/)L and l/}R are expressed by the f|e|ds at the Samphneoral second derivative based on the SVEA we start with the
points. Theny);, is connected with) in accordance with the following basic equation:
boundary conditions including up to the fifth derivative. Doing o

2
so leads to the following equation: 0= ¢ (V2+ Vi) o +&p =Py (10)
b; 0*; O, where¢ = —jc?/(2wn?), £ = —jw/2
1/11i1=”70i1/h+’ﬁ[81/ + Qial/ + fad 52
L 0%, oou;L V2 =53 (for TE mode
+74 +73 +0(A%. (3) a
gt 0o V2 =n? 9 (L2 for TM mod
The coefficientsy; (i = 1,...,5) in (3) are presented in o« = 5| 55, ) (for TMmode)

Appendix A. Equation (3) means thati,, and v;_1 aré j, \nich, 5, ande are the centered frequency, the refractive

expanded in terms af;, in which the field discontinuity at the index, and the speed of light in a vacuum, respectively. Equation

interface is taken into account. (10) can be formally written as
Before deriving a fourth-order formula, we prepare the first

and second derivatives with(A?). Using P(t + At) = exp([P]At)() (11)
; a2¢ where[P] represents the matrix of the finite-difference approx-
= E el ¢ 3 . . . .
Yixr =i +1 5 -+ % 5oz TOLY) ) imation toP. Inthe conventional method, the exponential func-
we get tion of (11) is approximated by the Padé (1,1) approximant. The

Padé (1,1) approximant is identical to the CN scheme, which
i vy FYicit+ (W — % 72 S )i — 73 Yina +0(a?) hasthe advantage of selecting a large time sxepithout en-
Oa v = countering a stability problem. However, a large often de-
=Dy ; (5) grades the accuracy in time. In order to avoid this degradation,
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we apply the Padé (2,2) approximant to the exponential functidiD-BPM is based on the so-called semivectorial formulation

of (11)[19], [9].
The (2,2) Padé approximant of (11) is given by
T[P]At + L [P]2AL?

1/l+1
1- —[P]At + LPPAR

. (12)

that ignores mixed derivatives. This formulation may relieve
the stability problem, when compared to the full-vectorial BPM
in the frequency domain.

C. Error Analysis in Time

With the multistep method [22], (12) can be reduced to the fol- So far, no literature has investigated the truncation error in

lowing two-step algorithm:

1+ ak[P]At .
Hk/2 — 2T 2R A0 0+ (k=1)/2 for . = 1 and2 (13
v =Pl ~

time for the TD-BPM. In this section, we check the truncation
error in time, following the procedure described in [25] (com-
parison to the frequency-domain BPM is given in Appendix B).
For the sake of simplicity, we investigate the case for the central

wherea, = (3 4+ (—1)*V/35)/12. The superscript indicates FD approximation to the space derivatives; the truncation errors
the position along the time axis. Note that the direct applici® space ar€®(Az?) andO(Az?). In the following, we denote
tion of (9) to (10) or (13) results in linear equations; each equée partial derivatives using the subscript notation, for instance,
tion involves nine unknowns. As a result, the system of equay/0t> = .

tions becomes a broadly banded matrix, which is usually solvedFirst, we present the truncation error of the Pade (1,1) approx-
by iterative techniques such as the Bi-CGSTAB. This is highignant. When (11) is approximated by the Padé (1,1), which cor-
time-consuming, as will be seen later. Therefore, we employ tFsponds to the conventional CN scheme, the truncation error is

ADI scheme to maintain a tridiagonal matrix.

To solve (13) by the ADI scheme, we divide it as follows:

[1—akAt (cvﬁ%ﬂ [1—%& (gvg%ﬂ v
oo (72 &) [ (524 &) e 0
(14)

Applying (9) to the second derivatives in (14), we have
[(1— ‘”“TM> ﬁg—akAthg}

X [(1— ak§t£> ﬁg—akmwg} PlHk/?
- {(14—‘”‘7%) 15§+akAt<D§}

[<1+ ""At£> ljg-l—akAtCDg} Pt E=1/2 - (15)

Finally, we obtain the following equations:

<1 - “’“TM> D2 — a;, AtCD? | o

AtE\ =+ T
= <1+“’“2 5) D? + apAt¢D? | !+ F=1/2 (16)

i e ]
<1 - “’“—£> D2 — a At D?

5 /l/}l—l—k/Z

17)

N ) ]
= <1 + ak2 t£> D2 + ap At(D2 | p*.

It is worth mentioning that (16) and (17) maintain tridiagonal
matrices, which can be solved by efficient techniques such &

the Thomas algorithm.

In general, the formulation for the TM mode results i
a nonunitary matrix, which may give rise to a numerica

derived as

1 2
D= At [ﬂdjttt_ g(¢mmtt+¢zztt)+%¢tt:| :O(At2)~
(18)
Applying the ADI scheme to the Padé (1,1) gives rise to the
additional error, so that the truncation error results in

£2
(1/}’I”I’T + wzzf) C2 1//15:|
=O0(At?). (19)

It can be said that the truncation error$A¢?) for the Padé
(1,1) approximant, regardless of the use of the ADI scheme.

For the Padé (2,2) approximant, the truncation error is derived
from (13) as

At? At?
192Ol/ttttt C—— 9% (AiU Vuzaate + A2° (L R——

=O(At*) + O(A2Az®) + O(AL2AZY). (20)

Note that only the leading term is explicitly presented for
errors of the order of\#*. It is seen that approximating the
space derivatives by the FD formula yields truncation errors
of O(A#?Ax?) and O(At?>Az?) in addition to O(At*). For

the ADI scheme, the following truncation error including the
additional one is derived from (14):

65%1]7311) <1 1)+<:2 |:’L/]T7‘zzt+ §C

€22) ~

2
653]521) <2 2)+<2 l/’zrzzt‘i‘ gc(l/}xmt +'l/}zzt)+f?,l/]t
+ O(At“)
=O(A#?). 1)

Consequently, the use of the ADI scheme with the Padé (1,1)
S(2 2) induces the truncation error@f At?). Notice that the
amplitude of the additional error in (21) is just one-third of that

r?f (19). However, the improvement in accuracy is more signifi-

ciant than that expected from the error analysis, as will be seen
In Section 111

instability. This is often significant for a three-dimensional
full-vectorial BPM in the frequency domain [23], [24]. For-
tunately, we do not encounter any stability problem in the
following analyses. One reason for this is that we only treat Studying the propagation of an optical pulse is essential in
two-dimensional slab waveguides. In addition, the presdiie time-domain analysis. To check the accuracy of the present

[1l. A NALYSIS OF PULSE PROPAGATION
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%g 0.08 | -
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S 006 , 1 B
1S A
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%\ 0.05 —A— Padé (2,2) B E 102 L . o000 ]
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At [fs] total sampling points in the z axis
Fig. 2. Velocity of pulse as a function afz. Fig. 3. CPU time needed for pulse propagatioe=(10 fs).

TD-BPM, we investigate the velocity of the pulse in a slab wavelispersion of the TD-BPM, in which only a simple model has
guide. The refractive indexes of the core and claddingiaye=  been investigated: a homogeneous free-space region in one
3.60 andn. = 3.24, respectively, and the core is 0.2g2n  dimension. Unfortunately, the numerical dispersion analysis for
wide. A wavelength of\ = 0.86 um is used. The normal- the present TD-BPM is not simple, since the method treats an
ized frequency is fixed to b& = 1.5, so that only the funda- inhomogeneous region in two dimensions and its formulation
mental mode propagates. The input pulse consists of the eigisnbased on the ADI scheme. The analysis is therefore beyond
mode field in thez-direction and the Gaussian profile with athe scope of this paper and will be left for a future study.
1/e full width of 4 um in thez-direction. The numerical param- Here we compare CPU times among the four methods. The
eters are as follows: the sampling widths dre ~ 0.013 um time stepAt is chosen to yield the converged value of the pulse
andAz = 0.01 pm, and the number of sampling points ar&elocity as discussed above. The calculations are carried out on
N, = 140 and N,, = 2000 (due to the symmetry of the wave-an 850-MHz PC. Fig. 3 shows the CPU time needed for pulse
guide, only the half-region is analyzed). propagation4 = 10 fs) as a function of sampling points in the
Fig. 2 shows the velocity of the pulse for the TE mode aszaxis. Note that the CPU time does not linearly increase when
function of At. For reference, the result obtained from the Pad&ing the Bi-CGSTAB, while it monotonically increases when
(1,1) approximant with the ADI scheme is included. In additiordsing the ADI scheme. It is worth mentioning that the use of the
the results obtained without the ADI scheme are presentedRadé (2,2) with the ADI scheme leads to a substantial reduction
which a broadly banded matrix is solved by the Bi-CGSTABN CPU time.
To obtain reasonable accuracy, we set the residual in norm to be
10~ ". Note that the results without the ADI scheme are omitted IV. ANALYSES OF REFLECTION PROBLEMS
for At > 2 f1s, s_ince_ the number of iteration is significantIyA_ Waveguide Facet
increased, resulting in very slow convergence.

In the following discussion, we regard a velocity of We analyze the facet reflectivity of an optical waveguide,

0.0829 um/fs as a converged value, since the Padé (2, ich exhibits polarization dependence in a strongly guiding
without ADI gives a constant value of 0.0828n/fs ranging structure. The waveguide to be analyzed is the same as that used

from At = 0.1to 2 fs. It is seen in Fig. 2 that the Padé (171)@ Fig. 2, except that the end of the waveguide is terminated with

with and without the ADI scheme yield the converged valugd! (see the inset of Fig. 4). In a previous paper [7], we calcu-

for At = 0.1 and1 fs, respectively. As found in (19), the differ-'ated the power reflectivity using only the cross-section of the

ence between the two methods lies in the additional error thaPdSe in the transverse direction. However, the reflectivity in this
caused by the ADI scheme. Therefore, the additional error géq_lculanon_wa; found to be somewhat sensitive to the choice of
erated from the ADI scheme for the Padé (1,1) severely affeétd: T0 avoid this, we calculate

the accuracy, particularly for a largkt. In contrast, the Padé | [ hintrpdrdz|?
(2,2)s with and without the ADI scheme yield the converged = T
values forAt = 1 and2 fs, respectively. The contribution of (J lin|?dadz)
the Padé (2,2) toward maintaining the accuracy is significafer the TE mode, where;, and..; represent the input and
when using the ADI scheme, although the comparison of (1&flected fields, respectively. For the TM mode, we use the fol-
and (21) indicates that the amplitude of the additional error gwing formula similar to Vassallo’s [27, (2)]:

only one-third of that of the Padé (1,1). To explain this reason, y . )

we may have to perform the numerical dispersion analysis. Pray = |/ "/’in"/’refd"pd'z|2 )
Very recently, Limet al. [11] have calculated the numerical (f n=2|thin 2 dadz)

(22)

(23)
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22 um
042 < i —>
0.40 | .
N, =3.42 n,,=3.60
0.38 | v g_
2 036 i “*| &I | :
s A. A
= 7, «—  »
3 034} n,=2.0 20 periods
% . A\ 4
= X L
9] 032 | —O— TD-BPM \
% - 4 - gpectral method [21] —_— P> Z
& Perfectly Matched Layer
Fig. 5. Waveguide grating. The number of PML cells is taken to be 16.
0.7+
L —— TD-BPM
0.6 ---- FDTD

0.5

z
2
=
W/ 3 I
& 04
Fig. 4. Power reflectivity as a function of normalized core width. 8 L
g 0.3 _
In this structure, the radiation waves occur at the interfac 8. 0.2
between the waveguide and the air region. To absorb the r -
diation waves, we apply the so-called coordinate scaling PM 0.1
[26], which matches the ADI scheme. The PML parameters at |

chosen as a conductivity profile ef = 3 and a theoretical re- ‘01 3 14 1.5 1.6 1.7 1.8
flection coefficient ofR(0) = 10~° for a 16-cell PML.

Fig. 4 shows the power reflectivity as a function of core width
W normalized to a wavelength of = 0.86 um. A waveguide Fig. 6. Spectral response of the power reflectivity. The center wavelengths
with n = 3.42 is also investigated_ The time step and thesed in the calculation are chosen in such a way that they match the peak
Iongitudinal sampling width are taken to e — 1.0 fs and Wavelengths, i.e.,, 1.55 and 1.44m are used for the TE and TM modes,

. . . _respectively.
Az = 0.02 um, respectively. The number of sampling points
is 20 in the core. It is found that the results obtained from the
TD-BPM agree well with those from the spectral method [21fan be used in this grating structure, witlx: being fixed for
demonstrating the validity of the TD-BPM for both TE- and0th methods.
TM-mode analyses. For the present TD-BPM, we usét = 1 fs andAz =

Since the validity of the present TD-BPM has been verified’/20 ~ 0.013 um to calculate the spectral response of the
for the problem with a single interface, consideration is givegrating. As a result, it is found thakz = 0.064 um is suf-
next to a problem with multiple interfaces. ficient to yield a converged value of the spectral response, in
which one grating period is discretized by only four points. On
the other hand, for the FDTD methafiz should be reduced to
0.0128um to give a converged value. In this cade,is reduced

We analyze the waveguide grating shown in Fig. 5. The rés ~ 0.03 fs due to the stability criterion.
fractive indexes ar@.,1 = 3.24, ne2 = 3.6, andn, = 2.0. Fig. 6 shows the spectral response of the power reflectivity
The grating period i\ = A_ = 0.128 pm and there are 20 evaluated from the ratio between the discrete Fourier transforms
periods in the core. This numerical example is chosen to shofwreflected pulse and the incident one, using the numerical pa-
strong polarization dependence. In order to check the efficien@meters discussed above. The results of the TD-BPM are in
and the accuracy, we also analyze the same structure usingdioge agreement with those of the FDTD method for both TE
FDTD method. and TM modes, although the response for wavelengths larger

For the multiple interface problem treated here, the forwatHan 1.65.m slightly deviates from that of the FDTD method.
and backward waves propagating toward the-directions This deviation probably stems from the fact that the temporal
mainly predominate the reflectivity characteristics. It followsecond derivative is omitted in the TD-BPM. It is noteworthy,
that Az to be used is closely related to the accuracy of theevertheless, that the CPU time for the present TD-BPM is re-
numerical results. Therefore, we investigate how larg&za duced to 30% of that for the FDTD method.

wavelength [um]

B. Waveguide Grating
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V. CONCLUSION APPENDIX B

A TD-BPM based on the fourth-order accurate finite-differ- C‘?ngg?/&ﬁi;gﬁg E;ESL';\T?\I(‘_DE;JZESB%FMTSHE
ence formula has been developed, which allows us to simulate
the waves of the TM mode as well as the TE mode. The use ofFor the TD-BPM with the Padé (1,1) approximant, the use of
the Padé (2,2) approximant with the ADI scheme leads to éhe ADI scheme degrades the accuracy, particularly for a large
ficient calculations while maintaining high accuracy. To checkt, as discussed in Section Ill. Therefore, the Padé (2,2) is re-
the validity of the method, we analyze the facet reflectivity dfuired to maintain the accuracy. On the other hand, for the fre-
the slab waveguides with polarization dependence. The res@#&ncy-domain BPM, the use of the ADI scheme hardly affects
for the TE and TM modes agree well with those obtained frof€ &ccuracy in the Pade (1,1) approximant [18]. Here, we com-
the spectral method. Further consideration is given to the an®re the additional errors generated by the ADI scheme between
ysis of a waveguide grating. The present TD-BPM efficient§f’®¢ TD and frequency-domain BPMs. _ ,
provides spectral response comparable to the FDTD method, For the P.ade .(1'1) in the frequency-domain BPM, the addi-

Although the calculation in this paper is restricted to the Caggnal error is written as
where the interface lies midway between sampling points, this Az? v v?
method can be tailored to treat a general position of the interface €~ 4p2 Poayy= + §(¢”Z +yys) + Zd’z
[17]. This enables us to analyze more complicated structures.

wherep = 2jkong andv = kZ(n? — n3), in whichng is the
APPENDIX A reference refractive index.

The coefficient of (24) can be rewritten asz2/4p®> =

—Az?/16k%n. For the TD-BPM, the coefficient of the

(24)

COEFFICIENTSUSED IN THE IFD4

The coefficients used in (3) are as follows: additional error in (19) can be rewritten ast2¢2/4 =
o 4 1(%)? —Az?/16k%n?. It can be seen that these two coefficients are
nE= 4 L LT oA identical forn, = n. Therefore, we focus our attention on the
2 0 4 24 4 42 terms in the parentheses.
NE =% {p_|_ pen | Pe (n~) We comparev in (24) with £/¢ in (19). Notice thaty =
2 24 kZ(n? — n2) can be regarded as a small value, singés gen-
s et P (nt)? O(A6 erally chosen to be close ta This leads to the fact that is
+ I+~ T 90 +0(4%) smaller thart /(= kZn?).
2 2 2.2 + 4.+ In addition, the derivatives in (24) may be smaller than those
+_D q pan an . . S . . .
=y + 5 + 1 + =N in (19), since the field in the frequency-domain analysis, which
3 4 only treats a forward propagating field, is expected to move
pr <pq L P > +0(A%) more slowly than that in the TD analysis. It follows that the ad-
6 ditional error in the frequency-domain BPM is smaller than that
+_4 17_3 n 17_2 n pe’nE n pa*nT in the TD-BPM. This is the reason why the additional error in
T = 6 2 12 12 the frequency-domain BPM hardly affects the numerical results.
2 3 2.3, + 5.+
+ (P9 4q P qgm qa-n 6
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