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The Japanese and Simple Topologies

George TANAKA*

Abstract

In this paper, the new families of sets are examined. These families are “the Japanese Family
in Edo Era”, “the family of open sets”, “the family of closed sets” in the general topology.

We define also “the Union Family” and “the Meet Family”. With the Union and the Meet
Families, we obtain the clear relations between many families,

1. The Japanese Family in Edo Era

Let X he a universe and J be a subfamily of P={A;ASX}. We call J the Japa-
nese Family in Edo Era, iff the following three (i), (i), {iii), or four conditions (i), (ii), i), (i),
are satisfied.

(i) XeJ, g&..

i) If A,BeJ and ANDB#g, then ASB or BSA.

(i} There is a unique element a€ X such that if A€J and A# X then as A.
The condition {ii) means prohibition of “Nisoku-no-waraji”. This is Japanese peculiar
condition.

If z€X, 2+#a, then “a” of the condition (i} is called “z’s Tono” and X is called
“a’s Nawabari”, and sometimes it is said that, “2’s Amae to Tono a”.

Let ¢#YEJ, and J/'={ANY; AeJ}
then the next conditions hold.
(1) YeJ, ¢&J.
(2) If M\NeJ and MOAN#¢, then MEN or NEM.
(i There is an unique element AEY such that if MeJ’ and M#Y, then S& M.

The conditions (1) and (2) will be easily proved from the definition of J’ and the
conditions (i) and (ii).

The condition (iv) is an additional condition of (i), (ii), (iiil, and we will assume (iv) holds
for any YeJ. If y€Y, and y+#p8, then “8” of the condition (iv) is called “y’s Shujin”
and y is said to be “f’s Miuch” and also it is said that “y’s Amae to Shujin 3.

For each Japanese Family J, J is defined by the following equality.

J={X~A; AeJ}={A%; AeJ}

J is said to be “Sotomono of (X,.J).
Theorem 1
Let J be a Japanese Family of X, which satisfies the condition (i), (i), (i) and {iv) for

each YEJ. J, J and J’ are defined by the following equalities.

* Prof. Dr. of Statistics
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J={X~A; AeJ}, J={ANY; AcJ, ¢+YeJ}
J'={X~M; MeJ'}
then J and J’ satisfy the next three conditions.
(a) ¢, X&J; pJ’, Y&J .
(b) If A,BeJ and AUB¥ X, then ASB or BSA; If M,N&J’ and MUN=#Y,
then MEN or NEM.
(¢) There is an unique element a€ X such that if A€J and A#g, then as A;
For each Y&.J, there is an unique clement B€ Y such that if M€.J’ and M#¢ then
BeM
(J is Sotomono of J and J/ is Sotomono of J'.)
Proof
(b)) I A, BeT and AUBTXN (=)
X~A, X~BeJ and (X~A)N(X~B)#¢ then (X~A)S(X~D) or
(X~B)&(X~A) by (i) & AEB or BEA.
(c) There is Tono a€ X such that X~A&J and
X~A#X then a& X~A by (il ©= A€J and A#4 then acA.

2. Simple Topologies

Let O be a subfamily of P={A; ASX].

O is called an Union Family if the following two conditions are satisfied.
(o) XeO.
(B) For any S such that SEO;

U{A; AeS} €0

Let @ be a subfamily of P.Q is said to be a Meet Family iff the following two

conditions are satisfied.
(@) $<Q.
(f’) For any T such that TEQ;

N{B; BET}eQ
Theorem 2
Let O be an Union Family which satisfies the conditions (a) and (8).
For any M such that MS X, if we define M© by the next equation
M°=U{A; AGM, A0}

then M%€0 and the next three conditions (i), (i) and (i) arc satisficd.
(i) X=X
(ii) For any M such that MO, M°®=M. For any M such that M&E O, M2Z M.
(i For each M, N such that MENES X, MPS NGO,

But it is not always true that
i) (MONY=MONN? for any M, NS X.

Proof

(i) NX€0, X0=ul{A; A&X, A€0}=X
i) McO, then M°=U[A; ASO}=NM.
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Me&0, then MP°S M, if we assume that M%=M,
then M0, contradicting M&0O. Hence M°& M.
(il TeM°=U{A; ASM, AcO} then there is
€ AEO0 such that ASMEN
i.e. xENO, .~ MPEN?,
/: (i Let us consider that
S O={¢, la, b}, {a,c}, X}; X=la,b,c} as Fig. 1.
Fig. 1 The representation Because O is closed by the operation of “U”, O is an Union
of O=1{¢, la, b}, la, c}, X} Family.
Let M={a,bl=M% N={a,c}=NP0;
then (MNN)°={al’=¢, M°NN°={a}
which shows that (i) is not satisfied.
Theorem 3 Let © bhe a function of P={M; MSX} into P, that is, P —> P: if the
function o satisfies the three conditions (i), (i), (i} of theorem 2, then
O={M; M°=M}
is an Union Family, i.e. the conditions (o) and () of the definition of an Union Family

are satisfied.
Proof

In the case of N={a, b}, there are four Union Families as Fig, 2.

P P r P

X o——————0 X

la} O {at
{bt O {b}
# ¢
0,={X, é}
o]
P P

O =X, {u}, #}

Xe———e X

{a} @ ® {u!

{b} O—————0 {b}

g o O ¢

Oy=P= A MEX]

X o———o\

{a} ® ol
{b} 3
¢ S

0.= {X, {bt, ¢}

Fig. 2 The Union Families of X = {a, b}
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We will prove (8) gencrally.
SE{M; M°=M}=0.
D=U{A; AeS}
then ASD for each A€S.
From (i), A=A%S D" for each A& S.
UlA; AeSt=DED’
& D=DPe0
i.e. UlA; AeSi=(ulAa; AeSHre ),
(a) is proved casily.
Theorem 4
Let @ be a Mcet Family satisfying the conditions («’) and (B).
For any ME X, if we define M~ by the next equation
M =n{A; MEA, AcQ}
then A" €Q and the next three conditions are satisfied
(i) ¢"=¢
{iiy For any M such that MeQ, M =M.
For any M such that M&Q, ME M~
iy Tor ecach M, N such that MENZX, M"&N".
But it is not always true that
iy (MUN)"=M"UN" for any M, NS \.
Proof
(i) ¢€Q, ¢ =N{A; ASP, AEQR}=0¢.
(il MeQ, then M~=N{A; MEA, AcQl=M.
Me&Q, then MS M~, if we assume that M™"=M, then MEQ, contradicting M &Q.
i) Let M~=n{A; MG A, A€Q}, MEN
and N-=n{B; NEB, BEQ]I.
then M~< B for any B.
& MSN-.
tivy Let us consider that
Q=1{4, {b}, {c}, X} and X={a, b, c} as Fig. 3. Becausc
Q is closed by the operation of “N”, @ is a Meet Family.
Let M={b}=M", N={c}=N"
then (MUN) ={b, ¢} =X, and M"UN"={b,¢}. In
this case, liv) is not satisfied.
Theorem 5
. Let—he a [unction of P={M; ME X} into P, i.c.
Fig. 3 The representation of - . . . ..
0=1¢ B, i} X} P --— P; il the [lunction—satisfies the three conditions
(i), (i), (i) of theorem 4, then

Q={M; M =M}
is & Meet Family, that is, the conditions («’), (8’) of the definition of a Meet Family

are satisfied.
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Fig. 4 The Meet Families of X = {a, b}

Proof

In the case of X=|a, b}, there are four Mcet Families as Fig. 4.

We will prove (3’) generally.
TS{M; M~=M}=Q.
E=n{A; AT}
then ES A for each A€T.
From (i) E-S A=A for each A€ T.
& ECeni{d; AeT)=E
s ET=EeQ

e. N{A; AeTI=(Nn{A; AT} €Q (a') is proved easily.

3. The Relations between the Japanese Family and Topologies

The relations between the Japanese Family and Topologies are representer in Fig. 5.
A g 1

These are expressed in the next statements.

(1) The Japanese Family J and ¢: JuU{g} is a Meet Family.
(2) The Sotomono J and X: JU{X} is an Union Family.

(3) A family of closed sets in the general topology is a Meet Family.

(4) A family of open sets in the general topology is an Union Family.

(8} If O is an Union Family, then Q={~A; A€O0} is a Mecet Family.

If @ is a
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Japanese Family J and ¢

JU g}
(1)
Closed Sets
(3) in the
Meet Family Q K ———]
General
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¥
(5) H(6)
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AV4
(41 in the
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Sotomono J and X

Ju X

Fig. 5 The Relation hetween the Japanese Family and Topologies.

Meet Family, then O={~A; A€Q} is an Union Family.
(6) If F is a family of open sets in the general topology, then F={~A; A€O} is a
family of closed sets.
If Fis a family of closed sets in the general topology, then F={~A; AcF} is a
family of open sets.
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