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On the Superposition of the Two Independent

Renewal Processes

Shun’ichi KiGAwA

Abstract

Cox [1] discussed the superposition of p independent identical renewal processes and derived
the asymptotic mean of the time up to the (+)th event in the superposed process. We extend

the above result to the independent but not identical renewal processes. Some numerical examples
are presented.

1. Introduction

A renewal process can be viewed as a sequence of points {!T,; #=>0} where
0='T,<'T1<--. The random variables X, defined by Xn=Tn~Ts-; for n>1 are
assumed to be independent and identically distributed. But in this paper the renewal
processes in question will be denoted by {!T»; n=0} and {*Twm; m=0} with increments
{Xa: n=1} and {Yam; m=1)} respectively. By the superposition of the two renewal
processes we shall mean the following:

Let {'Ts}70 and {*Tm}.o be realization of the two processes. Viewing these
realizations as sets of points, we superpose the two processes simply by taking the
uion of the two sets and reordering the indexes to produce a single monotone increasing
sequence {Ux; £>0}. The asymptotic mean of U, will be derived and some numerical
examples will be presented. For purpose of illutration, in this paper we refer to the
failure process of a device consisting of two independent components in series,

Component: Component
1 2

Device
Fig.1 Two components in series,
The times between failures of components one and two will be independent renewal
with increments {X.; #=>1} and {Ym; m=>1} respectively. As before we denote
‘T,=né_an and 2T1¢=m§_‘Ym. With these notations {*7Ty; 7=0} and {*T%:; 2>0} are

respectively the sequences of times of the (j)th and (%)th failures of components one
and two. In the superposed process the ()th event or failure will be denoted by U,.
Thus the process of superposing, simply the cumulative times of failure, is {U;; »=0}.
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Fig. 2 The superposition of two renewal processes.
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The time between failures regardless of type is Wj. Clearly Wiy=Uz—~Ui-;. The
process is illustrated in Fig. 2.

We shall assume first that {X.; #n=>1} and {Ya; m=1} are renewal processes
consisting of mutually independent and indentically distributed lifetimes with continuous
probability density functions f(z) and g(y) respectively. The cumulative distribution
functions will be denoted by F(z) and G(y), the complementary cumulative distribution
functions by F(z) and G(y). We shall further assume that the density functions are
positive throughout the positive real line, and that the expectation of the random
variables X, and Yn are finite.

An event in the superposed process will be described by an ordered pair of random
variables (Z, V) where Z will equal one or two depending upon the process which
broduced the event or equivalently, the process to which the event belonged before
superposition gives the value of Z. The random variable V will be a non-negative real
number: the time elapsed since the last event of the component process which did not
produce the event in question in the superposed process. The notation is illustrated in
Fig. 3.

* x " Process 1

YV v

| A, Process 2

N St :

P : s Do Superposed

i i P Process
WV v (%) (2% (2%

(2’v|)

Fig. 3 The superposed process.

Finally we denote by Wy the random variable representing the time between the
(n—1) st and (m)th events in superposed process with Wy=0. With above notation
Cherry, W.P. [2] proved the next theorems.

Theorem 2.1:
The stochastic process (Zn, Va, Wiy n=0} is a Markov renewal process defined on
({1, 2} X R*, (@M XRY)

Next theorem deals with the limiting probability distribution of the semi-Markov
process {Z(¢), V(&); t=0} associated with the Markov renewal process {Zn, Va, Un;
n=>0}.
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Theorem 2.2:
lE.TP'{Z(t)=1’ V() 2vlZo=i, Vi=v,}

=f° ) F(z).G(z-*-u) dudz (2- 1)
=0V u=v Ex - fy

}iTPf{Z(t)=2, V(20| Zo=i, Vi=v,}
=J’°’ ® Flz+u)G(z)
t=0Yu=p Ux Uy
where E(X))=px, E(Yn)=py.
If we set v=0 then the imiting probability (2.1) and (2.2) are the ones with
which the process 1 and 2 enter the superposed process respectively.

dudz 2.2

To illustrate the above limiting results, suppose
f(x)=pe** z2>0,

=0, elsewhere;

and
() =ve™, y20,
=0, elsewhere,
We obtain:
lin P21, VO201Z=i, Vimvl=—E,
and
lim P{Z(0)=2, VD201Zo=i, Vomui}=——.

We set p, and p: when we set v=0 in (2.1) and (2.2) respectively.
3. The mean time up to the (#)th renewal

If U: denotes the time up to the (#)th event in superposed process, the properties
of Ur are not directly obtainable, We next derive the asymptotic mean of U, according
to the method of Cox (1]). Consider the system at the instant U,. The total time
for which all components have then been in use is 2U,. But one of the components
have still not failed. If we allowed the one to continue untill failure, we would then
have obtained the full ‘live’ of the one, this total time having approximately an
expectation,

Pulpirpx+ (par+ Dourt+ pel (prr+Dpx+ perpy). (2.3
Thus
2E(Un=pi pirpx+ (par+Dpy}+ pal (prr+ Dpx+ porpy}
—{expected forward recurrence-time}, 2.4
where the forward recurrence-time is that of one of the components not forming the
(r)th failure.

If  is not small, it is reasonable to approximate by the expected limiting recurrence-

time
1 pxttoxt ) 1 ( [lya+dy2 )
+ . 2.
2 ( Tix D2 2 iy j 2 2.5
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Thus
E(Un= PTI {prrpx+ Cpar+Dpr} +—'t;;—' {Grr+Dpx+parpy}

_ 1 1 ﬂxa+0'x2) 1 (ﬂys‘i'aya ) }
2{2(ﬂx A S L

= (palur—p)+ax} = puCar— )=}

_1 or® _ N (ar’ _oxt )}

1 {ﬂY’*‘ i Pty —ptx) — pe wr s )l 2.6)
If we set u=uy=py, a*=ox*=0y® (Cox’s case),

we get,

E(Uf)=%+—(—“—};—"’)—. 2.7

And (2,7) agrees with the Cox’s results.

4. Numerical Examples

(i) Exponential distribution.
flx)=pe **, 220,
=0, elsewhere;
and
g(y)=ve ", y20,
0, elsewhere.
The means and standard deviations are gxy=0x=1/p and gr=0r=1/ respectively.
And we thus get

__ 0 __ v
= vt+e’ P vt+p’
and in this case we get
r
E(Uy)= ey

{ii) Special Erlangian distribution with two stages.
f(x)=pxe™"*, 2=0.
=0, elsewhere;
and
gly)=viye™"", y20,
=0, elsewhere.
The means and standard deviations are

— g 2_£_ — 2 o g___?__
Ux P) y Ox pg y My Tk ¥ R
respectively, And we thus get

_p{z 2p+u+2pu}
e o e T ooy T Gt S
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and
P2=D[ 2 _,_p+2»+ 2vp }
4 | Gotv) " (o) " Gty )
Then we get in this case
2 _ Co—v) 1 {p+v 7 1 oV }
E(Un= oo | dCptu)y T+ oV 4 (p+v) (o+u)* [
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