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Correlation of Various Flow Indices

Masayuki KasajiMa*

Abstract

In the steady flow and the dynamic flow, correlation of various flow indices found from the
flow characteristics in which the methods of expression are different were analyzed theoretically by
using the new indicating method for the flow index, The non-Newtonian fluid models having
exponential terms were applied to the flow characteristics, In the steady flow, relationship between
the flow index obtained from the viscosity z-shear rate ¥ flow characteristics and the flow index
obtained from the shear stress T—7 flow characteristics is a linear function. The relationship be-
tween the flow index obtained from the p—t flow characteristics and the flow index obtained
from the t—7 (or the p—7) flow characteristics is a fractional function. When the ratic of flow
index » to the 7 and the ratio of flow index m to # is expressed with logarithm, respectively, in

the form of differential coefficient, the former is double the number of the latter.

1. Introduction

In non-Newtonian fluid engineering, the power law equation is one of the most useful
flow equatins. The flow index, that is, the exponential term in the power law equation, is
a quantitative value expressing the fluidity. This flow index is the so-called structural
viscosity index?. It is known® generally that the material having a higher cohesive energy
has a higher structural viscosity index. Investigations by Opyanagi® show that ordinarily
the non-Newtonian flow index 2 (represented by the exponential term in the power law
equation, having a constant) is larger for the resin having a higher compressibility. The
viscosity of resin having a large value of 2 depends highly on the shear rate, because the
value of n is a constant.

The steady flow characteristics can be represented by, for instance, mutually combining
with shear stress ¢, shear rate 7 and viscosity 7. The flow indices can be obtained from
these flow characteristics. However, by the method of combining mutually z, 7 and 7
gives a flow index having a different value. Therefore, it is significant that under different
expression method of the flow characteristics, correlation of various flow indices obtained
therefrom are become clear, and that the flow indices are indicated with the convenient
method at engineering treatment. If these matters may be made clear, comparison of flow
characteristics having different methoed of expression can be done easily, and the job of
measuring the data may be decreased.

In this paper correlation of various flow indices, obtained respectively from the varjpus
characteristics of steady flow and dynamic flow, are discussed.
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2. Flow Index in Steady Flow

2.1 Flow index n
In a steady flow, the relationship of the shear stress 7, the shear rate y and the visco-
sity 7 is expressed by the following equation.

(7)) =9(3.)7 (1
The following equation is obtained by differentiating Eq. (1).

ap 1 (6r~ t) ¢

—=\=—= 2)

ar T\or 7

Erom Eq. (2),

dlnp _0dlnz
3nj o7 - (8

is induced. And from Eq. (1),

3_’7=L( _ 9_7)
e 7\ Tar (4)

is induced. The following equation is obtained from Egq. (4).

8lnp . dlny
ﬁlnt_l dlnt (5)

Flow indices 7, obtained from the flow characteristics such as the z—%, 7—f and 7—7,
are defined and indicated? respectively, by using the new indicating method for the flow
index, ‘with the subscript as follows;

= Sing (6)
_0Olngp

n’.’f"_aln,)-, (7)
olny

"=t (8>

The 7.; indicated by Eq. (6) agrees with the flow index n of n-power law®. However,

care should be take that n of the n—power law is a constant. The 7.; in this paper is not

constant and is expressed by generalized formula as a function of other influence factor.
Substituting Eqgs. (6)~(8) into Egs. (3) and (5) one obtains,

n”of=nt7'_1 (9) ‘
=1 — | (10)
n:f ) -
__ 7y : '
- nw+1 . . (11) .

Eqgs. (9)~(11) may be-applied to every kind of fluid, for instance, pseudoplastic fluid, dila-
tant fluid, etc.. And these equation are not related to the respective-functions of the flow
indices.

The flow index corresponding to 7.; is used generally. However, the case where the
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flow index 7, is necessitated also occurs for example, in the case of the flow in the mold
of the injection molding machine, etc.. Average fluidity, used in the case where the flow
in the mold is investigated, is expressed® by Eqs. (12) and (13).

Average fluidity=asrr X M(7, T) 12)
_1 @hp/@hlny)
astr = G/ /D] (13)

where subscript STV of a indicates capital letters of the shear rate, the temperature and
the viscosity. M means the moldability”. 7o is viscosity at the shear rate 10 sec™. 7T
temperature, 7: average shear rate, 7T: average temperature. The asry is the inherent
value for the material itself and is independent of the shape of the mold etc.. The nume-
rator of the right term of Eq.(13) corresponds to the flow index expressed by Eq. (7).
Preferably a capillary rheometer is used for an experiment to obtain asry, because, the
flow in the capillary rheometer is analogous to the flow in the injection molding machine.
Data obtained by the rheometer are usually z—7 flow characteristics. Inducing the flow
index from this z—7 flow characteristics, the asyy can be found from the value of flow
index and Egs. (7), (9) and (13).

With the exception of the above sample case, Eqgs. (9)~(11) are applied to the data of
flow characteristics in which the method of expression is different to faciliate comparing the
data. The applicable regions of the flow index for the pseudoplastic fluid are as follows,

0<n;<1 14
—1<n,; 20 (15)
nye S0 (16)

The case of 7;;=1 means the Newtonian fluid. For the non-Newtonian fluid the flow index
n can be expressed? !9 by the equations which are a function of the shear rate ete.. A

formula of 7n.; is expressed as follows,

ey ar, ar)=2(ep)es InCararid) ! an

where ar: the temperature shift factor, ap: the pressure shift factor, a: a constant, sub-
script 7f: a value in T—7 flow curve, subscript O: a value at the state of reference tempe-
rature and reference hydrostatic pressure. It is possible'®~'® that, a relation between ar
shown in Eq. (17) and the temperature, and a relation between ap shown in Eq. (17) and
the hydrostatic pressure, can be decided respectively.

There is Eq. (18)!''® for a medel in which the flow index n is a function of the
shear stress. '

1612 = 5 (BeyJosCln 24 ()

where 8 means a constant. In addition, the formulae of Egs. (17) and (18) are independent
of each other. When n; is expressed by Eq. (17) and Eq. (18), 7,; and 2, are found
easily by using Egs. (9)~(11), (17) and (18).

Let’s investigate the relationship between the flow index and the shift factor. The
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relationship between 7.; and the temperature shift factor ar, and the relationship between
n; and the pressure shift factor ap, are expressed respectively by the following equations,
using by the model equation indicated in Eq. (17).

a"ri anti

dlny =61nar (19)
anti — anrf
dln  dlnar (20)

Eqgs. (19) and (20) denote that, at the same value of the flow index, respective inclinations
ne;—In7 curve and 7, —Inar curve, respective inclinations of 7:;—In 7 curve and #.;—Inap

curve, have the same value respectively.
2.2 Flow index m

Formulae for the non-Newtonian fluid model®!"!? in which the flow index #n; is
denoted by Eq. (17) are expressed as follows,

y \mei(7, 78, ar.ap)
=r:(“’i"7) ' (2
y \mei(Fh 78 amard
77=arap77:( ar;rr ) (22)
of T \meetned

7]=(l1'(lp77°( z° ) (23)

j Yo J—k
me; (¥, Tor ar, ap)=.2[9"—)°’2{ln(ampf)} (In fﬁ)‘] 2D

il j+1 x50

where subscript ©: a value at reference temperature and reference hydrostatic pressure,
superscript O: a value at standard state. Correlation of various flow indices 7 in the ex-
ponential equations indicated by Egs. (21)~(23), from Egs. (1) and (21)~(23), are expressed
as follows,

Myp=mg;—1 (25)
1
Mpe=1— ey (26)

Egs. (25)~(27) make clear that the relationship between m1,; and ., is a linear function,
the relationship m. relative to m.; and my; is a relation of fractional function. Egs. (21)
~(27) may be applied to pseudoplastic fluid and dilatant fluid etc.. The region of the flow
index m differs with the kind of fluid. The applicable regions of the flow index m for
the pseudoplastic fluid are as follows,

o< Mej g 1 (28)
—1<my; <0 (29)
Mpe =0 (30)

Let’s investigate the relationship between the flow index m;; and the shift factors. The
following equations are obtained from Eqgs. (21)~(24).
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Omz; _ Omgy
alnf dlnar (D
amrfv - amtr
8lny dlnap (32)

From Eqs. (17) and (24), Eq. (33) which expresses a relationship between the flow index

ne; and mej, is obtained.

Oney _, Omey
dln7 _zﬁln')" (33)

Viewing the figures, Eq. (33) denates that the number of inclinations of 7:;—In§ curve is
double that inclination of m.;—In# curve, at the location where n; curve and mq; curve

intersect each other.

3. Flow Index in Dynamic Flow

The constitutive equation in the dynamic flow can be expressed’® by an exponential
formula. The models for dynamic rigidity G’'—angular frequency w flow characteristics are

indicated as follows,

G’ =Gl:(a1‘a:a) )’"'G'a(w- as,ar.ap) 0
Wo
‘o / ik
o o ar ar) ='é [ (0{‘0 b { In (arapcu)} (In m‘;)k] (35)
oL j+1 &
i s
n'¢w(w, ar, ap) =J§(a’6'm)oj {in(arapw)}’ 36

where a’: a constant, superscript ’: in the dynamic flow, subscript G'w: a value in G'—o
curve. The procedure to obtain the G’—w flow characteristics is generally different from
the procedure to obtain the 7' —w flow characteristics. ~ Relationship among G/, @ and 7’
can not be represented by such as Eq. (1) in a steady flow. Therefore, fluid models for the
7’ —w flow characteristics should be denoted by different fluid models from the G'—w flow

characteristics. The fluid models for the 7’ —w are indicated as follows,

ﬂl’v'a(ﬁhﬂlg)a » ')
1;’=a1-ar77’§( azc';lora)) 7 QP (37)
’ ° - : (a’”'w)oj : -k o\
m U'm(w, Way AT a.P) —1;0 _j¢—1——’1§0 ]n (aTaP(l)) (ln wo) (38)
1
n'yo(w, ar, ap) =J§(a,ﬂ'm)oj {In (arapw)}’ (39

The relationship of various dynamic flow indices #’ can not be represented by relations as
Eqs. (9)~(11). The relationship of various dynamic flow indices m’ can not be represented
by such relations as Eqs. (25)~(27). However, Eq. (40) wich indicates the relation between
n’¢o and m’gr,, is induced from Egs. (85) and (36). From Egs. (38) and (39), n'y0u—
m'y, relation is obtained as the following Eq. (41).

an,a'ap_ aﬂl'a'm
dlnoe “dlne (40)



30 M (53. 3) Correlation of various flow indices

an,ﬂ'm — anl"]'a;
dlne " dhoe

L

In the case where the fluid models in the dynamic flow are represented by Egs. (34)~(39),
relationships between the dynamic flow index and the shift factor may be expressed by the
formulae, which are replaced n:; with #’¢-u, 7 with @ in Eqgs. (19) and (20), which are
replaced m; with m’g., 7 with @ in Egs. (31) and (32), respectively.

4, Various Flow Index Curves

Using the results analyzed in the previous section, various flow index curves are shown
schematically in Fig. 1 which is a sample in a case where the equations of non-Newtonian
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Fig. 1 Schematic illustration of various flow index curves
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fluid model (indicated in the previous section) at /=1 are applied to the pseudoplastic fluid.
In practical flow, there are, too, the cases where “i” has a larger value than unity. Two
symbols written on the ordinate in Fig. 1 indicate respectively the values in steady flow and
in dynamic flow. Hence, in reading the figure, various symbols should be read by corres-

ponding to respective flow systems.

5. Conclusion

The correlations of various flow indices found from the different various flow characteri-
stics in steady (low and dynamic flow were investigated by using the new indicating method
for the flow index. The followings were made clear.

1) In the steady flow, for every kind of the shape of the function (e.g., function of
the shear rate etc.) of the flow indices # and m, the relationship between the flow index
obtained from the viscosity-shear rate flow characteristics, and the flow index obtained from
the shear stress-shear rate flow characteristics is a linear function. The relationship between
the flow index obtained from the viscosity-shear stress flow characteristics, and the flow
index obtained from the shear stress—shear rate (or the viscosity—shear rate) flow characteri-
stics, is a fractional function. These relationships for the flow index n are valid for every
kind of fluid. The above flow index m relationships are valid for any fluid to which the
non-Newtonian fluid model of m-power law may be applied.

2) In dynamic flow, the relationship of various dynamic flow indices #»’ and the rela-
tionship of various dynamic flow indices m’ can not be represented by such relations as the
various flow indices in the steady flow, respectively.

3) In the flow index—shear rate (indicated with logarithm) curves, the number of in-
clinations of n curve is double the number of the inclination of 7 curve at the point where
n and m curves intersect each other.

These relationships make a comparative study of the flow characteristics in which the
methods of expression are different, easy and also then may be used effectively to estimate

flow characteristics other than measured values.
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Nomenclature

ap =pressure shift factor

ar =temperature shift factor

G’ =dynamic rigidity

M =moldability defined in Eq. (12)
m =flow index

n =flow index

P, =hydrostatic pressure
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€ Aa¥ L3>l aN

=temperature
=average temperature
=constant

-=defined in Eq. (13)

=constant

=shear rate

=average shear rate

=viscosity in steady flow

=dynamic viscosity

=viscosity at 7=10 sec™ in Eq. (13)
=shear stress

=angular frequency

< Superscripts>

(4
!

=standard state
=dynamic

< Subscripts >

G'w
s
7T
7o
(74

1)
2)
3)
4)
5)
6)
D
8)
9
10)

11)
12)
13)
14)
15)

16)
17)

18)

19)

=reference point

=in flow curve G'—a
=in flow curve p—7%
=in flow curve p—7
=in flow curve 7' —o
=in flow curve T—7%
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