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A Computer Aided Design Method for Linearization
and Control of Nonlinear Systems by using ‘Mathematica’

Mitsunori FUKUZAWA and Masami MASUBUCHI

Feedback linearization methods using differential geometric approach for the
developments of nonlinear control systems have been regarded as one of the most
prospective techniques in these years. However, the nonlinearities in the existing
industrial processes have wide varieties and the conditions of linearization require
quite intricate calculations and energy consuming time. The authors propose a
computer aided design system for linearization and control of nonlinear systems by

using the mathmatical software system “Mathematica” and show good result.
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DRBANCEMALT 5 HETH . IEREKF LV —EDEREB I FEMERTE S 2 LIt
himb, BEL S COFHEHAGT, FiANl & ORMAS8F L TIT 5 REHE L &£ OB
By A7 a%Bid L, COFERRRE Y 2T LOREMBEE L EDOBESBIC L 58T
OB HDTHHZ %2R, WY AT AN T - -BBEELEH LI &AM, =
DEEIRHR Y AT LT HHLVEPREYRD D, BETIE U TRV LA 2ER L 1-1b
DFHFECDFREBZZLLEN DD, T, T o AHERTREFEATHPREOMER
2R b, WRHOBBORUYAEEN L B37 A — 2 PEHFIERZHE L LELER- W ELZD
Ty HEHRRHAEDO VAT LD NG A= 2B L HWEE BB LB 21T5 48855, =
D& 5 le BERLLED RHIE PR MLHBOZHH, /35 2 — 2B E %18 L oMb iz
Rt AREE2ET 100, HRBOBHLTRAIRE R S,

ZZTEBLI, HFY 7 b7 2 A5 AMathematica* # iV TIEEH R LT, £
RIGACEORHHE, RURGHT AL, EORMEBD /RS 4 — s B(LicxT 5885
MIATEHTM & TRRTHHN T8 - BT A F ADPFKE S 1T - f2o Mathematicaid fi 5%
BNIBRFIDO2 V€ a— 2 H Y AT 5T {(BERAR/BIEHTL/ 75 7 + 7 2 /CBER) T
EDWHESR 1 ODY AT LELTEERLENLY —1Th Y, #RHAZE L AT OB AL
THHEEZELT VB,

AHETRIORHLEB O AT 4 LIBE LIV 20 OBBLERBA L, FHYR Y 25
LOFME, BAMBL RITTIICSW TR, FFRIEY 2 F A0 E 7 1« — K3y VB
K& D HERDOTE T, KU 0 <X MR &k BRIV TRGBANCTRS Z Sind B,

2 IEREROBRMACER
AR Y 27 A HE LIERALFEO b T, MG REERMEALE ) LR8I
LD 1>THBIEBIACL O > THRMT 5, £, REEMGHLELH 25 LT, &

Blei oy B FoORFANRBC W TRBE MY [1] 258K,

2.1 RETHBREICE

KDSISORB K% F 2 5,
T = f(z)+g(x)u (1)
y = h(a:) (2)

L, seyeRue R tah. f(z),g9(z) h(z) & zcBLTHITHTHS L
HET 5. MELRBRMRVE LG (1)D Y AT ABEERERIET 1 — Ky s
z = T(z), zeR (3)

u = a(z)+ 8(=)v (4)
§ Mathematicat¥ Wolfram Research,Inc. ) #j
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wEh, K1 oAHAD v RIE 2 & DBYER % Brunovskyd [E#£5%

z = Az+bv (5)
01 0
: . 0 0
A= X , b= .
00 1 :
00 ... 0 1
CEMEBRTAZETHB,
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Nonliner Plant
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Input Transformation
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Transformation:
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Fig.1 RIBEMRME

[EEE1) SEMER(] )X LTS o RERMEHCEL TR TH 5 1D DLEHH & HR
(Dﬂﬁ@&ﬁﬂ[ﬂw%a@g@%-u,mﬂdﬂwLa@”g@m BIVINTHEZE
&

(i) ~7 trBogs {g(z), adig(e), -+ ,ad} g(@)} B4 v KV 2—F 1 T CHBE
&o

GERY) @Rl 2 1M

ZOR, FR(3),(4)RBER L > TREE N B,

T(x) = col[A(z), L), -+ , L} M=)]" (6)
- L M=) _ 1
L_,,L}'f"A(a:)’ Alz) = Ly Ly~ A=) (7)

alz) =
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2L M) koMo TR Ts 5,
LQ)‘(:B) = Lndlg’\(m) = 0 = Lad?"yx(m) =0 (8)

2.2 HRBE(LE
HAHRALD 1 DT 5 KFEIZRDSIMODIERTE %

d’=f(wau)’ f(010)=0 (9)
LT, s
u=v—k(z), k(x):R*—R, k0)=0 (10)

BRI — 7R E A0 KE EEED A {(2,w) | F(=,,u,) = 0} ¥ThY9TCTF—5—
R L 1o BRI %

T = [g%(w,,‘u,) - %—E(m,,u,)%(z,)]m + %{:(zn"S)v (11)

DRBEN—B D & > IMITT « — ¥y 2 k(z) 28>0 2METH 5,

i — 78K R0) 0BG ENMEEORE I Rl & 5 M7 « — F <y Zk(z)b
AT I DdOLMER [g-g(x,,u,),%;(m,,u,)] RAHETH B Z & THB, ZOk(x)id
wKRizkhRkdbbh b,

v &3k, _ _
k) = K(23) (21,)) + 2 53 (30:)l@5 — @55(27, (21))] (12)
j=2
L, ®i(u,) (=1~n) BEEEADEESY u,€ R %17 A—2ELTHRBLLLD
THY. k(u,) B ()05 (u,) % u, THH L DTS B,
AEW R (6] #BH,

T, BT+ — Vi 7L, SRERBLI EN S LA MMMOKR THERT 5, X 1.
B,

3 MathematicaZz AL VST IBS AT A

3.1 WEIIRI X T LD

Y AT ARG EDBIBRRI 21T Lo, SR BRNT BRI R® b h 5 —a9BEE % K
T5&,

1. HexR#ETFoBEET v Y XL DFRRT

2. man—machine{ Y% —7 x4 A
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3. Bffiviav—vav

4. v A7 LOEERE
KETHD, CAOREVCEHHALTHIFT A LNEETH D, — B, BRLEY 7+ %A
WERHSEB Y ATFATRY I 2ab—v avD LY BBEHEOABEE S £J 5 1. ACSL,
Fortran it ¥ D a v 34 S %M T 5 Z & &V HEE] Mathematica T EHE H o B RN
bEREIRTVWI1c)H, B—FECIIFHEANLRELIEY R4V EBRIZ Mathematica 38
B/ BRUB,/ V57 14 7 ADTRTIEEMATH Y, 8000 LDHZALBIR 2> TV 5,
ELRBFDAZANTTRTT IV INAETH D, HRABBELSLBERITRLIERLFRO
REZE Y AT A DWECHBETH %,

ARHFHE Y A7 L OFEIE

(##1] YAFADEEMSIUBRELZF L, 1.~4. DBERE% + < T Mathematica DBY
BEHCLORBT 2, T, BHCHEMOEX % Mathematica D 2 A% BE TeXForm
ERGCTERL, BIpX BIU0EOT L E2—7 xtex) 2 AVT. BTV THRRT 5B
%ﬁi:'&ﬁ:o

(Fefr2] RESEBLEORBEOHE, SN0 E 5 #5115 % Mathematica D

AABEREL AV THBHE Ui, ZhZE DBEROTE L3 HHRBHBTE, 2OHIHMEEE
DIBBRABBBHITA Do FLARMNECIARERDZ 10D, ChBRFHENERL2<
YEFAVYhBANT BHEMA COREREA LI,

(#5883 ] Bt ani-HEHEREEATHRRT A —2BbIE LD DL > EBEBAZT 5,
RO UHBITTAREZFHLE . BREELRWL ONhOEEFITHRL Z & 2T - 1oht
U CZCRABBOENIZ 74 e LTRMEBOSHRELE., HRT2HE%4.4.1T
~Te

3.2 AR AT LOEKRERITFIR

ARAIBE Y AT LB, 5T ABBON— N STT TV r—v a VEFARE
BT AEHH (Model definition), € F A DTFME %17 5 FHT 2 (Analysis). #RESBILED
TAIYXLAZMDLETH(Design), & 3 ab— 2 a vied %575 ER2 (Graphics) . &3
TIHMIHAVS5 54 77 Y (Math Library) 5%, &z hfh 7y 4 LTEEEA,
FEEREZH BB OEAE (2 —FERBK) THRlEhb, #8741 rEa— Fdhul,
BRI TEREOEN, BERZ 02— FEHEBBBM CITDISE, K21tk X5 LADH
g% R T DTECERROALZ, T LFEIRKIA 75 ), BN, [tWoxBhra—¥E
HRIK & OBREETRT,
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[E3%H] ---cadmodels.m

M Boil 2 [title] = » 2-Vessels Thermal System ”;

M Boil 2 [intype] = 1;

MBoil 2 [n] = 2;

MBoil 2 [f] = {{—(al + b1) 2[1] + al z[2] + b1 thetali},

fa2 1] + a2 a2} );

M Boil 2 [g] = {{0}, {(theta2i — z[2])/C2}};

M Boil 2 [h] = =z[1];

M Boil 2 [parem) = {al—=> 0.1,a2~> 0.05,b1—> 0.05,
thetali—> 20,theta2i—> 80,C2—> 40};

Design

Model | Analysis
definition

Graphics

Math library

Mathematica

Fig.2 BiRi
File name | Function name ] Output result
Jac{f_,x_,n_,m.]: Jacobian matrix of a vector field ”{”
LieD[f_,h_,x_,n_}: Lie derivative of "h” with respect to "f”
libMath.m LieB[f_,g.,x.,n]: Lie bracket of "{” and "g”

{Math library) | Involutive|mat_]:
FullRankQ[mat_]:
AEquilib[model_,us_j:

AOpole[model_,us_]:

Involutivity check of a matrix "mat”
Rank check of a matrix "mat”
Equilibrium point at the input "us”
Openloop poles at the input "us”

ANonlinearCO[model ]:

Controllability matrix and observability matrix

cadAnalysis.m of the nonlinear system
(Analysis) AlLinearize[model_,wxs_]: | Linearized system about
the operating point "wxs”
ARobust[moadel ): Equilibrium points and closedloop poles
by the changes of system parameters
cadDExact.m | DExact[model_]: Design of state space linearization method<l
cadDlo.m DIo[model.]: Design of input-output linearization methodt(®)
cadDDyna.m | DDynamic[model.}: Design of dynamic feedback
linearization method!4)
cadDPseudo.m | DPseudo[model.): Design of pseudo linearization method!9)
cadDExtend.m | DExtend[model ]: Design of extended linearization method(©

(Design)

Table 1

2 ¥ERBIK & T DHHE
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EFAv R MBoil 27, ktn, RQ1),2Q)D f, g, h, 37 A — 2D EREHL T
%o
ERBICRYIav—va VEEEZE LTV 5, REARHTR Y A7 2 ORTFHEDHNE
B3ERTo ¥ F—2AMBOL A LEN-TTFAMTHEFLR2EHT 5. MR &
D ETNOIBIEL TN L, RaHE b R LS % BIR LR LHEAIORE, RO 2 v
be—35 (I, Plaviboe—5kd) 2RELTHAV—-TREHET %,
O, Tu S5 ADBECASBHALRIBICTI L0, FBITSR, $FERIEALh 7 »
A NVERIFEER D,
R A= 2F BT EBYFARDI DAV~ TRERT L, LB 5 2 —20Off, RER
DEL EEJRELTY L ab—>a YT,

KBy 27L0BIZa2< Y F54 b <« cadStart.m EANTAHET &b, LB
TrANEa—FLTHERT A,

Making Application Model

— =

Openloop or Li iati
) inearization
Closedloop Analysis |<

R f /

Constructing
Closedloop System

v
>{ Simulation

Fig.3 R

4 WAL BIEHRERGIC K 2HMECAD

4.1 BHERE LTOHEHR
RCEEORFHATT > LA 2BORARPER L2 ROFBHRE LTHL RS,
02 BEERMBBROFHEREEPEDOCADTHRE. ML TRT, 1. B2 koI
hHERANRE LI B,
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Ci— d:tl = q(bhi— 0,) — kA6 — 0,)
do,
= 0y; — 02) + kA(0, — 02)
Cy— 7 q2(02 2) (0 a3
qltoli 61
92,02 02
i i _ ke A
Tank1 C,
Tank 2 Cg
Fig.4 2 H(EAMBLE
C:#a&[kJ/°C)|, k:#mm@x(kJ/(m?-° C-3)),0 wuRE [°C),
e REARKI/(°C - 8)), A:mBHEH [m?), & HHoAnRE [°C]
RIEEHT = [01, 0] 8fFfu = o HERY =0
ETRERD2EKRIBERDBEDLN D,
£ = —(ay + &)z + a122 + b0y
0y —
Ty = a7y + axz2+ 2 C 2 (14)
2

y = N
Rty ay=k-A/Criag =k AJCy by = q/Cy ELTe ZOYVATARRBE EAT)
u OFROENEB T 2IEHFRTH 5,

4.2 CADICLZHEHRS X T LD

ARHATHE O AT 2RERS N LHEANE Y AT LDKFEFAMECH LT, TET VOB
HAREFL, REORERLAV L EDOFHALZORED N TF — 7 —RE LIOELEERE %R
OV —TEBR2HBALTRRT S, L+ —fFldoTA=a—

(1) EFVORIR-(a)

(2) =7 b (b)

(3) BodeftX (/1 v #ifR) --(c)

(4) Bode#iR (fLiHihR) - (d)
PHBIRLT, RRESEHFITBIERFLL 8. 1 ~40F v —%2{ed, ChLDOREERR
TBRZENTED, 4 1DFMIK L T(1)~(4) 2 RRECILEKFHTZE Y X 57 2 DR
BEYRASCTET, cOAza—hbiid Tkt & £i2(5) Continue ¥ —Z#H{E IRV,
T LTEBHMAELZERLT, x02a<w v F (1) 2ANT 5,
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~ Motif graphacs im
Inf1]: :i((cd.ll
h dk&miu to solvc the Feedback Linearization

dx(11/dt = (b1 thetal - {al +b) x[l] + al x[2])
rax{2)/dt = a2 1)) ¢ - a21(2)

Eq g {us ->%xs(uds;o. (2] ) &, 3 <) 50.)

veutar flvid $in) In ulen? plom

sevrrrrr}
h ll!ll”’,,
idsarnygygy

Jlln--np’
l“‘.llll’

"‘j‘l"l..
lI‘l‘llill
.I,!llllllln

-

ol
ol
.
-l
o
|

»!

Fig. 5 CADZ & 5 ifEriEm

4.3 74— RNy IBREC L DHMFARE
41DFBIH Ly 2.1TR LR L RETERBACEORKRHTB A F o L 5 8RR

» 5o K6 KKEBEHBMLEOMBERXFHBILR L, TORFTFIHELHMT 2,

Inf2):= DExactImodell
State Space Linearization Method
The conditions are controllability and involutivity.

(a) Controllabitlity Chack
al (theta2t - x[2))

Controllablity Matrix = ((B, —(-—--——-——cccamaau- )},
c2
theta2i - x[2) &2 (theta2i - x[2)) a2 x[1] - a2 x[2)
4 ( » - mEmsEsssssssssssss }]
c2 c2 c2
2
al (theta2i - x{2))
Determinant = ———=—-—-—rmceammmmcn.
2
ce

This matrix is FullRankl |
+ssPress any key...

(b) Involutivity Check
satiafied, becaysa n ¢= 2

Thaase condltions are satisfied,
Consequently, state and input transformation exists.

«..Press any key...
(1) Input lambda from keyboard (2) Frobenius Theorem ?
lambdal{x) = x[1]



124 SERCS5(1993) 2 Mathematica® AV T2 3ERIBRD 7 « — KA 7@ LEEBO DD F TR E

Checking the partlal differentlal eqations for lambdall
Laddg lambda = (8)
al (theta2s - x{21)
Ladig lambda = {-(-—--—weccccnccmnc—x })
) ce
Relative degree of MBoil2 for function x(1) =2
...Press any key...
(1) State Transformation
z011=((x(1]})
z{21=((bl thetali - {al + b1} x[1] + al x[21])
Ouzput equation of z caordinate is ...
y = 2011
...Press any key...
{2) State Feedback

2 v
u={ - - (C2
al (theta2i - x[21)
> (-{Cal + bl) (bl thetall - (al + bl) xC1] + al x(21)> +
b al (a2 x{1]1 - a2 x[23))) 7 (al {(theta2s - x(21})}

Fig. 6 RIBERIGMLIE DX FERFIT B

(a)--2.1 [ 1] O() THEMEHELHNS LD, THERTI2RR L, £OTFIR %5
BLT7A3VIREBNEI D 2HERETS. Chitkyh, HRE (BHELTEV8) Lbh
5o
(b [EB1] 0 ()1 vH) a—F 1 THERXB LD, <7 M rBOKAE[g(2), adsg(z),
co,adf?g(z)] B oBABBETRTOY —FEEBEHT L. TRERKDLTTEDXY b
WEORE L BURBRC AN EI D RFIHAT S, TRTOV —FERFEIBRIVREE L i, 1
VEY2—FT 1 T THBEHEZREB LS LI, 2RFTRBCAVEY a—F 1 THEMRKD
YODT, LROHERETT B I & {satisfied, because n<=2 EXFTEL®BLH5ILLT
W5,
() (8)REWITHE Mz) 2RET 5, (8)RRRYUTHBATH 50, T OFHEHEIR
Frobenius®E® N 6. [EH1] (DOXRT CABOEENRSA VEY 2 —~F 1 T THLHLEN
551, ZOK, RESHTBRAOKBEHEMUTI TBRAXOKRBCRHE LRI ENTE, 207
I Y XakAVT AMz) #CADEC BV THBRCEBTES LK L, (8)RiT M=)
n-1EREES LTOuDEARA KW EWILHBETHD, ZOLHY LBEENRBRHCRERATE
BBARIE, Mz) 2F—K— FADLANL, TOBBHRE)REELTHE > heRETS Z
ELTEHLSK L (FIBIIZDOBECHEY) o
() B A(z) BT LI DT, (6)Rm HEEER, (7)RMORET ¢ — ¥y 2 REHE
LT, BT 5, REEHBHERIHRNDABRKR(2) bRBEEREIh I EIBRLLWIcd, D
74— KRy JHERERITHHRE BEERTOENABKIRDILENRD D, ZO
O, EEFROBERZHA L T2 EETCOHDARKRGLIHE, BRTHIOSK LTS,
LA b, FREEEHB Y 25 L2 AV AT Matematica DM X 0, BEHEOHE,
HAMOHEE X ABHLEhEKRRANDORF R r1ZABLKELBHTEIEMNTE S,
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4.4 S Zal—iav

ARIIH - B 27 22 AV THRRICREEREMALE 2 B LIJERIEHER (K7 -
1) R LIBED RS 2 — 2B L 2REPBNBETHIC LT E AT » TIEEML LR~
Bo fe. HEDOBIEAETDLY TT — 7 —BH LIELURE € FviciE3 S RERORMHE%R
(H7—2) SWHLT, HBRFZT,

Input , Nonlinear Plant
Transformation Input Cutput
v u x=r1(x)+egx)u Y o
> = a(x)+ X)v > ' >
u (x)+ 8 (x) v = hix)
T X
Y :
- Zz Coordinate
S)< K T(x) Irransformation
N, State
Feedback v Z
, y
h' (z) ——>
Pl Controller Error ii?nt
e Y
Kp(1+ 1 ) & Q< r
TIS +
Fig. 7 — 1 RIEZEIEIL L 128U RIE%
Set Pl Controlier
Point Error input Output
e 1 u Nonl inear y
r >0 + > >
X ke (1+ 5 ) Plant

Fig. 7 — 2 E{LURHIL L e Ricx§ 5 R HHR

FHERO Y 3 2 b—v a vORERMR
¢ NG A—2RPUTOLSICHE LT,
01:,0 : 20,80 [°C), q:1[kJ/(°C-38)] C1,C,: 20,40 [kJ/°C],
A:1[m?, k:2[kJ/(m?-°C-s)]
o SEROBE AL
{z1 =50 [°C),z2 = 65 [°C], u =2 [kJ/(°C - s)]} & L1z
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e HIHRL LHRHBIP I av be—=F v, HIr— 7%, FABLLTIZ LS i
B 5B AT A —2%RE LI,
B {-0.05-0.1+0.15}, ®&:{-0.05)

4.4.1 BUBREHICK DB

B8, M9 RBMMBE k: 2 [kJ/(m?°C . s)] #1.2~2.8% T, ¥1Afiq : 1 [kJ/(°C-
8)|#1~0.5% TEH) L M DI HEFR (K7 —1) LHBHER (R7—2) OFifiED
EBHRPHERT LSO TH D, ZOEEIRT A—2k%x 0.1 [kJ/(m?-°C-s)|T>EHEE,
EDFEREET Q% 0.05 [kJ/(°C-s)] EEXTEHEETPFEALLThERHAL, %
DPEREDLYTT— 7R L TELHHE, RTRLLLOTH S, K82 HIERHHARTE
#EE—0.1 £+ 0.155°—0.06~—0.13% TRIFEHCIKA > TV B, FEE—0.0551 L AL
BH Ui e, 37 A - 2 BLOBESBEIC & 2S5 {Lz P —F. B9 OBRBHE
R HE-0.1 £ 0.1292Hh—0.04~—0.16, E#H0.185 ~ —0.18jDORITAE<BHHL,
FACHE—0.05% AL e 0TV AZE —0.01 % THE) L TIEHMIEBVE— N &R 3 BAMD 0,
FEAERELWZ ERah 5,

CORREAR IR Y AT LRRB AT A -2 FOKEE R B E 2, 2ORAOHMELEH % E
RO T 5 D OBNEATHREAL FR I 28 EL -1, Thid, EFEO R b
HEHND LCHBERYTH 5,

Im
Aroa of Closodloop Pole Position

k
“"’"‘“\‘\\\\\f\\\\\\u 0.1
—
& 0,08

<
-0.16 0,14 -0.12 -0.1 -0,08 ~0,06 -0.04 =0.02

Re

~0,05 -0.05

.....

e omrnr s WIS -0.1

o Assigned poles
Fig. 8 JERBEINFRo B2 A EHTEEH Fig. 9 R HMER0 B 828 5Em

4.4.2 BREE

101235 2 —2(1) k: 2 [kJ/(m?-°C.s)] #(2)2.8,(31.20EBH &€, FHERBHEL
LEOWHERDO AT » 7IHE, (1), (2) , 3) BREAFTIhOFEHEATOMHI—TETH
%o (1),(2),(3) 15, BIPID LADBE I H ~RELMEILE 2 FH L HBROEE L,
LOREERELIC->TWBIENGNE, (1), (2, (3, #RTH, (2) TRHUKE
DY LRYPIO A OHERITLRRBANIC, (3) TIRFLAELCBE L LEOKE TR



HWR FE MM ER  EBRAFIEHHEREHE (829%5) 127

BEELE->TWRZENBEMTE B,

Nonlinear Control System
~~~~~ Linear Control System
........... Set POil'lt

tal -t Response =) by Caa.l.

o1 C-L Response sl by Exa l, nstel  C-L Rezsonse 2l by Eno,L.

. S;.!
. $1.38
. ' %0.78 -
. 90.8]
. $0.23
: T ) ”'l'anhi 3o vy v} a-ohn'ul
1) k:2 (2) k:2—28

o Closedloop poles of Nonlinear Control System
% Closedloop poles of Linear Control System
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