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Zeta functions for self-dual codes and a Riemann hypothesis analogue

me £5°
Koji Chinen

Fin g
Toyokazu Hiramatsu

L. Duursma defined the zeta function for the geometric Goppa code in [1] and later he
extended the definition to any linear codes. For self-dual codes, the zeta functions contain

deep structures similar to those of algebraic curves and we can formulate an analogue of

the Riemann hypothesis. This report is a survey of Duursma’s work.
Key Words: Hamming weight enumerator, algebraic curves, Riemann hypothesis, Ham-

ming weight distribution.

1 Introduction

1999 £, Iwan Duusma (38 %#) Goppa ¥
%@ Hamming RESHEERT BBV T,
[Goppa 5 ® zeta ) DOHBEH/L([1). £
%, —AXOBRFBIZE T zeta WEOERMIE S
n([2]), MBI £ 72, NBRAEAFLAVTICHF S
DERNATEDEZELCHTLRET HHNHITD
N, ol [3] KB TiY, B 2R xR 5
(2%} L T Riemann TROFMUNERLENTEY,
FEOD zeta FHEILICEEHR D zeta BT E DO T
ST E/HZ L, FBEO, ol & o
ZELT, @0 iiE8o L2 edbhat,
(S LWV SRR, ZOTF—NE s T
MY OHLWT—+Thb, JEEICE  ORMIR
MBOEMEEZONLHIOWTHD. 1, (%6
FLIE—ICMAIIRIR T E 2T 50 zeta A, (L
PR zeta BB L RIRAEH 2RO LWV O LG
EDOHTHRELS, ThiIRYFSORRAN T
AOMIG L REREORVGCEFMIEELFOZ L AR
MLTWHELEXLNDLIDTHD.

AL, XK (2], (3] OIS, F5D zeta BIEI
B9°% Duursma OB #BH T 2 EHETHA.

2 Weight enumerators and the
zeta functions

F5 0 zeta BEGL, FEOHELBIAR (weight enu-
merator) MO BAMIZfER&END, Z 2T, WA L
@A Hamming BRENZ & THH. p & H#iK,

TRKRLIRKYE I¥H —RBER
SCHEBAY LFE L RAT LAMNIEH

g=p (r>21) &L,C £AMEKF, LD [n,k,d %
BEYPD. £ ce C » Hamming &% wt(c) T
K. L<CHLATLS L Iz,

Ai:i=l{ceC; wt(c) =1}
R LE,
Wel(z,y) = ZA;:::"";/*

i=0

C OERSFMALMELS il z, y OF&K n &
KThd. ZOLE, F50 zeta BIEIIKRO L H iz
EEINS:

EFER21CIIHMLT, & n-d UTOHDHLHE
K P(T) € QIT) Ar7i 1 »TEEL T,

P(T) "
T=ni-gt -
=+ WC(zsy)—I"Tn—d_i__”
q-1

BT S, P(T) % C O zeta BARK, Z(T) =
P(T)/{(1-T)1-qT)} % C ® zeta ¥ L F5.

ZOEHITRRVMY SHLVDOT, FLUBRARLET
H A ETIOEXEYIRIMNEN, EQR T
DHARXLOT, ThRFEDEDY TOXREERE
BMEMAS D, 2FY
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L, ED%
PO +T+T*+-)

(1+qT +@T* +--)y(1 = T) 4 zT)"

OFRIERT D, ZhIZBALMNIFEORETER
Enk (Bl |T| < 1/q O@ETE 2L L),
RALTHRAE~RZ D) FHAXFEShS. ZHL
TTIHLTAREDIAIZE~ B LONEDD
LIRWIR D, Thebb T4 OEKICC DEE
FMAHBRND LI RD, LVIDHLOERD
B%Ths.

NTEROGEXDOEDLALTDZ EiIIbMED
PN, ZhiZLTLEREFT - ) LAV UARS,
FNIL, ERICE S L 5% P(T) ARYIC—EMIZ
FETINEAIM, EWIETHD. ZOHIZH
WT, Duursima I3 2T E A, BXDOP T
Ho& b L RTWLRVR, BBIEF&KDLSICEZ
DL P(T) OFEL B bns, 7,

(1 =T)+zT)"

I = oha- )
EWVIEEXD. DFEN, ER 21 TPT) =1
ELEBETHS. ChDT=00EbYoO_x
SR P %

{Z(;')(x - y)fy"-i:ri}(l +aT+eT?+--)

=0

L#<. DY { ) ORI (y(1 - T) + 2T)" =
(z - 9)T +y)" ® (T PEH|X L LTO) 2 R,
(1+e,T+eo T2+ ) 13 1/{(1-T)(1-qT)} O &4
ERMEERLEZLOTHD. Zhe &BICRMLT
LT, T% -, T OFEEW~5. 45 LmuiRit
Ricky, ##%IIEALH y", (1 —n)y" +zp™~t,
vy byt + byt e bugz Tyt (2L b
BN LB THEZ EAbND. =2 THHIL,
BB 0g, 01, -+, Qg XL T, (@o+ 0y T+ +
an_aTP=f(T) ® T DIESRERTHE S, %
il

a'n—dy"
+n-a-1 {zy""! + (01 = n)y")

.........

+ao{b,._da;"""yd +oo by 4 boy™ }

THHIENRDOS. =%, (We(z,y)-z")/(9-1) =
(Ad-":"-dyd +-+ Any") (g -1) THHMH, T

LEHRETBE, LD ag, ay, -+, an_g ¥ERED
TV I ENTEDS (LALEMREEIL 15@Y). 22
Ta+a T+ -+ a,,_dT""‘ = P(T) tnirk
W edbhrs,

D& S, zeta KX P(T) OFFEEICE L TH,
Wel(z,y) BEETAHSOHEZARTHE - L &
DY, ENDi g,y DERn KA THHZ ENL D &
THTHDHEEAD. “hicBl LT, MDS 8
(RREEHEDHETH) LEZDEEFMIZH>WTHRL
THEIEHRHLDBBIZE>THLHATHASS.

[k, d) FH C Iz LTd=n—k+1 Mo
L&, C &% MDS HETHD LS. Zhid Single-
ton DIRAEX d<n—k+1 TESHKITIHHS
Thd. &ifd=n-k+1 OKET, MDS HED
EERMIL n, d DATRESTLES ([5, Ch. 11
§3). €2 T, MDS FENEEEW|MAE M, 4(z,y)
ERT. BAMICHAT B L, M,a(z,y) IZADEK
EFOZELHE. LBAA, FDOL IR EEICIIN
BT FREELLVIEELSD. LMHLEDOE
B, Mpglz,y) 12 2, y DFKR n KR THEIM 5,
D zeta BAREERTHI LN TED. i, &
ML D 3L o:

& 8 2.2 MDS HHE D zeta BAXIL P(T)=1 T
H%. 2, P(T) =1 % zeta ZARIZLHHEIL
MDS 5 Th3.

i 8. (2, p.59). B
ZOMENCERIIKNBONS:

# 23 (FED [nk,d H5 C LE*DOMEEAKX
Welz,y) 2L T, £D zeta FKXE P(T) =
a+a T+ -+a T &T5L,

"VC(J:: y) = aOMn.d(x’ y) + alA‘In,d-f-l(z) y)+

vt a My gie(2,Y).

Wetis, (K dh R D zeta BIEIZHVWVTHHICE &
HTBEII. C & Fy Lokneriafigdiits L,

Nm:=t{C LD F,n HBRS}

ET5E,C D zeta ML

Z(t) = exp(mi;l Nen %)
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P(t)
(1-t)(1-qt)

Lz BRIAKX P(t) € Z[t) MEETHZENREN
3 (20 P(t) & C O zeta FHRL & 5).

Z(t) =

3 Some Properties of the zeta
function of codes

C i F, O [n,k,d BETHBETH. C OX
HEH CL i

Ct:={ueF,"; u-v=0,YveC}

?ﬁﬁéﬂb. tf:‘l/, u= (ul,u‘b"'iun):v =
(v1,v2,--+,va) € F" IZH LT, uw-v = yyvy +ugvp +
cedugv, THDCH ORI, BNEME TN EN
ki(=n-k),dt &R¥. 3/, C HECHAHEST
HHEIICL=C THHELEIZW).

=Y, (BEHF EIIRORV) —ROKUF SO
zeta BABICBIT M E E L O 5:
E I 3.1 C D zeta BIAXE P(T) £45.
(1) degP(T)=n+2-d-d*
(2) CL O zeta £, zeta WA FNF PL(T),
ZYT) 1B,

L - l ra+gt
PHT) = P(z5)eTv",
1 _ L.
Z‘L(T) - Z(q_T)qg lpgtg™ -2
MY LD, =17,
g = n+l-k-d,
gt = n+l-kt-di(=k+1-dt).

FriZ, C BACHX R 6, P(T) = PL(T) ic &b,
(1)’ deg P(T) = 2g.

(2) Bt
P@) = P(z)eT™,
2(1) = z(qiT)qg-thg--z
B Y 3L,

Duursma {2 (XS DBEOTEMNE g 2 C DT
8 (genus) LFRA TV D, =L, £OEEMN (5
Bige) BHRHFIIELTAL WS LTHB.
-, MESEXARYSI>ONA -2 C RES W
DEXIIMONZZ EHLHERIZES 5.

JEPAIZ I MacWilliams D{a% 3

V%J%w=%WdPHT4WJ~w

({5, p.146, Th. 13]) 35 £ * MDS T & SHX DR
(% 2.3) BAVLI B,

REEhBRD zeta BIAKX P(t), zeta Wk Z(2) OB
B0, HETIHERIIKROEY THD. C Otk ¢
ETBE, EFV degP(t) =29 THY, BESXIT

PO = P(x)ee,
Z(Elt_)qg—lt2g—2

Il

2(1)

i3,

4 Riemann hypothesis ana-
logue for self-dual codes
L3R D zeta BEX 2oV TiE, (Riemann F

By LTINS ME (Weil I2L > THRAS ) M
MohTWA, Thid

P(t) DIEEDIR a IZH LT, |o| = %

EWVDIHLDTHD. NENOFERNG, BEBRHFFD
zeta B8 P(T) o LT, Rk GE LR35 Z
ENTED. ENERRBHNZ 1 >OEBELRATEH
Nl B

B E41C & (ATHHLIIMSRV) F, Eo
[n,k,d) BEBHES, P(T) %D zeta ZAAREL T 5.
P(T) = ap(1 +aT +---) ORI B - &

d+1<qg+1l+a
MEEY L.

it 88. [3, p-118). |
P(T) OR% oy, a8, -+, a, &35,
a=—

r
1
=1 Y
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Thihb, P(T) DHROXEEDORMEE C O
BHROFEESA 5 Libhs.

ST, CHBERHD L &iT, P(T) X 29 ADIR
2RO (BR 31 (1)) &b, LELRLEFSEOT
MPAT, ENHORYE

1

Q) = Q3@q = -0 = 091G = E

MRYIOLSICTESD (ZOBRBIINSHIZTE,
REBBDPE L 2<BALTHS. Hlif [7, p.167)).
2T, BENHBE HICHT S Riemann F2I1, £
W & DEBEE AN, KO L S IZERILT S
ONEETHS >

EH42C 2BCUHATS, £ zeta FHAXEL
P(T) &7%. P(T) DIEBOR a 12X LT,

1
jol = —

Ve
MY Lo & &, C i1 Riemann FRL #4800V,

C # Riemann TFEEZH- 433 CWHFS ThHNIT,
d+1<q+1+29/9 4.1)

EW S, R/AMBRBEDEFEAG OB LiICkB. =
NI R BB R OB E 0 Hasse-Weil [RARICHET
S3LDTHD. 2EY, (KEMHR C D zeta FIAXE
Pt)=1+at+--- DK L&, COF, AR
DK N X

N=g+1+a

t&kan, Cicxtd 5 Riemann FAMNHIT
N<q+1+29/7 (g: C OfE%) (4.2)

HELN, ZOFREN%L Hasse-Weil BRR & LD
THD. (4.2) ITEH, RBERMARICENT (b
LAAFERBIIBVLTY) KELKEDLNAKE
ZEEMKTHD. —F, (4.1) Xig, EHIhKTT
RR/NEMOBRAEFIHE S X5 HOTIHREVOT
»HD. T T, FALEE%B5121%, Riemann T8
USADEENS LB BOFR, ThIZSVT IR
O TH~B Z L2 LT, = Z it Riemann T4
AEICONTELIZELLEX LS.

EiL, FED zeta B HWTOR L K & 1okl
R,

il # 4.3 Riemann FR4#E7-3THCRAFS L 1L
DL SR LOMERLE L.

WS LDTHSD. Duursma B & LEEX L HIEER
EVWLKODDBBRETR>TVB L H N, £
H OO 52 Riemann FREBE -3 ~H0RME
EF/RBBEFATWRWVWE I TH S, B LRAKEN
MREMMoOW TR~k 5.

6 88 4.4 TExtremal 72 8 2 W% it Riemann
FAREZW =41 (IEE L v,

Duursma (XER3C (3] C, 2D Z & % “prove or dis-
prove” (BERAT 2 REELE HIT L) ¢ BV TEY, IF
1 (conjecture)] &WH IV DFEMRIBAINE T
FaAM->TVRWI EE2BHES.

IOBBIZOVWTHLEFORANRLETHAS. B
SRS C H extremal THh B &it, C Hufies
BROB/EMERBIZFE>THD I &%), E
BICEAH, ETHSE n 0BCRAFSDOR/NE
RO & LT, &R Mallows-Sloane [R50 5
nTna:

d< 2[;-'] +2, (4.3)
d< 4[%] +4, (4.4)

2120, (4.3) KB 2 TS —ARIoHT 3
fl, (4.4) KIBEMBR (& TRTOFEEIIHL, £
@ Hamming HEA 4 THNh D) ACORx 2 B
(x4 5ETH S. Extremal 2 BESHAFE L1,
Z ® Mallows-Sloane IRFX CHEEAHEYI- LD
DZETHD ([6, p.139). Aok, HBRACTHN 2
THSE II BOFS (type Il code) &P L&A
2,

LEDHMBORIR L 2oV 200 Bl &,
zeta ZRGOERMOPRIEL L LI, fMixhoT-d
TRTWZ S,

5 Examples

C%Fy kO [nkdl HE5LTD. C D zeta?
HX P(T) 2FBRIZHAEST 3103, KOERLEES
#IA3 (normalized weight enumerator) %{% 5 DAt
EFITHS:

£ % 5.1 ([2), [3])
‘/VC(-T,?]) = Z?:O Aizn-iyi ) L‘:
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C OEMELEEBHA LV,
ZhizH LT, AR D a2
SE B 5.2

P(T) _ Tyl =
T-Da-gno D7 =

a(l fT) (mod T"-4+1).  (5.1)

& 84. [2, p-63). |

LHhAAZDHE L, RADEDbY DT GEEMN
EEX,MRBELTOGRAKLEZLLDTHS. a(t)
it We(z,y) "oBHICHRATE 0T, (5.1) OF
WZHNT LT, -, TV OFEX R LT P(T)
BRHTVIHEL V.

# 5.3 [8,4,4] f£X Hamming &% Cs (|4, p.112),
[6, p35) ®). CHIZRERHL 2 THETH
Y, extremal, LM LEMBE, L@ttt
HED 1 DTh5. BELHAKIT Wo,(z,y) =
78 + 14ziy* + y® TH Y ([6, p.135]), ERILEE
E 2L By .

a(t) = 3 +t

LHRENS, FRiT g=n+1-k-d=17%
DT degP(T) =2, 22T P(T)=ap+a,T +a,T*
EB<. EBS5212L-T

(@o+a 1 T+arT?)(A+T+T% + - Y1 +2T+4T%+- )

(1-T)Y = % +T(1+T+T?*+--)! (mod T?)
MEELY AL h, Rz LD,

P(T) = %(1 +2T + 2T?)

NBENS. P(T) ORIE a = (-1 £i)/2 ROT,
Zhid |a| = 1/V2 = 1/,/g, T#bH Riemann T
PEHT.

EOMOBKFENGIL LTROLDEETTEZ 5!

(1) BER®x [72,36,16] 5. Zhid extremal 72
NBFETHS. RENLESERIMET DN,
ZOFERRETHINE IR ELHoNn T W
([6, p-139)). LML, BESWAMNRENIT 2eta 2
MA LR ES. Duursma 3, Z NP4 L Riemann
FARLARL Y LD &R TS ((3, p.119), 7 L3
BakEhTuvnien).

(2) HffF 5 Cs & Cs ® Cs. Z it #£X Hamming
#E5E 3o il FHETHY,[24,12,4) L5
NI7A=F % b0 (HELLTiE 3 >0 Cy DM
WMETHIN, ZOLIREVFETILORBE
"direct sum code” &FRIN TV 5. ¢f (5, p.76)).
ZOBHE, I BTiEH 5D extremal TRV, 2L
T Duursma (2 & i, Riemann FAIR Y 724
VwEvd ([3, p.119)).

B HEHMFESE C =C,aC b, &Cy, L G,y
B (21,2 EV5RTA—FE D 2 RHRT, B
LR BERAF S THD. -0y, AL
MDS #B5D 1 2TLHD. We,(r,y) =z +y2 1
"o, We(z,y) = (22 +y?) &£723. C D zeta £
AL (5 — 2T% — 4T3 - 4T + 40T)/35 & 742 Y,
Riemann FHAMY IS L LR TES. LML
C (X extremal THL IIBITHL AV, ZOFFORHH
i%, Hamming &A% 2 AR/ T 5 (& BEEHAKX
R(x2+y?)™" Am € N) Ot i 3), Ly &
ROTHD. ZOXIRFAICH Riemann FHAH
BYMUSZ ERBRBENRTNS,

6 Asymptotic (conjectural)

bound for d/n

B4 HMicsW\ T, FHE 4.1 & Riemann T3
TH, B/MBEREDIFEE LTHR L LB onk
W EEBRE (of (4.1) RK). & Z A, Riemann
THE LBz, LVECRIERRET NI, 83
M d/n DL Y EELVWEENFEN SRS -0
ZLERRBED, 1 OOEBELEALLS.

E # 6.1 BRYNEE 2 = {w,ws, - ,wyy) HE
Weil 5 (positive Weil system) #7223 &1, KD (a)
~ () MY LD & THS:

(@) TR_TO wj € 2 IFREMHEHETHS.

b)w; e 2 2bilT e N TH5.

() wj € 2 BEBRG, w; D N TORPEILBK
Thb.

(d) TRTO wj € R IHLT |wj] = 7.

(o) pihnsi = M, 1 - T™) 8 L 45
&, +<TH B, >0.
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% 6.1 1SR T, (a) ~ (d) BRY THBAII,
N 2B Weil RERESR. 72, 2 5 FHD zeta
H{X P(T) DROFBKLEDEESTHS %6, (d) »
Riemann TiRELSB. ST, m a2 00 DEEHFEE
MERIZKEL LB L) LEACHXNES C DER
WMEEXD. ZLE,

EE62HLEO m IZH LT Cn # zeta AR
P(T) 1220 T, ZOROMELEDREHIE Weil
FrElIRoiI,
. dn 1 1
R e S
1-72L, nm, dm XENFNR C,, DFBE, BBk
¥ERT.

INERTqg=2088%825¢L,

lim su -‘-11'- < 1 - L
m-roo pnm -2 2‘/5

Albh, JRERMONR TV ARAN, FIATII
LIEERE N o o M)

~ 0.146

lim sup @- < % =~ 0.167

m-—oo n m

(Mallows-Sloane FRE, (4.4) 1 6B6NS) L0 b &
(I BHZ ENPME.

LALZOBAL, Y0k IRBEFICRHLTS
DAY LD DB TH 5

i 8 6.3 Zeta 2K P(T) DIROEHEROLEE
MIE Weil F& 722952880 L.

IR 44 AT, ROKEeRMARMBO
1 >THhd.

¥, EH 6.2 13, KK DEHE D Drinfeld-
Vladut R

. N
ggngosungsﬁ—l

(N: F, ABRADRAK, g i) ORLUTHS.

B 30k

(1] Duursma, L. : Weight distribution of geometric
Goppa codes, Trans. Amer. Math. Soc. 351,
No.9 (1999), 3609-3639.

(2] : From weight enumerators to
zeta functions, Discrete Appl. Math. 111
(2001), 55-73.

(3] : A Riemann hypothesis ana-
logue for self-dual codes, DIMACS series in
Discrete Math. and Theoretical Computer Sci-
ence 56 (2001), 115-124.

(4) Ty 8- AR, KR 1097,

[5) MacWilliams, F. J. and Sloane, N. J. A. :
The Theory of Error-Correcting Codes, North-
Holland, 1977.

(6] Pless, V.: Introduction to the Theory of Error-
Correcting Codes, John Wiley & Sons, 1998
{Third Edition).

(7) Stichtenoth, H. : Algebraic Function Fields
and Codes, Springer Verlag, 1993.



