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Localizationofhereditaryrings 

ThmntRulKEYハＭＡ＊

Localizationatatolsiontheorywasinmducedandconsidc鹿dwhenthetorsiontheolyis
hc配ditmy.（Secc､9.Ｊ.Ｓ・Golan[2]ｏｒＢ・Stcnsmm[7].）medennitionofthelocalization
iscategmicalandhenceitcanbecanonicallygenemlizedinthenotionof血elocalization
atatmsiontheory．（Scec､９．Ｈ・ThchikawaandK・Ohtake[6].）Ａｍｏｎｇｏ血erIpsultsinn
nKeyama[4],itisshownUlatmelocalizaUonataherCditmytorsionmeoryand血elocalizadon
atatorsionthcory麺℃dimfCrCntandUlatthesenotions,howev“coincidcwhenmecategoly
islhetheoneofrightR-modulesoveranarbimyrightherEditaｴyring・ＴｈｃｌｍｅrICsultwas
provedusingthenotionofthefUUsubcategoryoftheloca1objcctsandfimctors,Inthispaperi 
wegiveanotherpmofusingringtheoIcticnotions． 

XbDM砥：わczMHzdJlio凡⑪府imllIeomハe花diUmWi"８．

WbnotethatatorsionlheolyinJ.Ｓ､ＧＯ１ａｎＰ]meansa 

heIEditaIytorsionthcory、
陸t(７，nbeatorsion山eoIyfOrmod-Einthesencc

ofS､EDickson[1]､Then,anghtR-moduleLissaidto 

bcT-mjcctivepruvidcdmemnctorHomR(－，Ｌ)isexact 
onallexactseqUences 

O->Ｘ一十ｙ－>ＺＴ－>０

1．ＮＯｒｊＵＴⅡＯＮＳＡＮＤＤｍｎＵＩＩＴＯＮＳ． 

InU1i5paperweconsidcr血elccalizationatatorsion
Uleoryfbr･thecategolymodRoveraringR・Ｉｎｌｈｃｌ己st
ofmspapeI;wcsupposclhatcvCIyringEhastheidentity 
elcmenLmatcverymodulcisunitalandthatmod-Rdc-
notesthecatCgoryofrightR-modulcsoveraringR､For 
eachriglltR-module〃inUlecatcgolymod-R,Ｅ(Ｍ)｡e‐
notcslhemjectivehuUof山emodulelf,FOUowingSE・
Dickson[1],apair(γ,ｊＥ)ofclasses7andアofIight
R-modulcsissaidtobeatolsionmeoryfbrthecategory 

modPRprovided： 

(TI)７，鋲＝{0}．

(、)IfamoduleTisinIhcclassTandT->nf-0

isanexactsequcnseinthecategolymod-Rofright 
R-modulcs,men班isinlheclassT．

(T3）IfamoduleFisintheclassヂandO_肱一十F

isanexactseqUenseinthecabegmymod-Rofright 
R-modules,lhcnMisinmcclass灰

ロヰ)ForeachlightR-moduleM,the”existsancxactsc‐

qucnce 

wimtherightR-modulcTinlheclaSST・Thelocalization

ofarightR-moduleM弧thctorsionlhcmy(７，〆)mcans
thehomomolphism 

ｆ：Ｍ一十L

wilhthepropenies： 

仏1)Ker(')andCokc厩(')mcinmeclassT．

(12)LisinLeclassF． 

(L3）LisTLinjecUve・

TbconsiderlhelocalizationatatorsiontheoIyfbrthe 

categmymodPRofrightR-modulesandthelocalization 
ataheI℃ditmyto＄iontheoryfbrmodR,weuselhefbl‐ 
lowingnotations・nrougdmutthispaper6(γ,〆)meansa
torsiontheoryfbrmod-RoveralingEand8denotesthe 
subclassｏｆ族suchthnt

｛ＥＥアIEiSinjeCtive}・

Usinglhesenotations，wedennethctorsion山eoly

(７，，涙)fPrmeIhecategorymod-RofrightR-modules
hiwingmepmpertyUlatarightR-modulenfisinIheclass 
７~ﾘifandonlyifthcmodulc皿satisncsthecondition

D 

Homn(Ｍ,Ｅ)＝O 

fbreve[yrightR-modulcEintheclassaThenitisobvi‐ 

ousUnatthetorsionmeory(γ１，ヂ')fbrmod-RishcrCdi‐
IntyandUlattheclass7iscontaincdinthechlssT'・Ｔｈｅ

Ｏ－Ｔ－ｊｌｆ－Ｆ一0

suchll1ntlhemDduleTisinmeclassTandthemod-

uleFisinthcclass鈩．

Moneov“theimageofthehomomorphismT一皿in
thccondition(1ｺ)iscamedthetorsionsubmoduleofthe 

rightR-modulc班.Forbfnsicpmpemiesoftorsionthcories
seeS.Ｅ・Dickson[lLJ.S・Golan[2]ＯＴＢ､Stens面tjm[7].A

torsionIheoly(７，ア)fbrmodRissaidtobehcmEditaｴy
providedtheclassTisclosedundertaldngsubmodules． 

*CoUCgcofEngineering 
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hercditanltorsiontheory(γ',〆')fOrmod-Rissaidtobe
cogencmtcdbytheclassa 

WealsodenoIe 

（１）ThehomomorphismfisthelocalizaUonatthetorsion 

theory(７，nfOrmod-S． 

(2)Thehomomorphismiisnotthelocalizationatany 
herCditalytorsiontheolyfOrmod-a 

OntheotheThandiftheclassCiscontainedintheclass 

L',theneverylocalizationofamoduleaLthetorsionthe‐ 
Cry(７，ア)lbrmod-StumsouttobeUlelocalizationat

thehereditaJytorsiontheory(γ',Ｆ')fOrmod-Sbym 
Ⅲeyama[4,Ｌｅｍｍａｌ７]・ThclcfbrcthcclassLdoesnot
conlainedinthcclass｣C'． 

Ｌ＝{ＬＥ鈩lLisγ-injectivc｝

and 

Ｌ'＝{ＬＥヂ'lLiS7'一iqjecUve}、

Usingthesenotations,weconsiderthelocalizationata 

torsionlheory(７，ア)fbrthcthccatcgorymod-Rofright
R-modulesandthelocalizationatthehereditaIytorsion 

theory(戸,戸)fbrmod-R．

Ｉ、[ｈｅにstofthispaperweshowthat,iftheringRis

righthel巴ditaIy,thenthelocalizationaMhetorsio、theory
(７，〆)fbrthecaUegorymod-RofrightR-modules[urns
outtobethelocalizationatthchcreditaIytorsiontheoly 
(γ',jE')fbrmod-R． 

2．ＰＩｍＴ･TＭＵＮＡＲＸ 

AccordingtoUlcdeHnitionoftheherCditalytorsion 

theory(γ，,ア')fbrthethccatcgorymod-RofrightR‐
modulescogencratedbytheclassg,theclassTiscon‐ 
minedintheclassT，､Hence,ⅡⅢcyama[4,Lemmal7］ 
impliesUlatifthcclassLiscontaincdintheclassL',then 
evelylocalizationofarightR-ｍoduleatthetorsionthe‐ 
Cry(７，ア)fbrthethecategorymod-RofIi8htR-mcdules
mmsouttobemelocauzationatlhehelcdita｣ytorsionthe‐ 
Cry(γ１，Ｆ')fbrmod-R 

T11uspiftheclassZisalwayscontainedintheclassLo、
thcneachlocalizationatanytorsionthcoryfbrmod-Rco‐ 
incideswiththelocalizationatsomehelCditarytorsionthe‐ 
oryfbrmod-R・ThestatemenLhowever1isnotmeiｎｇｅｎ－
ｅｍＬＷｂｉｉｒｓｔｇｉｖｅｓｕｃｈａｎexample． 

3．ＬＯＣＡＴＩＺＡＴＩＯＮＯＶＥＲＡＲＢＩＴＲＡＲＹＲＩＮＧＳ． 

WeconsidertherightR-modulesinthecIassLoveran 

arbitlnlylingRandobtainthefbUowing妃sulL

Lemma21fthcri邸tR-moduleLisintheclassL，

lhenthcinjectivehullE(L)ofthemoduleLisalsointhc 
classL． 

pmof･ItisobviousthattheidentiUhomomolphism 

idL：Ｌ－Ｌ 

Examplel,ＬｅｔＫｂｅａｉｉｅｌｄ， 
saUsliesthcdclimitionoftheloca肘双zurinnofthemoduleLat

thctorsio､theory(γ,ア)formecategorymod-Eofright
R-modules,LetTbethetorsionsuhmodmleofthemodule 

L，T11cn,thefactthaMhemoduleLhaslhelocaUzation 

atthetorsionthcory(γ,ア)fOrmod-Rinducesthatthe
injcctivehullE(L/T)０ftherightR-moduleL/Tisinthe 
classアｂｙｍＫａｔｏａｎｄＴⅢeyama[5,Ｌｅｌｎｍａ２９]・On
theothcrhand,themoduleLisintheclassZwhichisa 

subclassofthecIass〆.since【heclassFisclosedundcr

takingsubmodules，ｔｈｅｓｕｂｍｏｄｕｌｅＴｏｆＬｉｓａｌｓｏｉｎｔｈｅ 
ｃｌａｓｓヂ．’ｍｉｓ”sultinducesthatthemoduleTisinthe

classTandisintheclassF．HencewchavclhalT＝O 

fOrTnjE＝{O}､Thus,wcobtainlhamheinjccUvemodule 
E(L)isintheclass兎fOrthemodulciscqualtoE(L/T）
whichisinthccIassF.TmerefbrC,(hemodulcE(L)isin 
thecIassL,sinceevelymjectivemodulCisTmjcctive． 

釘ｌｌｉ 訓’

Ｋ
Ｋ
０
０
 

Ｋ
Ｋ
ｕ
０
 

thesubringofIhcringof4x4ma画cesoverlheiieldK、
ConsidcrtherightS-modules 

皿＝(０００Ｋ)，

Ｌ＝(０ＫＫＫ） 
ａｎｄ 

Ｅ＝(xxxx） 

bymatricesoperationsmlen,themoduleEの(E/L)ＣＯ‐
geneTatesthetorsiontheory(γ,ア)fbrIhclhccategory
mod-SofrightS-modulcsConccminglhctorsionthCory 
(７，ア)fbrmod-S,itispmvcdinTIkcyama[3,Exam‐
ple5]thatthecanonicalinclusion 

ForeachrightR-moduleLintheclａｓｓＬ,wealsohave 

thefbllowinglcmma． 

必ｍｍａ３、IftherightR-moduleLisinthCCIaＳＳＬ,it
isinthecIass〆'．

ｉ：Ｍ－>L 

hasthefbUowingpropemes： 
■ 

PmofAccmdmgtothepTecedinglemma,theinjective 
huUE(L)onhcmoduleLisintheclaSs〆.HenCe,Ｅ(L）
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isintheclass8fbreveryinjectivemoduleisT-injecUve・
AccoldingtomedcnnitionofIhehclCdiOaIytorsionmeoly 

(γ',ア)fbrmod-Rcogcncratcdbytheclassatheclass
8iscontainedintheclassア'.、]usthcmoduleE(L)isin
theclass〆1．mer℃fb応,themoduleLisalsointheclass

ア'sincetheclassア'iscloscdunderta1dngsubmodules．

fOUowing定sulL

Lemma6､陸tEbearightherpditmyningand(７，〆)a
IorsionthcolyfCrlhecatcgorymod-RofrightR-modules・

Iftheri8htR-modulcLisintheclaSSL,thcnmelight 
R-moduleE(L)/Lisintheclassアwher℃(γ',鈩')is
theherEditmytolsionthcmyfbrmod-Rcogenemtedbylhe 
class2． 面rari8htR-moduleLmtheclassLwiththemjective

huUE(L),thcfnctormoduleE(L)/LsatisiicsthefbUow‐ 
ingcondition． PmofSincetheringRisrighthelpditmy,themod‐ 

uleE(L)/LisinjecUvefbr…yLinthecIassと.Ｍｏ"‐
oveBlhemoduleE(L)/LisinIheclassアbythepcccdUng
lemma・Hence,themoduleE(L)/Lisintheclass8which
iSCOnOninPdintheClaSS戸.

Ｉ妃mma41fthcrightR-moduleLisintheｃｌａｓｓＬ，

thenthefhCtormoduleE(L)/LisintheclassF． 

PToofLctXbclhesubmodulcofE(L)suchthatX/L 
isthctorsionsubmodulcofthcmoduleE(L)/LfbrIhe 
tomsionthemy(７，ア)fbrmod-R・men,thecanonical
exactscqUencc 

InthefbUowingproposition,fbratorsionthcmy(γ,ア）
fbrmod-RoveraIighthcmditmyrinｇＲｗｅｓｈｏｗｔｈａｔ 
…hrightE-moduleLinIheclassLisアーinjectivewhere
(γ',戸)isthehercditaｴytoIsiontheo1ycogeneratcdby
thcclass8． O一Ｌ一Ｘ_Ｘ/Ｌ－+0

splitsfbrLis7mjcctive､Thus,Ｘ＝Ｌ＄Ywithsome 

submodulcYofE(L).ThismeansthatY＝0,smcethe 
submoduleLisesscntialinE(L).Thcmcfmp,wehavethat 
X/Ｌ＝OfbritisisomolphictoY、Hencethemodule
E(L)/LisintheclassjE、

Pmpogition7・LctRbcarighthcrEditaIyringa､。
(γ,natorsionthcolyfbrthethccaOegorymod-Rof 
rightR-modules・Ifmeri邸tR-modulcLisintheclass
L,thenLisTLinjectivewhe唾(γ',戸)istheherCditmy
torsionIhemyfbrmod-Rcogenemtcdbythcclass5． 

ＰｍｏｆＬｅｔ 

ｆ:Ｘ－→L 

beahomomorphismand 

４ＬＯＣＡｕＴ灰AＴＴＯＮＯＶＥＲＲＩＧＨＴＩｍＲＥＤＴｍＲＹ

ＲｍｌＣｓ 

InthcHBstof山ispapeTiwcconsiderIhclocalizationovcT
righth亜ditaIWings・NotcthattolBionthconesfbrthethe
cmegolymodRofri8htR-modulesoverarightheIEditary 
ringRneednotbcher巳ditmyingcncml･FOUowingexam-
plcwasgiveninSE・Dickson[1]．

ｏ－ｘ－２→Ｙ」_Ｔ'－０

anexactscqucncewithaIightR-moduIeT'whichisin 
theclassア.mcnthemorphismノandlheexactsequence
inducethcfOUowingdiagrnm Example5・LetZbeIheringofintege曙.menthenng

ZisrightherCditary・WCdescribetheclassofinjective

rightZ-moduleswiIhthenotaIionγ、ThentheclassT
inducestheclass族ofIightZ-modulcssuchthataright
Z-modImleⅢisinthecl題sアifandonlyifthemoduleM
m0isfiesqhecondition 

ｏ－ｘ÷Y上Ｔ’一ｏ

ｆｌ 
Ｏ－Ｌ－Ｅ(L）－２一Ｅ(L)/Ｌ－Ｏ

Homz(T,Ⅲ)＝０ 
wiIhtheinclusioniandthecanonicalsurjectionjSincc 

thcmoduleE(L)isinjecUve,lherpcxistsahomomo好
phism 

ハ：Ｙ一十回(L）

suchIha[た,＝ifmehomomorphism八inducesthe
homomorphism 

力：Ｔ'一十Ｅ(L)/Ｌ

fbrcvelyri8htZ-modulcTwhichiscontainedintheclass 
γ、AccordingtoS・EDickson［1],thepairofclasses

(γ,〆)isatorsiontheoryfOrmod-ZItisobviousthat
therightZ-moduleQofmtionalnumbersisinlhcclass 
TandthatZisnotintheclassT・HcncclheclassTis

notcloscdundertakingsubmodules・Ｔhe”fb暉｡tllet昨
siontheoxy(γ,〆)fOrmod-ZisnothcuEditmy．

WeconsiderIightR-modulesinlheclassjCfbratoP 
siontheoly(７，ア)fbrlhcIhecatcgorymod-Eofright
R-modulesoveraIi酌theⅡ℃ditmyringRandobtainthe

wiIhthecondition九ハーゴハ.Now,wehavethefbUow‐

ingcommutativedia厚３ｍ
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ｏ－ｘ－２－Ｙ上．Ｔ’＿→ｏ

ノI八Ｉ九Ｉ
Ｏ－Ｌ￣￣Ｅ(L）二，Ｅ(L)/Ｌ－→0

lhcoly(γ',ア')fbrmod-R,theclassTiscontaincdin
theclaSST'・Ｍｏ妃ovemheprecedingpmpositionimplies
thatcachrightR-modulcLintheclassLis7'一injective、
Ontheotherhand，ｔｈｃｍｏｄｕｌｅＬｉｓｉｎアヅｂｙＬｃｍｍａ３・
Tms,weobtainthatthccIassLiscomainedinthcclasszl， 

T11erefbrc,wehaveconditionsIhatheclassTisconlnined 

inthcclassγ'andthatIheclassLiscontaincdmtheclass 

L1、Ｔｍus,everylocalizationatthe[orsionthcoly(γ,ア）
fOrmod-RturnsouttobethcIocalizationatthehcrcdi‐ 

talytorsionlheoly(γ',ア')fbrmod-RbyT1Cyama[４，
Lcmmal7]． 

withexactrDws・AccordingtolheprEcedinglenⅢ､a,the
modulcE(L)/Lisinthcclassヂ'・Hcnce,wehavetha【
た＝OsincethcmoduleT'isinthcclassT'・Itmeans

that』たisalsoOThis“sultinduceslheexistcnccofthc

homommphism 
九：Ｙ－>L

whichmakcsthelowertriangleofthefbllowingdiagmm 

RＥｕｍＲＦＮＣＥＳ 

Ｘ二．Ｙ
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Ｏ－Ｌ一・Ｅ(L）

commutaUve､Thenｺﾞﾑ９＝ノ,ｇ＝ガノimplics八ｇ＝ノ，
fOrmehomomorphismiismonomolphic・Tmel巳f０１℃,the
moduleLisT'一injectiveasdesilCd．

Usingtheabove”sults,weglvealing-theo”ticpmof 
fbrn皿eyama[4,CorDllaIy22lwithoutusingthenotion
offimctors． 

Theo圧、８．ＬｃｔＲｂｅａｒｉｇｂｔｈｅｍｅｄｉｔａＩｙｒｉｎｇａｎｄ
(γ,〆)atorsiontheoUyfbrthccatcgorymod-Rofright
R-moduIes・Thenlhelocalizationatthetomiontheory
(７，ア)ｆｏｒｍod-Rtumsouttobethelocalizalionat

thehereditalytorsionmcory(γ',，E')fbrmod-Rwhere 
(γ',〆')isthehereditaｴytomsiontheolycogcnemtedby
theclass8． 7〕BStenstrijm,RingsofQuotients,SplingerVerlag，

1975. 

P、ofSincethedennitionofthehercdi(alytorsion


