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Localization of hereditary rings

Tamotsu IKEYAMA*

Localization at a torsion theory was introduced and considered when the torsion theory is
hereditary. (See e.g. J. S. Golan [2] or B. Stenstrém [7].) The definition of the localization
is categorical and hence it can be canonically generalized in the notion of the localization
at a torsion theory. (See e.g. H. Tachikawa and K. Ohtake [6].) Among other results in T.
Tkeyama [4], it is shown that the localization at a hereditary torsion theory and the localization
at a torsion theory are different and that these notions, however, coincide when the category
is the the one of right R-modules over an arbitrary right hereditary ring. The latter result was
proved using the notion of the full subcategory of the local objects and functors. In this paper,
we givé another proof using ring theoretic notions.

Key Words : localization, torsion theory, hereditary ring.

1. NOTATIONS AND DEFINITIONS.

In this paper we consider the localization at a torsion
theory for-the category mod-R over a ring R. In the rest
of this paper, we suppose that every ring R has the identity
element, that every module is unital and that mod-R de-
notes the category of right R-modules over a ring R. For
each right R-module M in the category mod-R, E(M) de-
notes the injective hull of the module M. Following S. E.
Dickson {1}, a pair (7, F) of classes 7 and F of right
R-modules is said to be a torsion theory for the category
mod-R provided :

(T1) TNF = {0}.

(T2) Ifamodule Tisintheclass T andT — M — 0
is an exact sequense in the category mod-R of right
R-modules, then M is in the class 7.

(T3) Ifamodule Fisintheclass Fand0 — M — F
is an exact sequense in the category mod-R of right
R-modules, then M is in the class F.

(T4) For each right R-module M, there exists an exact se-
quence

0—- T —M—F—/0

such that the module T is in the class 7 and the mod-
ule F is in the class F.

Moreover, the image of the homomorphism T' — M in
the condition (T4) is called the torsion submodule of the
right R-module M. For basic properties of torsion theories
see S. E. Dickson {1}, J. S. Golan [2] or B. Stenstrtm [7]. A
torsion theory (7", F) for mod-R is.said to be hereditary
provided the class 7 is closed under taking submodules.

* College of Engineering

We note that a torsion theory in J. S. Golan [2) means a
hereditary torsion theory.

Let (7, F) be a torsion theory for mod-R in the sence
of S. E. Dickson [1]. Then, a right R-module L is said to
be T -injective provided the functor Homg(—, L) is exact
on all exact sequences

0 —-X—Y—T—0

with the right R-module 7 in the class 7. The localization
of a right R-module M at the torsion theory (7, F) means
the homomorphism

f:M—1L
with the properties :
(L1) Ker(f) and Coker( f) are in the class 7.
(L2) L isin the class F.
(L3) L is T-injective.

To consider the localization at a torsion theory for the
category mod-R of right R-modules and the localization
at a hereditary torsion theory for mod-R, we use the fol-
lowing notations. Throughout this paper, (7", ) means a
torsion theory for mod-R over a ring R and £ denotes the
sub class of F such that

{E € F| E is injective}.

Using these notations, we define the torsion theory
(T', F') for the the category mod-R of right R-modules
having the property that a right R-module M is in the class
T if and only if the module M satisfies the condition

Homg(M, E)=0

for every right R-module E in the class £. Then it is obvi-
ous that the torsion theory (7", F') for mod-R is heredi-
raty and that the class 7 is contained in the class 7'. The
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hereditary torsion theory (7, F') for mod- R is said to be
cogenerated by the class £.
We also denote

L = {L € F|Lis T-injective}
and
L' ={L € F'| L is T'-injective}.

Using these notations, we consider the localization at a
torsion theory (7", F) for the the category mod-R of right
R-modules and the localization at the hereditary torsion
theory (7", ') for mod-R.

2. PRELIMINARY.

According to the definition of the hereditary torsion
theory (77, F') for the the category mod-R of right R-
modules cogenerated by the class £, the class 7 is con-

.tained in the class 7. Hence, T. Ikeyama [4, Lemma 17]

implies that if the class £ is contained in the class £', then
every localization of a right R-module at the torsion the-
ory (T, JF) for the the category mod-R of right R-modules
turns out to be the localization at the hereditary torsion the-
ory (7", F') for mod-R.

Thus, if the class £ is always contained in the class £',
then each localization at any torsion theory for mod-R co-
incides with the localization at some hereditary torsion the-
ory for mod-R. The statement, however, is not true in gen-
eral. We first give such an example.

Example 1. Let K be a field,

ea K K K

S = 0 K K K seK
0 0 ¢ K
0 0 0 K

the subring of the ring of 4 x 4 matrices over the field K.
Consider the right S-modules

M=(0 0 0 K),

L= (0 K K K)
and
E= (K K K K)

by matrices operations. Then, the module E & (E/L) co-
generates the torsion theory (7, F) for the the category
mod-S of right §-modules. Concerning the torsion theory
(7T, F) for mod-S, it is proved in T. Ikeyama [3, Exam-
ple 5] that the canonical inclusion

i:M—L

has the following properties:

(1) The homomorphism ¢ is the localization at the torsion
theory (7, F) for mod-S.

(2) The homomorphism i is not the localization at any
hereditary torsion theory for mod-S.

On the other hand, if the class £ is contained in the class
L', then every localization of a module at the torsion the-
ory (T, F) for mod-S turns out to be the localization at
the hereditary torsion theory (7", F') for mod-S by T.
Ikeyama [4, Lemma 17]. Therefore the class £ does not
contained in the class £'.

In the rest of this paper we show that, if the ring R is
right hereditary, then the localization at the torsion theory
(T, F) for the category mod-R of right R-modules turns
out to be the localization at the hereditary torsion theory
(T', ') for mod-R.

3. LOCALIZATION OVER ARBITRARY RINGS.

We consider the right R-modules in the class £ over an
arbitrary ring R and obtain the following result.

Lemma 2. If the right R-module L is in the class £,
then the injective hull E(L) of the module L is also in the
class L.

Proof. It is obvious that the identity homomorphism
idL L — L

satisfies the definition of the localization of the module L at
the torsion theory (77, F) for the category mod- R of right
R-modules. Let T be the torsion submodule of the module
L. Then, the fact that the module L has the localization
at the torsion theory (7, F) for mod-R induces that the
injective hull E(L/T) of the right R-module L/T is in the
class F by T. Kato and T. Ikeyama [5, Lemma 2.9]. On
the other hand, the module L is in the class £ which is a
sub class of the class F. Since the class F is closed under
taking submodules, the submodule T of L is also in the
class F. This result induces that the module T is in the
class 7 and is in the class F. Hence we have that T = 0
for TNF = {0}. Thus, we obtain that the injective module
E(L) is in the class F, for the module is equal 10 E(L/T)
which is in the class F. Therefore, the module E(L) is in
the class £, since every injective module is T -injective.

For each right R-module L in the class £, we also have
the following lemma.

Lemma 3. If the right R-module L is in the class £, it
is in the class F'.

Proof. According to the preceding lemma, the injective
hull E(L) of the module L is in the class F. Hence, E(L)



is in the class £ for every injective module is 7 -injective.
According to the definition of the hereditary torsion theory
(7", F') for mod-R cogenerated by the class £, the class
£ is contained in the class F'. Thus the module E(L) is in
the class F'. Therefore, the module L is also in the class
F' since the class F' is closed under taking submodules.

For a right R-module L in the class £ with the injective
hull E(L), the factor module E(L)/L satisfies the follow-
ing condition.

Lemma 4. If the right R-module L is in the class £,
then the factor medule E(L)/L is in the class F.

Proof. Let X be the submodule of E(L) such that X/L
is the torsion submodule of the module E(L)/L for the
torsion theory (7", F) for mod-R. Then, the canonical
exact sequence

0—wL—X—X/L—0

splits for L is 7T -injective. Thus, X = L @ Y with some
submodule Y of E(L). This means that Y = 0, since the
submodule L is essential in E(L). Therefore, we have that
X/L = 0 for it is isomorphic to Y. Hence the module
E(L)/L is in the class F.

4. LOCALIZATION OVER RIGHT HEREDITARY
RINGS.

In the rest of this paper, we consider the localization over
right hereditary rings. Note that torsion theories for the the
category mod- R of right R-modules over a right hereditary
ring R need not be hereditary in general. Following exam-
ple was given in S. E. Dickson [1].

Example §. Let Z be the ring of integers. Then the ring
Z is right hereditary. We describe the class of injective
right Z-modules with the notation 7. Then the class 7
induces the class F of right Z-modules such that a right
Z-module M is in the class F if and only if the module M
satisfies the condition

Homz(T, M) =0

for every right Z-module T' which is contained in the class
T. According to S. E. Dickson [1], the pair of classes
(T, F) is a torsion theory for mod-Z. It is obvious that
the right Z-module Q of rational numbers is in the class
T and that Z is not in the class 7. Hence the class 7 is
not closed under taking submodules. Therefore, the tor-
sion theory (7", F) for mod-Z is not hereditary.

We consider right R-modules in the class £ for a tor-
sion theory (7", F) for the the category mod-R of right
R-modules over a right hereditary ring R and obtain the
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following result.

Lemma 6. Let R be aright hereditary ring and (7, F) a
torsion theory for the category mod- R of right R-modules.
If the right R-module L is in the class £, then the right
R-module E(L)/L is in the class F' where (T', F') is
the hereditary torsion theory for mod- R cogenerated by the
class £.

Proof. Since the ring R is right hereditary, the mod-
ule E(L)/L is injective for every L in the class £. More-
over, the module E(L)/L is in the class F by the preceding
lemma. Hence, the module E(L)/L is in the class £ which
is contained in the class F'.

In the following proposition, for a torsion theory (7", F)
for mod-R over a right hereditary ring R we show that
each right R-module L in the class £ is 7-injective where
(7", F') is the hereditary torsion theory cogenerated by
the class £.

Proposition 7. Let R be a right hereditary ring and
(T, F) a torsion theory for the the category mod-R of
right R-modules. If the right R-module L is in the class
L, then L is T'-injective where (7", F') is the hereditary
torsion theory for mod-R cogenerated by the class £.

Proof. Let
f: X—1L

be a homomorphism and

h

0—x L.y 2,1 o
an exact sequence with a right R-module T which is in
the class 7°. Then the morphism f and the exact sequence

induce the following diagram

0 —x 4. v L,

7l

00— L

— 0

=, E@) g, E(L)/L —0

with the inclusion ¢ and the canonical surjection j. Since
the module E(L) is injective, there exists a homomor-
phism

fi:Y — E(L)

such that f, g = ¢ f. The homomorphism f; induces the
homomorphism

f2: T — E(L)/L

with the condition f2 k = j fi. Now, we have the follow-
ing commutative diagram
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0 — x 4. v T —0
fl fll le

0 — L 5 B -1 EL)y/L —o0
with exact rows. According to the preceding lemma, the
module E(L)/L is in the class F'. Hence, we have that
f2 = 0 since the module 7¥ is in the class 7. It means
that j f; is also 0. This result induces the existence of the
homomorphism

f3 Y —— L

which makes the lower triangle of the following diagram

x93, v
fl 75|
0 — L 1 E(@I)

commutative. Theni fs¢ = fi g = ¢ f implies fsg = f,
for the homomorphism i is monomorphic. Therefore, the
module L is 7'-injective as desired.

Using the above results, we give a ring-theoretic proof
for T. Ikeyama (4, Corollary 22] without using the notion
of functors.

Theorem 8. Lct R be a right hereditary ring and
(T, F) a torsion theory for the category mod-R of right
R-modules. Then the localization at the torsion theory
(T, F) for mod-R tums out to be the localization at
the hereditary torsion theory (7, F') for mod-R where
(7', F') is the hereditary torsion theory cogenerated by
the class £.

Proof. Since the definition of the hereditary torsion

theory (7', F') for mod-R, the class 7 is contained in
the class 7. Moreover, the preceding proposition implies
that cach right R-medule L in the class £ is 7'-injective.
On the other hand, the module L is in 7' by Lemma 3.
Thus, we obtain that the class £ is contained in the class £’.
Therefore, we have conditions that he class 7 is contained
in the class 7" and that the class £ is contained in the class
L'. Thus, every localization at the torsion theory (77, F)
for mod-R turns out to be the localization at the heredi-
tary torsion theory (7", F') for mod-R by T. Ikeyama [4,
Lemma 17].
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