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THE ARTIN L-FUNCTIONS OF GRAPHS AND CODING THEORY

WHRESR", mEE="", EH g
Seiken SAITO, Shuzo MATSUDA and Toyokazu HIRAMATSU

R. Koetter et al. show that pseudo-codewords of a cycle code are given as the exponential
vectors of monomials which appear in the Taylor expansion of the edge zeta functions
of the msociatedbgraph. On the other hand, as a generalization of edge zeta functions,
the edge Artin L-functions are defined by H. M. Stark and A. Terras by using a graph
covering Galois theory. In this paper, we study connections between pseudo-codewords
of cycle codes and the edge Artin L-functions of graphs which define the cycle codes. In
particular, we show that the lost psuedo-codewords by normal covering are appear as the
exponential vectors of monomials of the product of the edge L-functions of the associated

graph of cycle codes and graph coverings.
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1. Introduction

RWXTIE, £, H. M. Stark & A. Terras Ik 3%
R Z 7 D¥—5BERV Artin L-B3fI oW To—3lt
DI (7], [8], [9]) 21T 538 Artin L-BIEIZ>\ T
BFEIZOW T survey L, RIZ, /T 7% E-TEEEh
% cycle codes ™ pseudo-codewords & 25 7 DiA¥—
7 B OBRIZ OV T 27 R. Koetter et al. DX
[5] 28 L, 7T 7?0 Artin L-Bd¥ & cycle codes @
pseudo-codewords & DOBSH % BT 5.

2. RIS 20— 2 MK

X =(V,E) 2572 rank > 1 TR 1 PTARZ L=
W73, 0EMT, UTOL S I2HEffiH %
+35:

€1,€2,...1€n, Enpl = €] ..., Con = €71,
MR EBAEEATHOON)
C=aa2-+-a,, (a;€{e}’,...,e'})

% path &V VW, y(C) =s R E LW, a) DEEEL a,
DHEEHB—ETD path % cycle &V 5. cycle C =%t
LT, EDRE#HE% [C] Lk T

[C] :={a1a2---as, aza3---asa1, ..., a1+ G5-1}.
cycle P =ajay---a, H

*KEPEV AT ALK
i -

o backtrackless & IX ai41 # a; (Vi),
o tailless &1t a, # af‘,

e primitive &iX P = D™ L72% m € Zy, & path
D Asigvy,

&2V, LO=2%=% [P] % prime &\ 5.
X @ path C =ajaz---a, {ZH L, BREYK wa,q, P
"R

NEg(C) := wa,0,Wazas - *Wa,_;a,Wa,a,

% C ® edge norm &V3.
E# (Edge Zeta Function)

Ce(w, X) :=[J (1 - Ne(P))*.
(P]

ZIiZ[P) X X @ prime 2bi-3. RIZER:
CE(w’X)'wab—_"u = CV(ul X)'

2|E| x 2|E| 1151 W = (Was) (a,b € {e}!,...,e0})
BAERTERTS:

W o [ We @O HDa BB feed LTWN,
*“Y o Ehos,

e

a M b IT feed



8 Wik EW-E #=-Tn 8-

W X X @ edge matrix &M 5.
£ (Determinant Formula)

(E(w, X) ' =det(I - W).

edge zeta BT X OmEfFHFIc k6 FREDRZ LicE
Bv5.
3. 73 70HE
(1) Graph Theoretic Galois Theory
ELF, covering map I} unramified &7 5.

s FM/Z7 Y BEMZF 7 X ? directed graph
covering &1, Y DiE@EH 6 X OEF~mE R
T1#1icBT coveringmap 7: Y = X BTEE
THEEEWD.

o MM/ T 7Y BEMYTT X D covering &3, X
IEBImMEFITELE®R, 7: Y 5 X A directed
covering L 25 L 572, Y omEfHI Nl L &
W), X O covering Y 13 X OmE{HiF &Mz
ICEEDZ LITERT 3.

e Y % X @ d-sheeted covering & i3, v~ 1(z)| =d
(Vo eX) DEEENS,

o Y % X @ d-sheeted normal covering & i3, 7o
oi=n k%t dBo/77EERB 0;: Y 2 Y
(i=1,...d) BFEETHIELEEWVD. ZOLE, #HE
G(Y/X) :={o1,...,04} % Galois group &\*5.

e G(Y/X)3 g1 X OAD d D av—DF#Hizizo
T3, gick?d X off g(X) =: (X,9) % sheet g
& vy ) (Riemann EDERIZH > TV 3).

o B G(Y/X) It sheets LB TH 5.
ezcX,g,heGY/X)IZHL go(z,h) = (z,gh).

Y/X,Y/X 5> X /X (covering) D& &, X 3 Y/X oh
4S5 T (intermediate graph) &i3, 7 = mom D&
EEVWS. I, m:Y o0 X, m: Yo X, m: XX
X% & 45, normal covering XU/ T 7 o fFlizH
1 %8HE L.

Y/X % Galois 8 G @ unram. normal covering & L,

w:Y 2 X,
m:Y 2 X, w:Y X,
wlzf—)X, w{:)?’—)X,
* (QOmE&ZFE-T) HELTS. 20L& graph [
Bi: XX BHEELT, m=nloi 261, X & X

EBKETHRHRME (F435)

1: Y/X : Cy-cover,

Y/X : Cp-cover

IR|EVS (R 2). EbiZny=dom D& &, B
F7IAME EET B: X ~ X'

EE (Galois DEAEE) Y/X % Galois B G =
G(Y/X) ® unram. normal covering &3 5.

(1) G OB H ioxtL H = G(Y/X) L2 5$m 7
57 X BEETS. Thi X(H) &<,

(2 X2 Y/X DFMI57L+5E,G OB H =
H(X) BdboT,GY/X)=H L %5,

(@) Y/X D2o09Mr57 X, X oL,
X ~ X' = H(X) = HX").
(4) Iz()?(H)) = H, X(H(X)) = X BRI, e,
XeH(1x1).
G XieoH, XooH, DL x
X, B Y/ X, OB Y57 CrD < H, C Ha.

EE Y/X % Galois 8 G ® normal covering & L, X
AFMST 7T HE MR XXX, X b X
® covering 2725, ZDOL &,

X /X » normal covering <= H 1 G O EREBSYRE.

(2) Graph Theoretic Hibert Theory

d-sheeted normal covering Y/X (x:Y = X) {zB\
T, [D} #Y @ prime £ T3 &, [n(D)] iX backtrackless,
tailless T 3 A%, —A%IZ primitive THL72u>.

“w(D)=¢C’, ([C] it X @ prime)



/C»\

—. XI
ﬂ:\/D m
X

R 2 77 703k%LER

DL &, [D) X [C] D prime &\, f 2 Y/X BT
% [D] OFIFRRE (residual degree) &L .
' [C] £ Y o prime [D] OfE¥%E g LTBE,

fg=d (Y/X iX unram. covering X 9 e =1 [CEE)

p A/ RT AR

¥ oeQY/X) XL, [coD] % [C) £ [D] &3
72 prime &\ 3.

Y/X : unram. normal d-sheeted covering, G(Y/X) =
G Lt5.
X @ path p IZx} LT, 85338 sheet 1 EiICHhDH LA
lifting p B—BHIEESTD. ZD L &, p DD sheet
v kiz$ 3 & &, normalized Frobenius 2RV E#
o(p)€G % a(p):i=v LEHRTS.

C % X®Dprime &L, R (BR)%a &T5. D%
C LY @ prime &L, (a,p) 2FDMHEK (BR) LT
5. CoOrVick?d lifting® C &35, pathC ®
A (a,p) T, TOREE (a,v) £T5. ZDEE,
Frobenius ECEEE#R %

[Y/X,[Dl] = (Y/X,D} = vp™}

<E#T. (Y/X,[D]] iFAESE [D] PREFT D O
VHIZE BRI LIcEET 3.
@ (Frobenius SHNDER)

o [Y/X,D] sz .
e 7€G IZHL, [Y/X,ToD}=17[Y/X,D]r1.

e Z(D):={reG:[roD|=D)} 2 DDY/X i
BT 25rBE LV D ALY SLD:

Z(D)=({Y/X,D]).
4. 5RY S 7mi8 Artin L-BA¥

iE#% ( Edge L-Function) Y/X % normal unram. cov-
ering, G(Y/X)=G,p: G - GLd,C) ¥ d=d, &

20074 (ERRI19E) 570 Antin L-KEHFESBE 9

BRERLT 5. wap (a,b€ EUE-Y) 2 BHER L L
wap| BN E VL &

LE(w! P Y/X) = LE(wa P)

= [T¢ et ( — p([Y/X, (D]]) Ne(C) ",

I, B X ko prime [C] #b72v, [D] X [C] £
DIERD (Y O) prime &+5. 7%, Ng(C) it C ®
edge norm &3 3.

BE (Le(w,p,Y/X) OHHA) XBp0R¥EZdLL,
block form THMPN TS LT3, W, 2UT CEES
N3 2\Eld KEFFHET5:

W, = (wij - p(o(es)) )e.-_e,-eEuE-l

(T 2 o(p) i% normalized Frobenius B 2RIRER). =
DL E,

Le(w,p,Y/X) = det(I — W,)"1.

T2, It 2|E|d REALITH & T 3.

B (spec. edge zeta M5R) unram. covering Y/X
izt L, W, W #3457 % edge matrix L35, Y 0
&8 € EUE Itaista W OB @y oL &, &
hiz Wij ERALETHE W,pec &35

Wspec = WI!T:;,-:ng
F5&,Y/X  normal D& %,
CE('I‘E, Y)ln'z'uj=wu = det(I - Hf.ﬁpec)“l
= npeé LE(wa P Y/X)dp:

SIIZG IR G OBy Y RBESKL T 3.
#




10 #iE ER-0E £ 38 8- ERXKFEILBHRMKE (543 9)

T Y/X 1T &% Galois B#iZ > 4-sheeted normal

cover Th5:
G = G(Y/X) = Z/4Z = {5,1,3,3).
normalized Frobenius B R,

oler) =1, ofe2) =0, o(es) =
0‘(84) = 3, 0'(35) = 6: U(eﬁ) =

G D=4 YRBIX, E€T1RET,

I,
3.

Xa(b) =i%® (a,b € Z/4Z).

Lo THEITS Artin L-BEIIRD L Sicie 5

Le(w, x;, Y/X) ™' =det(I - Wy,) (5=0,1,2,3).

Ll A
h\_l\-’

Wy, =
iw1 1 iwlz 0 0 0 0
0 0 wWo3 0 0 Wae
0 0 twsg 0 iwss 0
0 —iwy2 0 —twyq 0 0
Ws1 0 0 Wsq 0 0
0 0 0 0 —iwes —iWes
WX? -
—w —w)2 0 0 0 0
0 0 Wa3 0 0 w6
0 0 —W33 0 —W3s 0
0 —W42 0 —Wa4 0 0
Ws) 0 0 Ws4 0 0
0 0 0 0 —wWgs —Wee
WXS -
- iw1 1 —iw 12 0 0 0 0
0 0 Wa3 0 0 Wae
0 0 —iw33 0 - iw35 0
0 iwyo 0 Wy, 0 0
Ws1 0 0 Wsy 0 0
0 0 0 0 iwgs  1Wee

5. Cycle codes OiFFSEEL Artin L-BA%
(1) Cycle codes

graph X = (P,E) (|[E| = n) ® cycle code i3, &
TEESND F; LOX7 "AEHTHS:

Cx := span{char(T) : T =ajez---¢, ¥ X DBHE cycle}.

I I, n RIEAZ b char(T) = (61,---,¢q) IXKRTE
#Eh, cycle T izt 3/E~T A LETNS:

1, enriaEhsLs,
%=1 0, Enout.

SER cycle 2381l (simple) Lix, BRIRE L2, 1L
£D cycle LOTHANT& DICHFEhDI L E VS,

X O e; LTI i(e;) R te;) L RLBTHK g;
B LoTHES 28757 % T(X) L3<. 5% T(X)
X, ZODHAELE PRV Q:={g;:5=1,...,|E|} &
DRE Er = {(i(e;), tle;)) : e; € E} MDOEFRENRS
77T 5. T(X) DIEEV E»LTARES Q OHET g;
KX LEOKREIL 2 THAZLILEETD. #-T, X
D3 e; & T(X) DA g; H—H—IcHIET 50T, B
BR—RT 3. Thbb, T(X) IZHAES P, E L0k
B Er»bir328757+73 (W3 8R).

B3 X & T(X)

T(X) % E = {e1,...,en} X/ — F (variable
nodes), X OHAREE P = {p1,...,pt} #F=v 27 /—F
(check nodes) & 4% 2877 L4 % L &, cycle code
Cx 13 Tanner graph T(X) I2 X D E#Z & h 5 (LDPC)



BHICR2D. TX)IKEVBEEND Cx OBRETH
% Hx &»<. £, T(X) I, beD X 250D
normal graph &\ ) ([1]). ¥ DX/ — For#Eb 2
T35 Tanner graph T o XK/ — F&p LRz L
(normalize) LW\ /5 7% X £35L%, T CE#HS
NBHH 1X cycle code Cx & 7223 ([5)).

757 X LED cycle code Cx D/3F 2 — & DR}k
ZLUTORIZELDHTEL:

Cx X = (P’ E)
g£&n WOEEK |E|
BEITS Hx (%™ graph ) HHE1T51
/s Hamming BBl d | S cycle DE X (girth)

¥72, X %@ (planar) 77 7 72 61X, Whitney OER
([3] Theorem 4.6.3) £ v,

Cx: = (Cx)*

BEYVIED, I, Xt R X oXdr5 7, CL 3R
BHS C OIARFELT 3.
%7z, MacLane {2 X 5 E2 ([3] Theorem 4.5.1) X 9,

X BEEH < C(X) =Cx.

Z IS, C(X) X, X @ cycle space LT 5.

X —Bo/77 X IR LTiY, Cx i3 C(X) D%
MTHhB.

& oT, X HEmaY72 5iF, [3] Theorem 1.9.6 L Y,

k=r=|E|-|P|+1

Thd. I, k:=dimCyx iX Cx DA bit ¥, r 1
X OEXBED rank TH3.

ST, M XEEHKLL, /770 (normal &IXRLA
V) unramified covering M%)

Y =Xa/ -/ X1/Xo = X,
(Xi4+1/X; 1 unram. M;-sheeted cover)

12X L, Galois DEXRFERL Y (graph BERIBOREY
&) AE$ B subgroup DF

{1}=H,C---CH i CHy=G

BHy, (REDE~FLXOFREMEERE) MIET S cycle
code DF

Cy =Cx,,.--,Cx,,Cxq = Cx

B3,
(2) Cycle codes DEEFFSEE

20074F (PR 194E) V570 Antin L-BX L HSHEE

EE (pseudo-codeword w(€)) Y/X % (normal &
IXPR 572V ) M-sheeted cover &4 5. METHEE n,
Mn @ cycle code # Cx, Cy &T5. &

Cy 2€=(C1,10y-+-1C1, M3 82,1y -1 C2M3-- -} CM,1y- -+, Cn, M)

XL, € IZftRiY 5 BB S8 (pseudo-codeword)

w(@) := (1 (&), w2(8), ..., wa(®)) € Q"

LREEIVROMTERINIFBEE LD~ L
Ths:

L M
wi(€) := Hj___zléi'j €Q.

Muw(c) # € iZftHi7 % unscaled pseudo codeword
W),
B (BX# K(H)) Cx % cyclecode & L, H=Hy
EEDREFTIIETS. I % H OFBEELK (0 BE
/—F2k o E),J % HOTTHESLEK (0 Fxv 2
/—FR2 o P)ETH jeJiTHL, [ 2 Fxy 7
/= Fp; IKHEMLTWIER/ —Fe; OBSLELT
5. H ® &#* ¢ (fundamental cone) K(H) &ixkd
REEDIFTRI PV w e R™ 224k

o w DHEMITIFA: Viel, w; 20.
® Vj G J, Vi E Ij, UJi S Zilelj\{i}wil

ie, ®F=y 7 /)—Fp; LENIZY VI TREEKR/ —
Feel il T,

(es KIBHIZNATWARHE Y U HAH)
<
(e; ZBR\= p; ®AY DY RAHEDF)

(lift of C) C K(H) &+ 5.
K(H) DB & LTRAM STV S:

o XXk K(H) OPiZid C ® pseudo-codeword
(DEHMSE) HABICHFEETS.

o w=(w,...,wn) € K(H)NZ" ® C @ unscaled
pseudo-codeword T 5 7o D DAL BEA-435%44F1%

Huwt=0 inZ".

(3) RSB & Zeta B%, L-MMOBR
B® Cx % cycle code, Hx 2 ¥ DRETI, n 2 X



12 W/E EHR-2B B=-¥2 8-

0):‘0_10)1'@&&'3'6. CE(w,X) =(E(w1,...,w,,;X) X
o edge zeta function £33 &,

HMIER wv = w}? - owln B (p KRS

(w1,...,wn) B3 Cx DH D M-cover D
unscaled pseudo-codeword.

E7, (g @ Taylor BRICR N 5 HIRAFK D exponent vec-
tor ILX > T#EOHN D Newton Zilkit Cx DOEFH
K(Hx) IZ% L,

Cx O unscaled pseudo-codeword £#% Ux & #<.
Y/X % M-sheeted cover &£ L, 7:Y — X % covering
map &7 5.

Uydw =(wi,...,wnM)

= (wl.l,-- lWng o WMLy ,wM,n)

i l,n’ Uy - Ux 2RTEETD: -
M
7' (w) = (Zwl.m .

M
. Z WM,n)
i=1 f=]

ET3. 2FY, Uy OTD “WRAITKLY Ux O
Bonsd. n(Uy) CUx BRYVIUHSIEICEETS. U
EDZ ENoBLITREB:
TH (X&) X onoBE¥EEn LY/ X (7:Y >
X) % normal M-sheeted covering, G(Y/X) =G &7
3. weUxy —7n'(Uy) < BHRAX v~
dp _ det(Ig,, - Wl)

1;41;£6LE(w’ pYIX) = det(Jomn — Wiapec)
® Taylor BRRAIZERNS.
§EBA (A7 vF) n'(w) € ' (Uy) L2327 HOE+F5E
1L, CE(,Y )5y mwy WCBER v @) BRAB LT
»H5. Ihé, (e(W,Y)|s =w, P determinant formula,
Lg OW~D51E,

LE(‘W, 1: Y/X) = (E(ws X)

LD EREZS. n

LOEBOERIL, M-sheeted coveringV/X 2L 5 ¢,
Y @ unscaled pseudo codeword % n' TEHELAbLDIL X
o unscaled psuedo codeword (2725 DT, Z® covering
iIZ & 2T codeword D& Tdr S pseudo codewrod A3
B EiZizB. T &, covering A% normal 26X, =
? covering IZ & ¥ b5 unscaled pseudo codeword
M7F 7050 Attin L-BEOBIC L > TEE SN B = &
ZRLTWS. BiZ, ThHITASMNICTHADOEE LT

BERXELFBHALE (B3 5)

HATAZLNAETHS.

6. #ia

thill (287370 cycle code DEE) X B2\
570LE,Cx DEBOFFHOBEIIMETHS.
89 [3] Prop. 1.6.1 &£V, 28/ 7 7IZR ENFHD
cycle 222w, w2z, Cx ORERTXTHREALT
5Hd. LoTHEBLBEHR LS. [ |
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