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Abgtract 

lntegrationerrorisanalyzedforVerlet，sdiHerenceschemebysimulat-

ingthemovementofharmonicoscillatorasaconservativesystem・This

schemegivesaccuratetotaleneZgythroughthelong-timesimulationof 

theoscillation，althoughlargeerrorappearsinthetimedevelopmentof 

positionandvelocityofit、Thisisattributedtotheangleerrorof

simulatedoscillatorinphasespace． 

1．Introduction 

Verlet，sdiffercncescheme(1)（theVerletalgorithm）isoneofthe 

usefulmethodsinintegratingtheequationofmotionfordynamicalsystems・

Ｔｈｅｓｃｈｅｍｅｈａｓｂｅｅｎｕｓｅｄｔｏｓｉｍｕｌａｔｅmovementofatomsinthemolecular 

dynamicssimulationsnotonlyforclassicalsystems(2)butalsoforfrst-

principleSystems.（３）Ｔｈｅｆｅａｔｕｒｅｏｆｉｔｉｓｔｏｈａｖｅｔｈｅｓｉｍｐｌｅｆｏｒｍａｎｄｔｏ 

ＩＣｑuireonlyonecalculationofforceiｎｅａｃｈｔｉｍｅｓｔｅｐ・Thisindicates

theェcductionofcomputingtime・

Nomethodhasbeenproposedinevaluatingintegmtionemorforthe 

證鰡｣望.F窓:､蕊.事鯛｡辮護鬮懸:P邇癬麓t鶴b悪
timeme1;hhasbeenchosenbymonit･xmgtheenergy…'１，…viouo 
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paperbsomeresultsoferroranalysｉｓｈａｓｂｅｅｎｒｅｐｏｒｔｅｄｆｏｒｔｈｅｓｃｈｅｍｅｂy 

integratingtheequationofmotionfbraharmonicoscillatoⅢ(`〕Total

energyfbrtheconservativesystemhasbeenclarifiedtobeine伍cientfor

detectionoftheintegrationerIcrwiththisscheme：althoghtheenergy 

consevedwellduringlong-timesimulation，largeerrorappearedinthe 

timedevelopmentofpositionandvelocityoftheoscillatorb（６）Noorigin， 

however，hasbeenclarifiedforthescheme・

Inthispaper，ｔｈｅｏｒｉｇｉｎｏｆｔｈｅｂｅｈａｖｉｏｒｗｉｌｌｂｅｃｌarifiedlnSec、２

computationalmethodswillbegiven．Ｔｈｅｏｒｉｇｉｎｏｆｔｈｅbehaviorwillbe 

clarifiedinSec、３．ConcludingremarkswillbepresentｅｄｉｎＳｅｃ、４．

2．ComputationalmethodB 

Amotionofhannonicoscillatonasasimplecasewithexactsolutions， 

hasbeensimulatedwithVerlet，sscheme(1)ｉｎｏｒｄｅｒｔｏ⑧文禽ｍｉｎｅｔｈｅａｃ‐

curacyofit・Theequationsofmotionfortheoscillatorwithdimensionless

formare 

芋=,① (１） 

and 

d2jvの－幽＝－灘(t)，（２）
ｄｆ２ ｄｆ 

ｗｈｅｒｅｘ(ｊ）isdisplacementoftheoscillatorfromtheequilibriumposition 

and⑳(Ｄｉｓｖｅｌｏｃｉｔｙｏｆｉｔａｔｔｉｍｅｊ． 

FortheVerletscheme，thetimedevelopmentsofpositions好(Dand

velocitiesD①areobtainedfrom 

…)-鮒)-鰯('一胸)十A圖竺;琴上（３）
and 

竺旦＝パオ)＝難(ﾒ+〃)-"(ﾉｰ"） （４） 
"２〃，

wherehistimemeshforintegration・Inordertoavoidthecancelling

ermrduringiteration，thefollowingmodifiedformulas〔`）ｈａｖｅｂｅｅｎｕｓｅｄ
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inthesimulations： 

,〃

j［(ｊ噸)＝r(の＋Ｚ６ｊｒ(ﾒｶﾞ）
Ｉ＝１ 

(５） 

and 

〃(/､)＝６jr(ん+')＋6x(ｊ噸） （６） 
２〃，

wherej鯛ｉｓｔｉｍｅａｔ”steps(#噸＝”×ん)ａｎｄ６ｒ(＃噸)＝兆(ん)－"(t"-,)．Ｔｈｅ

肱(ｵ鱒）isobtainedfrom

Djr(ん)＝6灘(/"-,)＋ｈ２‘』r(ｊ噸-1） （７） 
ｄＺ２ 

Initialconditionshavebeenchosentobejr(O)＝１and〃(0)＝0．These

giveexactsolutionsjW)＝ＣＯＳ(ｊ）ａｎｄＭﾒ)＝－sｉｎ〔ﾉ）representingthe

oscillationperiｏｄｉｓ２元ｆｏｒｔｈｅｓｙｓｔｅｍ、Theamplitudeoftheoscillation

isγ＝１fortheexactsolutionswiththeconditions・Ｔｈｅｔｉｍｅｍｅｓｈ力

ｈａｓｂｅｅｎｃｈｏｓｅｎｔｏｂｅ２症/100whichcorrespondstol/100oftheperiodof

theoscillation・Thetimedevelopmentsofposition亦(/）andvelocityD(t）

ｈａｖｅｂｅｅｎｓｉｍｕｌａｔｅｄｂｙｍｅａｎｓｏｆｔｈｅｆormulas（５）ｔｏ（７）ｕｐｔｏｌｘ１０８ 

ｓｔｅｐｓ、ThisdurationcorrespondstotheperiodforlOOOOcyclesofit．

3．Maximumerrorandtotalenergy 

Weexamineaccumulationbehaviorofintegrationerrorwiththe 

scheme・Figurel(a）showsthevariationoftheenergydifIerence4E(ﾒ）

betweenthesimulatedandtheexacttotalenergiesasafunctionoftime 

steps84E(#)＝(X2(ｊ)＋汐2(ﾉ)}－{苑`2(ﾉ)＋D､2(/))＝好2(#)＋Ｄ２(/)－１．Ｔｈｅｄｉｆ‐

ｆｅｒｅｎｃｅｉｓｓｈｏｗｎｉｎｔｈｅｆｉｇｕｒｅｕｐｔｏ５x105steps・ThediHerenceisO

throughthewholeｔｉｍｅｒａｎｇｅｉｎｔｈｅｆｉｇｕｒｅ・Thesamerelationhasbeen

validbetｗｅｅｎ５×l05andlx106steps，Thisindicatesnodriftappears 

forｔｈｅｅｎｅｒｇｙｉｎｔｈｅｓｙｓｔｅｍｗｉｔｈｔｈｉｓｓｃheme・

ＨｅｒｅｌｅｔｕｓｅｘａｍｉｎｅｔｈｅｅｒｒｏｒｏｎｔｈｅｐｏｓｉｔｉｏｎＸ(2)andvelocityパオ）

directlymthesametimerangeasFi9.1(a)．Fig.１(b）showsthevaria‐ 

tionofthemaximumerrorl4jr①|…ofpositionasafunctionoftime 

steps８１４兆(ｵ)|､.x＝max(|打(ん)－労.(ﾉﾚ)|，｜弗(2h)－Jr`(2ﾉi)1,…，ｌｊｒ(ｵｰﾙ)－J『.('
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－")|，|r①－jr｡(')|)．Thisis 

themaximumabsolutevalue 

ofthediHerencesbetweenthe 

simulatedandtheexactposi‐ 

tionsuptotimefTheerror 

increaseslinearlywithtime 

ininitialtiｍｅｒｅｇｉｏｎｌｔｂｅ‐ 

ginstosaturateataround25 

×１０５stepsanditisconstant 

between3×l05and5x105 

steps、Ｔｈｅｍａｘｉｍｕｍｅｒｒｏｒ

ｆｏｒｔｈｅｌａｔｅｒｔｉｍｅｒｅｇｉｏｎｉｓ２ 

ｗｈｉｃｈｉｓ２ｔｉｍｅｓａｓｌａｒｇｅａs 

theamplitudesγ＝１ofthe 

osillation． 

０
５
０
 

１
０
０
 

０
０
０
 

（
二
国
「

０
 

０
 

２
 

１
 

§
日
一
（
『
）
肘
『

(b） 

0.0 

０
 

０
 

２
 

１
 

ｘｐＢ－（『）白「

(c） 

0.0 

0２．５５．０ 

steps/Ｗ Ｆｉｇｕｒｅｌ(c）showsthe 

Fig､１（a)：Variationoftheenergydif‐variationofthemaximum 
ference4Ｅ(ｆ）ｂｅｔｗｅｅｎｔｈｅｓｉｍ ｅｒｒｏｒｌｊＤ(2)lm風xofvelocities
ulatedandexacttotalenergiesas 

asafunctionoftimesteps： afunctionoftimesteps．（b)： 
VariationoftbemaximumeTror l4"(！)|…＝ｍａｘ（|､(ｈ)－２）． 

’４パオ)|m塾ｘｏｆｐｏｓｉｔｉｏｎｕｐｔｏｔｉｍｅ （ん)|,|Ｕ(2ｈ)－汐`(2")|,…,|"(ノー
ノ．（c)：Variationofthemaxi‐

ハ)－２ﾙ(メー")|，ＩＤ(！)－DC(ﾉ)|)．mumerrorl4"(1)|ｍａｚｏｆｖｅｌｏｃｉｔｙ 

ｕｐｔｏｔｉｍｅｔ． Thisisthemaximumabsolute 

valueofthediHerencesbetweenthesimulatedandtheexactvelocitiesup 

totiｍｅ#．ＴｈｅｅｒｒｏｒｓｈｏｗｓａｌｍｏｓｔｔｈｅｓａｍｅｖａｒｉａｔｉｏｎａｓＦｉ9．１（b)． 

ＴｈｅｅｒｒｏｒｌｊＤ(t)|m魁工increaseslinearlywithtimeininitialregion，It

beginstosaturateataround25x105ｓｔｅｐｓａｎｄｉｔｉｓｃｏｎｓｔａｎｔｂｅｔｗｅｅｎ３× 

ｌ０６ａｎｄ５×105steps・Ｔｈｅｍａｘｉｍｕｍｅｒｒｏｒｆｏｒｔｈｅｌａｔｅｒｔｉｍｅｒｅｇｉｏｎｉｓ２

ｗｈｉｃｈｉｓ２ｔｉｍｅｓａｓｌａｒｇｅａsthemaximumvelocity〃mox＝１oftheoscillator、

Ｗｅｅｘａｍｉｎｅｗｈｙｔｈｅｔotalenergyisconservedatconstantvalue 

evenwhenthelargeerror（200％）appearesonbothofthepositionand 

velosityoftheoscillator、Weclarifytheorigininanalyzingmovement

oftheoscillatorinphasespace・Ｔｈｅspace，ｄｉｍｅｎｓｉｏｎｏｆｗｈｉｃｈｉｓ２Ｄｂ

(a） 

□』』。。■
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（ 

304500steps lOOsteps lOOOOOsteps 

（ （ 

500000steps 608500steps lOOOOOOsteps 

Fig、２Positionsofphasepointsforthesimulatedandexact
solutionsinphasｅｓｐａｃｅａｔｅａｃｈｔｉｍｅｓｔｅｐ、FilIedcircle
isforthesimulatedｐｏｉｎｔａｎｄｃｒｏｓｓｍａｒｋｆｏｒｔｈｅｅｘａｃｔ 

one・Opencirclewithradiuslisthetrajectoryofthem・

hasabscissaforthepositionjrandordinateforthevelocity〃・Inthe

caseoftheexactsolutions，thephasepointrotatesontheperfectcircle 

withradiusプー１aroundtheoriginSincethetotalenergyisgivenby

squareγ２oftheradius，theenergyisconservedatγB＝１ｉｎｔｈｉｓｃａｓｅ、

Figure2showsthepositionsforthesimulatedandexactphasepoints 

iｎｔｈｅｓｐａｃｅａｔｅａｃｈｔｉｍｅ・Filledcircleisforthesimulatedpointand

crossmarkfortheexactone・Opencircleshowsthetrajectoryofthe

phasepointwithradius7＝1．ＦｏｒｔｈｅｔｉｍｅｌＯＯｓｔｅｐｓａｓｓｈｏｗｎｉｎＦｉ９． 

２(a)，bothofthetwopointslocateatthesamepositionCr,の＝(1,0）ｅａｃｈ

other・Thisindicatesnoerrorappearsinthesimulatedjr(！）ａｎｄ〃(ｵ）ａｔｔｈｉｓ

ｔｉｍｅＦｉｇｕｒｅ２(b）showsthepositionsofthepointsattimelOOOOOsteps， 

Althoughthesimulatedpoint（filledcircle）isonthetrajectory，the 

positionofitdeviatesfromtheexactpoint（crossmark)．Thisisattributed 

tothefactthatangularvelocityisfasterforthefilledcirclethanfor 

thecrossmark・Thisindicatestheerrorappearsmthesimulatedposition

andvelocity，althoughthetotalenergyisConsevedattheconstantvalue． 
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４万 Thedeviationbecomestobe 

largewithsimulationtime・Figure2

(c）showsthepositionsatノー304500

stepswhichcorrespondstosaturation 

timeofmaximumerrorinFi9.1(b） 

andｌ(c)．FilledcircleinFig、

2(c）islocatedonthetrajectory， 

showingconsevationoftheenergy、

Iｔｉｓａｔｏｐｐｏｓｉｔｅｓｉｔｅｆｒｏｍｔｈｅｃｒｏｓｓ 

3万

汀
①
』

で
甸
出
＼
ら

汀

０５l0 markontheabscissa・Thisindicates
steps/l0s 

thedifference4パノ)＝|え(f)－jro(Ｄ｜
Ｆｉｇ．３Variationofangle0be‐ 

ｂｅｔｗｅｅｎｔｈｅｐｏｓｉｔｉｏｎｓｉｓ２ａｔｔｈｉｓ ｔｗeenthesimIl1atedand 

exactphasepointsaroundtimesteps，whichｉｓ200％ｏｆｔｈｅ 
ｔｈｅｏｒｉｇｉｎａｓａｆｕｎｃｔｉｏｎ 

ａｍｐｌｉtudeoftheoscillator、Ｔｈｅ
ｏｆｔｉｍｅｓｔｅｐｓ． 

ｓａｍｅｒｅｌａｔｉｏｎｈａｓｂｅｅｎｖａｒｉｄｆｏｒｔｈｅ 

difference4り(＃)＝|"(2)－Ｊ`(Z)Ibetweenvelocitiesatthe304525steps：nlled

circlehasbeenlocatedatoppositesitefromthecrossmarkontheordinate・

Ｔｈｉｓｉｓｔｈｅｒｅａｓｏｎｗｈｙｔｈｅｅｎｅｒｇｙｉｓｃonsevedevenwhenthemaximum 

errorbecomes200％forsimulatedpositionandvelocity：angularvelocity 

isfasterforthesimulatedpomtthanfortheexactone、

HereletusexaminediKerenceofangularvelocitybetweenthe 

simulateｄａｎｄｔｈｅｅｘａｃｔｐｈａｓｅｐｏｉｎｔｓｏｆｔｈｉｓｏscillator，Figure3shows 

thevariationofanglｅＯｂｅｔｗｅｅｎｔｈｅｓｉｍｕｌａｔｅｄａｎｄｔｈｅｅｘａctpointsaround 

theoriginａｓａｆｕｎｃｔｉｏｎｏｆｔｉｍｅｓｔｅｐｓ・Theangleincreaseslinearlywith

timethroughthewholetimerange,indicatingdiHerenceofanglularvelcci‐ 

tiesisconstantbetweenthetwopoints・Fromthefigure，ｔｈｅａｎｇｌｅＯ

ｉｓｆｏｕｎｄｔｏｂｅ２元atabout600000steps・Ｔｈｉｓｉｓｔｈｅｔｉｍｅｗｈｅｎｔｈｅｔｗｏ

ｐｈａｓｅｐｏintsarelocatedatthesamepointonthetrajectory,ａｓＳｈｏｗｎｉｎ 

Ｆｉｇ､２(e)． 

4．ConcludingremarkS 

lntegrationerrorhasbeenanalyzedforVerlet，sdifIerenceschemeby 
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simulatingthemovementofharmonicoscillatoruptolx10osteps（l0000 

cycles)．Ｔｈｅｍａｘｉｍｕｍｅｒｒｏｒｏｎｐｏｓｉｔｉｏｎｈａｓｂｅｅｎｆｏｕｎｄｔｏｂｅ２00％for 

theamplitudeofpositionoftheoscillator、Themaximumerroron

velocityhasbeenthesamepercentageforthemaximumvelocityofit・

Totalenergy，however，hasbeenconservedthroughthewholetimerange 

ofthesimulation・Ｔｈｅｏｒｉｇｉｎｏｆｔｈｅｂｅｈaviorhasbeenexaminedin

analyzingmovementoftheoscillatorinphasespace、Thisisattributed

totheangleerrorofsimulatedphasepoint，ｉ､ｅ､，theangularvelocityhas 

beenfasteｒｆｏｒｔｈｅｓｉｍｕｌａｔｅｄｐｏｉｎｔｔｈａｎｆｏｒｔｈeexactpointinthespace． 
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