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Ab8tract 

AccuracyoftheVerletalgorithmisevaluatedfortheoriginalandthe 
revisedformulasbyintegratingtheequationofmotionforaharmonic 

oscillator・Thedriftbehavior，whichistlIedeviationofthetotalenergy
withtime，isattributedtothecancellingerrorduringiteration・The

energyisineHicientindetectingtheintegrationerroronthealgorithm． 

１．Introduction 

TheVerletalgorithm(1)ｉｓｏｎｅｏｆｔｈｅｕｓｅｆｕｌｍｅｔｈｏｄｓｉｎｄｙｎａｍic 
simulationswithnumericalintegrationoftheequationofmotion・The

algorithmisderivedfromfinitediHerencesandsolvestheequatioｎｓｔｅｐ 
ｂｙｓｔｅｐｉｎｔｉｍｅ・Ｔｈｅｆｅａｔｕｒｅｏｆｔｈｉｓａｌｇｏｒｉｔｈｍｉｓｔｏｒequireonlyone
calculationofforceactinｇｏｎｄｙｎａｍｉｃｐｏｉｎｔｓｐｅｒｏｎｅｓｔｅｐ，indicating 
reductionofcomputingｔｉｍｅ、

Inrealsimulationsnomethodhasbeenproposedinevaluatingaccu‐ 
racyofintegrationoftheequation、Thetotalenergyhasbeenmonitored

asameasureofaccuracyfortheconservedsystemoftheenergy・For

instancethevalueoftimemeshfortheintegrationhasbeenchosen 

bymonitoringtheenergy(2)<8)．Thevalidity，however，hasnotbeen 

examinedforthesimulations、Thedriftoftheenergy，whichｉｓ
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deviationfromtheinitialenergywithtime，ｈａｓｂｅｅｎｆｏｕｎｄｉｎｔｈｅ 

ｓｉｍｕｌａｔｉｏｎｏｆａharmonicoscillator(4)．Howeverwehavenotexamined 

therelationbetweentheextentofthedrifｔｏｆｔｈｅｅｎｅｒｇｙａｎｄｔｈｅ 

ａｃｃｕｒａｃｙｏｎｔｈepositionandvelocityofdynamicpointsduringlong-time 

integration． 

Thispaperclarifiestherelationbetweentheextentofthedriftand 
theaccuracyoftheintegration・Theequationofmotionforaharmonic

oscillatorhasbeenintegratedforthispurpose・ＩｎＳｅｃ､２wewillderive

theVerletalgorithm・Theintegrationerrorwiththealgorithmwillbe
examinedinSec､３．Concludingremarkswillbegiveniｎsec､４． 

2．DerivationoftheVerletalgorithm 

TheVerletalgorithm（１）isderivedfromtheTaylorexpansionsaround 

timeォａｓｆｏｌｌｏｗｓ:(5)

鑓(`十A)=蕊①+吻響+:響十:竿十:禦十…(1)

〃(ﾒｰﾙ)=蕊(`)-膨響+:禦一:`圖誤)十冊禦一…(2)
whereｘ(Ｄｉｓｔｈｅｐｏｓｉｔｉｏｎｖｅｃｔｏｒｏｆａｄｙｎａｍｉｃpointinthreedimensions 

attimeノａｎｄｈｉｓａｍｅｓｈｏｆｔｉｍｅ・Addingthemweobtain

〃('十〃)=2蕊(`)-麺(`-胸)+伽壜竺:妾ﾕ十・(胸`)，（３）
whereＯ(ん4）isthelocaltruncationerrorontheｏｒｄｅｒｏｆ〃・Thisgives

thetimedevelopmentofpositionofthepoint，Ｌｅ.，ｔｈｅｐｏｓｉｔｉｏｎａｔｔｉｍｅ 

ｊ＋hisdeveloppedfromthepositionsａｔ/ａｎｄﾒｰﾙ，andfromaaccelera‐ 

tiond2r(′)/"ａｃｔｉｎｇｏｎｔｈｅｐｏｉｎｔａｔノ．

Thetimedeveropmentofvelocityofthepointisderivedfromsubt‐ 

racting（２）ｆｒｏｍ（１）： 

虫エムーu①＝ｒ(t+〃)-r(ﾒｰﾙ)＋O(ｈ２)，（４）
ｄｔ２ｈ 

ｗｈｅｒｅＯ(〃2）isthelocaltruncationerrorontheｏｒｄｅｒｏｆ〃2．Thevelo‐

cityvectorD(Ｄｗｉｔｈｔｈｒｅｅｄｉｍｅｎｓｉｏｎｓａｔｔｉｍｅ/iscalculatedfromthe 
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positionsatノ＋ｊｉａｎｄｔ－ｂ・

ThefOrmula（３）containesadditionofル・ａｎｄノb2termsindicating
appearanceofacancellingerrorduringlong-timeintegration・Inorder

toavoidtheerror，arevisedformulashavebeenproposedinrealcalcula‐ 
tions(5)．Ｆｉｒｓｔｗｅｄｅ６ｎｅ４ｒＣ＋〃）ａｓ

４Jr(ｵ＋ﾙ)＝苑(#＋ｈ)－Jに(ｊ)． （５） 

Thenthefbrmula（３）ｉｓｒｅｗｒｉｔｔｅｎａｓ 

４恋(`+胸)=`鑓(')十m`竺誤（６）
Ｔｈｅｐｏｓｉｔｉｏｎａｔｔｉｍｅｵ噸(f,－，"×ん,池＝1,2,……）iscalculatedwith

句Ｌ

ｒ(/堀)＝】F(O)＋Ｚ４ｘ(！i)． （７） １＝１ 

Thetimedevelopmentofvelocityiscalculatedwith 

型」＝ひ(t)＝４r(ｊ+ｈ)＋｣jc(/） （８） 〃２ﾉﾄﾞ

whichisderivedfrom（４）ａｎｄ（５）．Inthispaperwecomparethe 
accuracyofintegrationfromtheoriginalformulas（３）ａｎｄ（４）with 
thatfromtherevisedformulas（５）ｔｏ（８）． 

3．Evaluationofaccuracy 

ＩｎｏｒｄｅｒｔｏｅｘａｍｉｎｅａｃｃｕｒａｃｙｏｆｔｈｅＶerletalgorithm，amotionof 
harmonicoscillatorhasbeensimulatedasasimplecase・Theoscillator
hasthefollowingequationofmotion： 

d2rの
－＝－"の．
” (９） 

where灘(2)，dimensionofwhichisone，isthedisplacementoftheoscil‐

Iatorfromequilibriumpositionofｉｔ，Inintegratingtheequation，the 
followinginitialconditionshavebeenused： 

え(O)＝1，

ひ(O)＝0． （10） 

Theseconditionsgivetheexactsolutions 

r`(t)＝COSの
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D・(、＝－sin〔')，（11）

representmganoscillationperiodis2元．Themotionoftheoscillator
hasbeensimulatedwiththeoriginalandtherevisedformulasuptolx 

106stepsrespectively・ＴｈｅｔｉｍｅｍｅｓＭｚｈａｓｂｅｅｎｔａｋｅｎｔｏｂｅ２派/200

whichcorrespondstol/200ｏｆｔｈｅｐｅｒｉｏｄｆｏｒｂｏｔｈｏｆｔｈｅｆＯｒｍｕｌａs・The

simulationperiod，Ｌｅ，１x106steps，correspondstotheperiodfor500O 

syclesinthissystem、

Ｆｉｒｓｔｌｅｔｕｓｓｅｅｔｈｅｖａｒｉａｔｉｏｎｏｆｔｈｅtotalenergyoftheoscillator・

Theenergyistheconservedquantitｙｉｎｔｈｅｓｙｓｔｅｍ・ＴｈｅｅｎｅｒｇｙＥ①
ａｔｔｉｍｅ#isobtainedfrom 

E(#)＝斑２０)＋"2(t)，（12）

Inthecaseoftheexactsolutions（11)，theenergyEo①isconservedat 

theconstantvaluel： 

＆(/)＝jr`2(/)＋D`2(f)＝1．（13） 

FigurelshowsthevariationsoftheenergydiHerencesjE(ﾒ）between 

Ｅ(ｊ）ａｎｄＥ`(Ｄ８ 

４Ｅ(ﾒ)＝Ｅ(2)一旦(')＝Ｅ(＃)－１．（14）

５ 
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３
 

２
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steps／100 

Fig.1．VariationsofthediHerences4E(０betweenthesimulatedandthe 
exacttotalenergiesasafunctionoftimesteps・Ｌｉｎｅ（a）isforthe

originalformulasand（b）fortherevisedformulas． 

■■■⑤■■ 。■■■■■
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ThediHerence（a）isfortheoriginalformulasand（b）fortherevised 

formulas・Thedifference（a）ｉｓＯａｔＯｓｔｅｐ・Thedifferencebeginsto
increaselinearlywithtimeatthestep、ThedilIerenceatl×ｌ０６ｓｔｅｐｓ
ｈａｓｂｅｅｎＯ・O389whichisalmost3､９％ｏｆｔｈｅｅｎｅｒｇｙＥｃのＯｎｔｈｅ

ｏｔｈｅｒｈａｎｄ，thediHerence（b）isalmostOthroughwholetimerange3the 
diHerenceatl×ｌ０６ｓｔｅｐｓｈａｓｂｅｅｎＯ・ＯＯＯ６ｗｈｉｃｈｉｓｏｎｌｙＯ,06％ｏｆ且(/)．
Thisshowstherevisedformulasgiveaccuratetotalenergyratherthanthe 
originalfOrmulas・Thedriftbehavior,whichisthedeviationfromtheinf

tialenergywithtime，isattributedtothecancellingerrorduringiteration・
Ｈｅｒｅｗｅｅｘａｍｉｎｅｔｈｅａｃｃｕｒａｃｙｏｆｔｈｅｉntegrationdirectlybyappre‐ 

ciatingthediHerencesbetweensimulateｄａｎｄｅｘａｃｔｓｏｌｕｔｉｏｎｓｏｎｔｈｅｔｉｍｅ 

ｄｅｖeropmentsofpositionjr(lOandthevelocityD(Doftheoscillator・

Firstthemaximumerrorljx(Z)l…ｏｆｐｏｓｉｔｉｏｎｈａｓｂｅｅｎｅｘａｍｍｅｄａｓ 

ｌｊＪｒ(オル凰工＝max(|r(O)一元.(0)|,|え(ﾉｾ)－打`(ん)'’１発(2〃)－え｡(2力)|,…，
Ijr(ｵｰﾙ)－J｢.(ﾉｰﾊ)|，｜ｒ(ｵ)－x`①|)．（15） 

ThisisthemaximumabsolutevalueofthedifYerencebetweenthesimu‐ 

lateｄａｎｄｔｈｅｅｘａｃｔｐｏｓｉｔｉｏｎｓｕｐｔｏｔｉｍｅノ．ＴｈｅｒｅｓｕｌｔｉｓｓｈｏｗｎｉｎＦｉｇ２・
ThediHerence（a）isfbrtheoriginalfOrmulasand（b）fortherevised 

formulas・Ｂｏｔｈｏｆｔｈｅｔｗｏｌｉｎｅｓ（a）ａｎｄ(b)increaselinearlywithtime・

Fortheoriginalfbrmulas，ｔｈｅdiHerenceatlx10sstepshasbeen1.1892 
ｗｈｉｃｈｉｓｌ19％oftheamplitudeoftheoscillator・Thedifferencehas

beenL2042fortherevisedformulasatthesteps，whichｉｓ120％ofthe 
amplitude，ＴｈｉｓｉｓａｌｍｏｓｔｔｈｅｓａｍｅｐｅｒｃｅｎｔａｇｅａｓｔｈｅｄｉHerenceforthe 

originalformulas・Thesamerelationhasappearedinthｅｍａｘｉｍｕｍａｂ‐

solutevalueofthedifIerencesl4〃(/)Imuxofvelocities・ThediHerenceat
lx106stepsfortheoriginalfbrmuｌａｓｈａｓｂｅｅｎＬ１８８３ｗｈｉｃｈｉｓａｌｍｏｓｔｌｌ９ 

％ofthemaximumvelocityvm凰工＝1．ＴｈｅdilYerencefortherevised

fOrmuｌａｓａｔｔｈｅｓｔｅｐｓｈａｓｂｅｅｎＬ２０４１ｗｈｉｃｈｉｓ120％ofthevelocity・

Althoughtherevisedformulashavegiventheconservedtotalenergy 
(withｉｎ0.06％）inthissimulation，thepositionandvelocityhavemclu‐ 

dedalargeerror（about120％）accumlatedwithiteration，Thissuggests 
thatthetotalenergy，ｗｈｉｃｈｈａｓｂｅｅｎｕｓｅｄａｓａｍｅａｓｕｒｅｏｆａｃcuracy，is 
notdetectablefOrtheintegrationerrorduringlong-timesimulatioｎｗｉｔｈ 
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Fig.2．Variationsofthemaximumabsolutevaluel4ｴ(、1…ofthedifIe‐
rencesbetweenthesimulatedandtheexactpositionsasafunction 

oftimesteps・Ｌｉｎｅ（a）isfortheoriginalformulasand（b）forthe
revisedformulas． 

theVerletalgorithm、Thismaybeattributedtotheglobal（oraccumla‐

ted）truncationerroronthealgorithm・Furtheranalysiswillbereported
elsewhere(6)． 

4．ConCludingremarks 

lntegrationerrorhasbeenevaluatedfortheoriginalandtherevised 
formulasoftheVerletalgorithmbysimulatingthemovementofharmo‐ 

nicoscillatoruptolx1Oosteps、Therevisedfbrmulas，whichｈａｓｂｅｅｎ

ｐｒｏｐｏｓｅｄｉｎｏｒｄｅｒｔｏａｖｏｉｄｔhecancellingerroriniteration，havegiven 
accuratetotalenergyinthesimulation：thedeviationoftheenergywas 

only0.06％atthestepsindicatingconservationoftheenergy・Thedrift

behavior，whichisthedeviationoftheenergyｗｉｔｈｔｉｍｅ，hasbeenfbund 

tobeattributedtothecancellingerrorduringiteration．Thepositions 

haveincludedalargeｅｒｒｏｒｆｏｒbothoftherevisedandtheoriginal 

fbrmulaseachother：thedeviationsofthepositionhavebeenalmostl20％ 

oftheamplitudeoftheoscillatoratthestepsforbothoftheformulas、Ｔｈｉｓ
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relationhasbeenvalidfOrthedeviationsofthevelocity・Thesesuggest
thatthetotalenergy，ｗｈｉｃｈｈａｓｂｅｅｎｕｓｅｄａｓａｍｅａｓｕｒｅｏｆａｃcuracy，ls 
ineHicientindetectingtheintegrationerrorwiththeVerletalgorithm． 
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