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AproofoIThcnolTTlalizalionlheo｢emfbrAD-caIculusl ｣ 

Aproofofthenormalizationtlleorem 
fCMp-calculus 

ＡＮＤＯＵＹｉｌｕｋｉ＊ 

ｌIntroduction 

TherearesomedifferentwaysfbrfOrmalizingclassicalIogic，Ｏｎｅｏｆ[hose 

usesPeirce，srule,whichstates[ｈａｌｉｆＡ。BimpliesA，ｔｈｅｎwehaveAwithout

theassumptionAつaThisruleconlainsonlyimplicationasthelogicalcon-

nectives,the1℃fbrcilissuilablelbrtheimplicationalfTagmentofclassicallogic・

Komori[3]introducedasystemofcaIculusnamedlp-calculus,whosetypeas-

signmen[systemcolTespondswi[hlheimplicationallmgmentofclassicalnatural 

deductionfbrmalizedwilhPeirce，srule・Healsode6ncdasetofcontractioｎｓｏｎ

,lp-calculus,andstatedthenormalizaIiontheo妃minhispapermenlionedabove、

Butaccordingtohisrecentresearch[4],anydirectproofof【hcweaknormal-

izationtheoremhasnotyetknownalthoughhealreadyprovedthestrongono 

Inthisnote,weprovetheweaknormalizationtheoremlbrKomorrs,lp-calculus 

withthedeiinitionofanappropriatedegreeofdeductions・Theproofissimi-

lar[othatofourIbrmcrpaper［l］fbrfiJIIlclassicalnaturaIdeductionfbrmalized 

withclassicalabsurdityrule、ＴｂdelineIhcdegreeofdeductionsfOr」p-calculus，

whichmeasurcsredexes，wehavetolindsegmentoffOrmula-occunencesasin 

thecaseofin[uitionisticlogicbyPrawitz[5,6]・WeuseHindley，snotations[2］

forルcalculusbasically,andthoseofKomorifOrルcalculus．
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２ 

２Komori，ｓﾉl/o-calculus 

Inthissection,westatesomebasicdcHnitionsofKomori，Mp-calcu1usaccord‐ 

inghiSpaper[３１Secitformoredetails、

Definition(`lp-terms）TWoinnnitesequencesofvariablesareassumedtobe 

given,namedルvaIiablcsandp-variables,and/lp-[ermsa泥delinedinduCtive]yas

lbllows． 

ｏＥａｃｈルvariableisaや-term・

ｏＩｆＭａｎｄﾉVarMp-terms,lhen(ＭⅣ)isａ』p-term

・Ifaisap-variableand/Ｖｉｓａﾉlp-1crm,lhen(ロノV)isaﾉlp-term，

ｏＩｆｘｉｓａルvariab]eandMisa1p-lerm,then(几虻.〃)isa1p-term．

・Ifaisap-variableandMisa,lp-term,then(pqJV)isａ′lp-term．

Definition(g8-contractionsMβ-contractions,orre-writerulesfmmlqβ-redexes 

totheircontractumsaredeiinedasfblIows． 

。ｎＭⅣ＞IＦｌ８ａＭ

。“.〃)ⅣしI向β[Ⅳハ]ﾉｖ

。（p皿.〃)ﾉＶＰ]”」α・([わ､α(ＪＷ)/α]Ｍ)ﾉＶ

Definition（Iypes）Aninllniにscqucl1ccoftype-variablesisassumcdlobc

giveI1,andlypesaredeHnedinduclivelyaslbllows． 

・Eachlype-variableisatype．

●ＩｆケandTaretypes,ｔｈｅｎ(ひ→Ｔ)isａ[ypc．

Definition(ThesystemTA`い)Thelype-assignmcnlsystcln7Alpisdefined

asfbllows． 
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Axio''１０／ＴＡｌｐ： 

x：Ｔ院〉Ｘ：丁

Ｄｅ`"c"o"-'wkFq/ＴＡＩｐ： 

〈｢I;Ｐ：((丁→Ｔ)><｢2;Ｑ：ぴ〉

(→Ｅ）［ifｒ]Ur2isconsistcnl]， <rIU「2;(ＰＱ)：Ｔ〉

<ｎＰ：Ｔ〉

(→ノ）［ifrisconslstcnlwilhx：(丁]，
● 

<ｒ－ｘ;(′は.P)：(了→Ｔ〉

<｢;Ｐ：Ｔ〉

(Absl"d）［ifTisconslsIcnlwilha：Ｔ1, 0 

<r,α：Ｔ;(α・Ｐ)：ヶ〉

<｢;Ｐ：Ｔ〉

(Ｒａ"）［ifTiscons1slcnIwithq：Ｔ]． 
● 

<「－α;Ｏ〕α・P)：Ｔ〉

３normalization 

Inordertodcfinclhcdcgrecof7AIp-deduc[ionuscdinlhcproofofthenor-

malizationlhcorcm,wcnrslintToduceameasurefOrterms,whichrepresemsthe 

maximallengthofIhccorrespondingsegmenlinnaturaldeduclion、

Definition(rankofterms）ForeacMp-lclmP,ｗｃｄｃｌｍｃｌｈｅｍ"Ａｒ(P） 

inductivelyaslbllows． 

・IfPisoftheibrmX,ＭⅣ,nＭ,ｏｒ,{x・Afthcnr(Ｐ)ｉｓ１．

ｏＩｆＰｉｓｏ｢thcfOrmpq./Ｍ[ｈｅｎｒ(P)is 

maxlr(M)ｗ`{'(Q))}＋L 
whcrcQvaricsalllcrmssuchthatnQisasub(ｃｒｍｏｆＭ． 
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DeIinition(degreeofTAlp-deductions）LelAbea7AIp-deductionofthe 

7AIp-fbrmula(｢,7,7>FirsLwedoIineanorderedpairofnaturalnumb…e-
notedbydo(△)asfbⅡCWS・IfMis月β-normallhendo(A)is<0,0>,otherwise，

do(△)=max{<'51(P)>|型isa伽edex-occmencein7and2haStype6m△｝

wherel51isthelengthof6,definedin[2],thatisthetotaInumberofoccurrences 

oftype-variablesin6・TWoordcrcdpairsastheva]uesofdbarecomparedby

lexicographicalordemNextwedefineanaturalnumberdenoledd】(A)asthe

numberofjcI8-redex-occurrcnccs,say２△ＬｉｎＴ,whichsatisnes<'61,r(P)>＝ｄｏ(A） 

whelC2hastype5inAFinalIy,wedennethedeg1℃eofAdenotedbyD(A)as 

below 

D(A)＝<do(A),。'(A)〉

Ｗｅａｌｓｏｃｏｍｐａｒｅ[wovaluesofDbylexicographicalorder、

Theorem(NoImalizabiltyoftypableterms）〃α′ＭＥ'wlﾉmsnrypej〃

TAlp,ｵﾉJeJ1irjsRβ-"o""αﾉｊｚＱｂﾉe・

ProofLot△beagWen7Aい-deductionof(r,7,了)wbichisnoUqβ-normal
WecallEthesetofallg8-redex-occurrenccsPNinMwhichsatisliesthat<'61,r(P)〉

isequal[o(/O(△)where2hastype6inA・TnkeoneelementofEsayPoﾉVO,such

thaIthe妃isnoelementofEinﾉV0．Suppose7Rβ-contrac【stoT1byreplacing

PolVObyitscontractum,thatis,<７，ＰＣﾉVb,ＴＩ>，IfPisofthefOrmα/Ｖｏｒｌｘ､ﾉM 

thendefineT′＝Ｔｌ，Otherwise,IhatisPoisap-abstract,ｓａｙｐａ.〃,executea

jqβ-comractionofTlwithoneoftheredexescreatedbythesubstitutionfbｒａｉｎ 

MifthercisanoccurrenceofainM,andbyrepeatingsuch月β-contraction,take

oneRβ‐reduction 

<71,尺1,72>,<T2,Ｒ2,Ｔ３>,…,<ＴＩＩ,Ｒ,0,7%+I〉

iflhereareexaclly〃occurrencesofninM，Inthiscase,defineT′＝ｎ,十1．Ｌｅｔ

△'beuheTA順一deduclionof(｢'’7',T)c…pondingwith△Themw・havo
d(A)＞ｄ(△')bydelinition・Therefb妃,bytransliniteinduclionomJ3,itholdsthat

everytypablelp-termisRβ-normalizable． 
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